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PREFACE. 

The foUowing Treatise is intended as a text-book on 
Elementi^jy Dynamics for the first three days' examination 
in the Mathematica! Tripos, the London University Exami- 
nations, the Indian Civil Service, and other Government 
Examinations, including those of the Science and Art 
Department. No reference is made throughout the worfc 
to the methods of Coordinate Geometiy or of the DiflFer- 
entiàl and Integrai Calculus. 

Most of the Examples at the end of each Chapter have 
been selected from those recently set in the University and 
College Examinations at Cambridge, especially from the 
examination papers of St John's College, though many 
of the questions having a practical hearing have been pre- 
pared specially for this work. A large proportion of the 
Miscellaneous Examples at the end of Chapter VI. have 
been taken from Tripos papers. 

The consideration of the dimensions of units has not 
been introduced into the first Chapter, because it is very 
important for the student to be able to solve ali questions 
relating to the change of units by help of the definitions 
only, and, until he is able to do this, experience shews, that 
an introduction to the method of solution by the considera- 
tion of dimensions only leads to confusion. 

For some time past Mathematicians have been returning 
to the laws of motion as enunciated by Newton, and ques- 
tions in the Mathematica! Tripos during the last few years 
have invariably referred to this mode of stating them. The 
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VI PREFACE. 

want of an elementary work on dynamics, in which Newton 's 
laws of motion are taken as the basis of the scienee, and in 
which as much space is devoted to unit questiona as their 
importance demands, has for some time necessitated a MS. 
on this subject for the use of pupils; this MS. forms the 
first Chapter of the present work. 

I am glad to avail myself of this opportunity of ex- 
pressing my sense of the gratitude I owe to W. H. Besant, 
Esq., M.A., F.R.S., late Fellow and Lecturer of St John's 
College, Cambridge, not only for many valuable suggestions 
during the preparation of this work, but for a sound in- 
struction in the principles of dynamical scienee, which form 
the only foundation on which a superstructure of Naturai 
Philosophy can be based, and for much kindness shewn in 
many ways. 

I have also to express my indebtedness to Professor 
J. Clerk Maxwell, LL.D., F.RS., &c., for several ideas in 
different portions of the work, and my sincere thanks to 
John Cox, Esq., B.A., Scholar of Trinity College, Cambridge, 
for hLs kindness in perusing the proof-sheets. 

I have also to thank my friends Messrs W. M. Hicks, B.A., 
Scholar of St John's College, and R. F. Scott, B.A., Scholar 
of St John's College, for their kindness in working many of 
the examples. 

The Note on the Third law of Motion at the end of the 
book may be read by the student after reading the laws of 
motion in the first chapter, but he will be in a better posi- 
tion to understand it when he has read more of the subject. 



WM. GARNETT. 



St John' 8 College, 
Marchy 1875. 
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ELEMENTARY DYNAMICS. 



CHAPTER I. 

ON THE GEOMETRY OF A MOVING POINT, AND THE FUNDA- 
MENTAL LAWS AND PRINCIPLES OF DYNAMICS. 

!• A POINT is said to be in motion when it changes its 
position relative to surrounding objects. 

From this definition it will be seen that ali cases of 
motion which will come under our consideration are essen- 
tially relative; in fact we bave no means of measuring 
absolute motion or of determining whether any given point 
is absolutely at rest in space, or not, and it may even be 
doubted whether the human mind is capable of forming 
a distinct conception of absolute motion. 

We shall not attempt to give a definition of space: 
our idea of it must be considered a primary conception. 

Time is defined by the metaphysician as "the suc- 
cession of ideas f the physicist treats timo, like space, as a 
primary conception. 

Equal times are those intervals during which the earth 
turns through equal angles relative to the fixed stars, and 
any duration of time may be measured by the angle turned 
through by the earth during the interval. The most 
obvious unit of time is therefore the sidereal day, or the 
period during which the earth makes a complete rotation 
on its axis relative to the fixed stars. The unit generally 
adopted is the second of mean solar time. 

2. The velocity of a point is the rate at which it is 
changing its position relative to surroimding objects; in 
other words, the degree of speed with which it is moving. 

G.D. 1 
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2 VELOCITT. 

A point is moving with uniform velocity when it passea 
over equal distances in equal intervals of time : under other 
circumstances its velocity is said to be variable. 

Velocity is measured, when uniform, by the space passed 
over in a unit of time; when variable, it is measured at 
any instant by the space which would be passed over in the 
unit of time, if the velocity remained Constant during that 
unit and the same as at the proposed instant. 

The unit of velocity is taken as that velocity with 
which a point will pass over the unit of length in the unit 
of time. The nwmerical measure of the velocity of a moving 
point is therefore the number of units of length passed over 
by the point in the unit of time, if the velocity be uniform ; 
but, if variable, its numerical measure at any instant is the 
number of units of length which would be passed over by 
the point in the unit of time, if its velocity remained Con- 
stant during that unit and the same as at the proposed 
instant. Now if the unit of length be increased or decreased, 
the unit of time remaining the same, the space passed over 
in the unit of time by a point moving with unit velocity is 
increased or decreased, and therefore the unit of velocity 
is changed, in that same ratio. If, on the other band, the 
unit of time be increased or decreased, the unit of length 
remaining the same, the time required by a point moving 
with unit velocity to pass over the unit of length is in- 
creased or decreased accordingly. Now the longer the time 
occupied by a point in moving over the same distance, the 
less must be its velocity, and the shorter the time the 
greater the velocity. Hence the unit of velocity must vary 
inversely as the unit of time, if the unit of length remain 
Constant. Also we bave just shewn that the unit of velocity 
varies directly as the unit of length when the unit of time 
is kept Constant. Therefore, when ali are allowed to vary 
together, the unit of velocity will vary directly as the 
unit of length, and inversely as the unit of time. (See 
Todhunter*s Algebra, Art. 425.) 

3. The mathematica! expression for any physical quan- 
tity always consists of two factors, one being the unit of 
the same kind as the thing considered, the other representing 
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MEASURE OF VELOCITY. 3 

the number of such units in the quantity considered, and 
constituting the numerical measure of such quantity. The 
complete representation of a physical quantity in mathe- 
matica! language must therefore consist of two symbols, 
representing these two factors respectively. The unit ls 
sometimes represented by a capital letter placed in square 
brackets, e.g, the imit of time thus^ [T], Now the equations 
used in almost ali mathematica! investigations are equations 
between the numerical measures of quantities, and not 
between the quantities themselves ; the symbol representing 
the unit is therefore omitted, since the unit itself does noe 
enter into the equations, and in consequence, the habit of 
representing only the numerical measures of quantities has 
become so general, that even when the quantities themselves 
are considered, but one symbol is generally used, the cor- 
responding unit being understood. 

Now any quantity being represented by the product of 
the unit of the same kind, and the number of such units 
contained in the quantity considered, it is obvious that if 
the unit change, the quantity measured remaining the 
same, the number of units contained in it will be changed 
in the inverse ratio of the unit. Hence the numerical 
measure of any given quantity varies inversely as the unit 
in terms of which it is measured. For example, a stick 

72 
whose length is 72 in^ches will measure to * ^'^ ^' f^^^> ^^^ 

~, , or 2, yards. 

4. Applying the principles of the preceding article to 
the measurement of velocity, we see that the numerical 
measure of any velocity will vary inversely as the unit of 
velocity, and it has been shewn that the unit of velocity 
varies directly as the unit of length and inversely as the 
unit of time. Hence the numerical measure of a velocity 
varies inversely as the unit of length and directly as the 
unit of time. Thus, a velocity of 10,560 feet per minute is 
equivalent to a velocity of 2 miles per minute, or of 120 
miles per hour, or of 176 feet per second. Other examples 
of the change of units will be found at the end of this 
chapter. 

1 c> 
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4 APPLICATION OF ALGEBRAIC^L SIGNS. 

The British standard unit of length is the imperiai yard, 
which is defined to be the distance between the centres of 
two gold plugs in a bronzo bar kept in the Exchequer 
chambers, and known as the Imperiai standard yard, the 
temperature of the bar being 62^ Fahrenheit. The unit 
generally adopted by engineers is one-third of this distance, 
and is called a foot. As before stated, the unit of timo 
generally adopted is the second of mean solar time. 

5. If distances measured in one direction along a line 
be considered positive, it is usuai to consider distances 



measured in the opposite direction as negative. Thus if 
distances measured from A towards B be reckoned positive, 
those measured from B towards A or from A towards Ò 
will be negative. The same convention is extended to 
velocities. If a point move along a line in the direction 
in which distances are reckoned positive, its velocity is 
considered positive, but if it move in the opposite direction 
its velocity is considered negative. Thus, if a point move 
from A to J?, it increases its distance from A, measured in 
the positive direction, and its velocity is accordingly positive ; 
but if it move from B towards A it diminishes its distance 
from A, and its velocity is considered negative. Again, if 
the point move from A towards (7, though it increases its 
distance from A considered numerically, yet such distance 
being negative is decreased algébraically, and the velocity of 
the point is accordingly reckoned negative. In a similar 
way it will be seen that the velocity of a point moving from 
C towards A will be positive. This convention being 
adopted, the velocity of a point which continues to move in 
the same direction will not change sign when the point 
passes through A. This is of course as it should be, since 
there is no more reason why the velocity of a point should 
change sign when the point passes through A than at any 
other point of its path. 

6. Acceleration is the rate of change of velocity. 

It is said to be imiform when equal increments of velocity 
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UNIT OF ACCELEBATION. 5 

are generateci in equal intervals of time. If this be not the 
case the acceleration is variable. 

It is measured, when uniform, by the velocity generated in 
a unit of time ; when variable, it is measured, at any instant, 
by the velocity which would be generated in a unit of time, 
were the acceleration to remain Constant during that unit, 
and the same as at the proposed instant. 

In order that this may fumish a proper measure of 
acceleration, it will be seen that the unit of acceleration 
must be that by which the unit of velocity is generated 
in the unit of time. If the unit of length vary, the unit 
of time remaining the same, it has been shewn that the unit 
of velocity will vary in the same ratio ; hence, the unit of 
acceleration will vary in the same ratio, and therefore when 
the unit of time remàins Constant, the unit of acceleration 
varies directly as the unit of length. 

Next suppose the unit of length to remain Constant, but 
the unit of time to vary. Then we have seen that the 
unit of velocity varies inversely as the unit of time. Now 
if the unit of acceleration had always the same time 
allowed it, in which to generate the unit of velocity, the unit 
of acceleration would then vary directly as the unit of 
velocity, that is, inversely as the unit of time. But the 
time allowed the unit of acceleration in which to generate 
the unit of velocity does not remain Constant ; it is in fact 
the unit of time, and therefore varies as that unit varies. 
Now if the time be diminished in which the unit of accelera- 
tion has to generate any given velocity, that unit must be 
proportionately increased ; and if the time be increased, the 
unit of acceleration must be proportionately diminished. 
Hence, if the unit of velocity could be kept Constant, the 
unit of acceleration would vary inversely as the unit of 
time, simply because the time during which it has to 
generate the unit of velocity is changed. But it has been 
shewn that if this latter were kept Constant, the unit of 
acceleration would vary inversely as the unit of time, solely 
on account of the change in the unit of velocity. Hence, 
taking both reasons into account, when the unit of length 
remains Constant, the unit of acceleration must vary inversely 
as the square of the unit of time, Also it has been shewn 
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6 MEASUKE OF ACCELERATIOX. 

that the unit of acceleration varies directly as the unit of 
length when the unit of time remains Constant. Therefore, 
when ali three are allowed to vary together, the unit of 
acceleration must vary directly as the unit of length, and 
inversely as the square of the unit of time. 

7. The numerical measure of any acceleration varies in- 
versely as the unit of acceleration. Therefore the numerical 
measure of a given acceleration varies inversely as the unit 
of length and directly as the square of the unit of time. 

The above reasoning will he rendered much clearer by 
the consideration of an example. 

Suppose a certain acceleration to he represented by 32 
when a second and a foot are the units of time and length 
respectively ; what will he the measure ofthe same accelera-- 
tion when a minute and a yard are units ì 

The acceleration 

in 1" generates a velocity per 1" of 32 feet ; 
.-. „ 1" it „ „ „ 60" „ 32 X 60 feet ; 

/. „ 60" „ „ „ • „ 60" „ 32 X 60' feet. 

But 32 X 60* feet are equivalent to 38,400 yards. Hence 
the given acceleration in one minute generates a velocity of 
38,400 yards per minute, and therefore when a minute and a 
yard are the units of time and length respectively it will be 
represented numerically by 38,400. 

8. An acceleration is reckoned positive when it tends to 
increase algebraically the velocity of the moving point ; if it 
tend to algebraically diminish this velocity it is considered 
negative. Thus an acceleration is positive if it increase 
numerically a positive velocity or decrease numerically a 
negative velocity; while an acceleration which decreases a 
positive velocity or increases numerically a negative velocity 
is considered negative. An acceleration which tends to de- 
crease the numerical measure of a velocity is frequently called 
a retardation. 

9. A velocity is completely known if we know its mag- 
nitudo and direction. Now a straight line can be drawn in 
any direction and of any length ; if then a straight line be 
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COMPOSITION OF VELOCITIES. 7 

drawn in the direction in which a point is moving and of 
such length as to contain as many units of length as there 
are units of veloci ty in the velocity of the point, such a 
straight line will represent in every respect this velocity. 

Similarly an acceleration is completely known if we know 
its magnitudo and the direction of the velocity which it tends 
to generate. An acceleration may therefore be represented 
in every respect by a straight line drawn in the direction of 
the velocity which it tends to generate, and containing as 
many units of length as there are units of acceleration in the 
acceleration in question. Moreover, since an acceleration is 
measured by the number of units of velocity generated by it 
in the unit of time, the straight line which represents an 
acceleration in magnitudo and direction will also completely 
represent the velocity generated by that acceleration in the 
unit of time. 

10. Suppose a point to be moving with two independent 
velocities in any directions, then at any instant the point 
must be moving in some definite direction and with some 
definite velocity ; this velocity must therefore be equivalent 
to the two independent velocities, and is called their re- 
sultant; the independent velocities themselves, considered 
with reference to their resultant, are called components.^ 
The same reasoning must apply to any number of inde- 
pendent velocities with which a point may be moving, and 
which must therefore be equivalent to a single resultant. 
Let a point be supposed to move with two independent 
velocities, and let it be required to find the actual or re- 
sultant velocity of the point. For example, the point may 
move with a given velocity along a straight tube, while the 
tube, always remaining parallél to its originai direction, 
slides with a given velocity and in a given direction along a 
fixed piane. The problem will then be to determine the 
velocity of the point and the direction of its motion relative 
to the fixed piane. The two independent velocities in this 
case are the velocity of the point along the tube, and the 
velocity of the tube relative to the fiixed piane. 

11. If the two velocities be in the same straight line it 
is obvious that the resultant velocity is the algebraical sum 
of the two, velocities in one direction being considered posi- 
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8 PARALLELOGRAM OF YELOCITIES. 

tive and those in the opposite direction negative; and 
similarly the resultant of any number of independent 
velocities in the same straight line is the algebraical sum 
of the component velocities. 

If the independent velocities be not in the same straight 
line their resultant must be found by help of the foUowing 
proposition, known as the " parallelogram of velocities." 

Prof. If a point he moving with two independent velocities 
represented in magnitude and direction hy two straight lines 
drawn from a point, the resultant velocity will he represented 
in magnitude and direction hy the diagonal, drawn from that 
point, of the parallelogram constructed upon these two straight 
lines as adjacent sides, 

Let AB, A G represent in magnitude and direction the 
velocities, which we denote by w, v respectively. Then AB, 




A C denote the spaces passed over in the unit of timo by 
points moving with the velocities u, v respectively. Com- 
plete the parallelogram ABDC, and draw the diagonal AD, 
Then AD shall represent in magnitude and direction the 
resultant of the velocities represented by AB and AG 
respectively. 

Let the moving point be denoted by P, and suppose P 
to move along a straight tube OK with uuiform velocity u, 
while the end of the tube moves uniformly along the 
straight line A G, with velocity v, the tube remaining always 
parai lei to AB. Then, supposing the point P to start from 
A when the tube is in the position AB, if at the end of any 
time T we take, along AG, AO equal to vt, and draw OK 
parallel to AB, OK will be the position of the tube ; and 
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PARALLELOGRAM OF VELOCITIES, V 

taking OP equal to ut, P will be the position of the point. 
Draw PN parallel to AG) then 

AN^OP^UT) 
/. AN : AO :: ut : vt 
:: AB : AC. 

Therefore the parallelograms 0^, GB are similar. But 
similar parallelograms which have a common angle are about 
the same diagonal; therefore P lies on the diagonal AD; 
and since t may be any interval we please, the point P will 
always He on AD or AD produced ; in other word», AD is 
the path of P, and therefore always represents its resultant 
velocity in direction. Also the resultant velocity of P is 
Constant in magnitude, for AP, the space passed over during 
the interval t, is always proportional to AN or ut, that is to 
T, since u is Constant. The space passed over in any time is 
therefore proportional to that time, and the velocity of the 
moving point is therefore Constant in magnitude. 

Again, at the end of the unit of time after leaving A the 
end of the tube will have reached G, and the point P will 
consequently be at D. Hence in one unit of time P will 
have moved from A to D, and we have just shewn that its 
path is the diagonal AD and its velocity uniform. Hence 
the straight line AD represents in magnitude and direction 
the resultant velocity of the point P, that is, the resultant of 
the velocities represented by AB and A C respectively. 

Therefore, if, &c. Q. E. D. 

12. If a particle be moving with more than two inde- 
pendent velocities, we can find their resultant by finding first 
the resultant of any two, then compounding that with a 
third, and so on. Also, since velocities, like forces, are sub- 
ject to the parallelogrammic law of composition and resolu- 
tion, the propositions which are true for a system of forces 
acting at a point on account of the forces heing suòject to 
this law, are also true for a number of independent velocities 
with which a point may be moving. Thus, if the straight 
lines representing the velocities are equal, and parallel to, and 
in the same direction as, the sides of a closed polygon taken 
in order, the point is at rest ; if they form ali but one of 
the sides taken in order of such a polygon, their resultant is 
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10 RELATIVE VELOCITr. 

represented by the remaining side taken in the reverse order. 
Similarly we bave tbe triangle of velocities, tbe parallele- 
piped of velocities, and so on. 

13. If the velocities of two moving points, A and B, be 
given relative to certain points which we consider fixed, we 
can by help of the *' parailelogram of velocities" determine 
the velocity of A relative to B, 

Suppose, for example, that 5 is a point fixed on some 
surface which moves in any direction without rotation, and 
with known velocity, so that every point of the surface has 
the same velocity as B, and that -4 is a point which moves 
on that surface, the velocity of A, at any instant, relative 
to fixed objects around being known; then the velocity of 
A relative to the surface, that is, relative to B, can be found. 
For instance, B may be a point fixed on the deck of a ship 
which is moving uniformly on a stili sea, and A some point 
moving about on deck ; the velocities of A and B relative 
to the water being given, the velocity of A relative to the 
ship's deck can be found. 

If the points A and B he moving in the same straight 
line and in the same direction with uniform velocities u and 
V respectively, it is obvious that the distance between A and 
B is increased or diminished during each unit of time by a 
space numerically represented by u — v, according as A is in 
front of, or behind, B; u — v is therefore the velocity of A 
relative to B. It u — v be negative, it shews that the velocity 
of A relative to B is in the direction opposite to that in 
which the points are moving. 

If A and B be moving in opposite directions with velocities 
represented numerically by u and v respectively, it may be 
shewn that the velocity of A relative to B is numerically 
represented hy u + v; but if u and v represent not only the 
numerical but the algebraical values of these velocities, then 
u and V will be of opposite signs, and the velocity of A 
relative to B will be represented hj u — v, as in the case in 
which A and B are moving in the same direction. 

14. In each of the above cases the velocity of A relative 
to B may be found by the foUowing process. Let a velocity 
equal and opposite to that of B he supposed given to both 
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RELATIVE VELOCIIT 11 

A and B. Then B will be brought to rest, and the same 
velocity being impressed on both A and B, their relative 
velocity will be unafiected ; for example, if a man be walk- 
ing on the deck of a ship, bis velocity relative to the deck, or 
any point upon it, is altogèther independent of the ship's 
motion, and will remain the same if the ship be brought to 
rest. The velocity of A will then he u — v; and since B will 
have been brought to rest, this will be the velocity of A 
relative to B. Hence if two points A and B he moving in 
the same straight line \vith velocities represented in magni- 
tude and direction by u and v respectively, the velocity of A 
relative to B will be represented in magnitude and direction 
hy u — v. 

If A and B he moving in parallel straight lines with 
velocities represented respectively by u and v, we may shew, 
by precisely the same method as that adopted above, that 
the velocity of A relative to JB is w — v, as before. 

15. Suppose A and B to move with velocities repre- 
sented by u and v respectively, but net in the same or 




parallel directions. Let the velocity of A he represented in 
magnitude and direction by OH, and that of B by OK. 
Then the velocity of A relative to B will be represented 
by ^ir. 

For the velocity of A may be considered as the resultant 
of two velocities, viz. the velocity of B, and the velocity of 
A relative to B, Hence the velocity represented by OH is 
the resultant of two independent velocities, one of which, 
that of B, is represented by OK, and the other is the velocity 
of A relative to B, But the velocity represented by OH 
is, by the. " parallelogram of velocities," the resultant of ve- 
locities represented by OK and KH Therefore the velocity 
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12 RELATIVE YELOCITY. 

of A relative to B is represented in magnitude and direction 
hjKK 

If this velocity be denoted by w, we bave, since 
KH' = OIP + OJf « - 2 OH, OK cos KOB, 
w'* = u^ + v^ — 2uv cos HOK 

16. The same result may be obtained in a different way. 
As before, let OH, OK represent the velocities of A and 




JB respectively. Suppose a velocity equal and opposite to 
that of B to be impressed upon both A and B, Let OL 
represent in magnitude and direction this velocity. Then 
OL is equal to KO, and in the same straight line with it. 
Also by this means B will be brought to rest while A is 
made to move with two independent velocities, viz. its 
originai velocity represented by OH and the velocity we 
bave supposed impressed upon it, which is represented by 
OL, Complete the parallelogram OHPL\ then, by the 
" parallelogram of velocities," the diagonal OP represents in 
magnitude and direction the resultano velocity of A, But 
since B is now at rest, the resultant velocity of A is the same 
as its velocity relative to B, Also the velocity of A relative 
to B will bave been unchanged by impressing the same 
velocity on both A and B, Hence OP represents in magni- 
tude and direction the velocity of A relative to B. 

If, then, we wish to find the velocity of a moving point A 
relative to another moving point B, we may impress on both 
A and B a velocity equal and opposite to that of B, and the 
resultant velocity of A will then be the velocity required. 
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That this process leads to the same result as the method 
of the precedingarticle is at once obvious, for KOPH is 
a parallelogram, and therefore OP is equal and parallel 
to KH, 

If the Vìelocities of A and B be not uniform,- the veloeity 
of A relative to B at any instant may be foiind as above, 
OH and OK representing in this case the velocities of A and 
B respectively at the iiistant in question. 

The veloeity of B relative to -4 is of course equal and 
opposite to that of A relative to B. 

17. Accelerations, also, like forces and velocities, may 
be resolved and compounded according to the parallelo- 
grammic law. This we proceed to prove. 

Prof. If a point be moving with two independent ac- 
celeraticms represented in magnitude and direction hy two 
straight lines drawn from a point, the resultant acceleration 
will he represented in magnitride and direction by the diagonal, 
drawn from that point, of the parallelogram constructed on 
the two straight lines representing the accelerations , as ad- 
jacent sides, 

For simplicity of expression, suppose a second to be the 
unit of timo. Let AB represent the initial veloeity of the 




point ; BC, BD the accelerations. Then BC, BD represent 
the velocities which would be generated in one second by 
the respeetive accelerations acting singly. Now since the 
accelerations are independent, their combined efifect pro- 
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14 PARALLELOGRAM OF , ACCELERATIONS. 

duced in any instant is the sum of the eflfects whleh each 
would produce acting singly for that instànt, and hence the 
final change of velocity produced by the two accelerations 
acting together for one second is the sam-e as if each had 
acted separately during one second, since the effect of an 
acceleration is independent of the velocity of the moving 
point. Suppose then the acceleration represented by BG to 
act by itself for one second, the velocity generated by it in 
that interval is represented hy BG; and compounding this 
with the originai velocity AB of the moving point, it foUows 

• from the parallelogram of velocities that the resuìtant 
velocity is represented by A G, Now suppose the accelera- 
tion represented by BB to act singly for a second on the 
point moving, initially, with the velocity represented by 

. A G, Draw GU equal and parallel to BD ; then CE repre- 
sents the velocity generated in one second by the accelera- 
tion represented by BD, Combining this with the velocity 
which the point already possesses, viz. that represented by 
AG, the final velocity is, by the parallelogram of velocities, 
represented by AM But the effect of the two accelerations 
acting together for one second is the same as the whole 
effect produced by each acting separately for one second. 
Hence the effect of the two accelerations acting together for 
a second is to change the velocity of the moving point from 
that represented by AB to that represented by AE. The 
velocity generated by the two accelerations acting together 
for a secoud is therefore represented by BE, since BE repre- 
sents that velocity, which, when compounded with the 
velocity represented by AB, produces a resuìtant repre- 
sented by AE, But the whole velocity generated in a 
second is the measure of the resuìtant acceleration ; hence 
BE represents the acceleration which is the resuìtant of the 
accelerations represented by BG and BD. But BE is the 
diagonal of the parallelogram constructed upon the straight 
lines BG, BD as adjacent sides. Therefore, if, &c. Q. E. D.. 

Hence, accelerations, like forces and velocities, are sub- 
ject to the parallelogrammic law of composition and resolu- 
tion, and any propositions true of forces in conseqtience 
of their heing subject to this law must also be true of ac- 
celerations. We have therefore the triangle, polygon, &c. of 
accelerations, and any number of accelerations may be com- 
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pounded in the same way as a system of forces acting at a 
point. 

18. By help of the preceding proposition, if the accelera- 
tions of two moving points A and B he given, we can, as in 
the corresponding case of velocities, find the acceleration of 
A relative to 5. • 

Let OH, OK represent in magnitude and direction the 
accelerations of A and £ respectively. Suppose an accele- 




ration equal and opposite to that of B impressed upon both 
A and JB. This cannot affect the relative motions of A and 
By and therefore does not aflFect their relative accelerations. 
(For we may suppose A and B to be points moving about 
inside a closed surface ; then if the. same motion in space be 
impressed upon the surface and everything within it, this will 
obviously not aflFect the motions of A and B relative to the 
surface or each other.) Let OL represent the acceleration 
equal and opposite to that of B, Then OL is equal to KO 
and in the same straight line with it. Now an acceleration 
equal and opposite to that of B having been impressed upon 
it, it will be moving with no acceleration, that is with uni- 
form velocity. Suppose a velocity equal and opposite to that 
of B impressed on both A and B ; this will not aflFect their 
relative velocity, but B will thereby be brought to resi. 
Complete the parallelogram OMPL, and draw the diagonal 
OP. Then the acceleration of A is the resultant of two 
independent accelerations represented respectively by OH 
and OX, and is therefore, by the parallelogram of accelera- 
tions, represented in magnitude and direction by the diagonal 
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16 UNIFORM YELOCITY, 

OP of the parallelogram constructed upon OH and OL ; 
and, since B is now at rest and not acted on by any ac- 
celeration, this is the acceleration of A relative to B, 

Since KOPH is a parallelogram, OP is equal and parallel 
to KH\ hence KH represents in magnitudo and direction 
the acceleration of A relative to B. 

From the above investigation we see that in order to find 
the acceleration of a moving point -4, relative to another 
moving point By we bave only to impress on both A and B 
an acceleration equal and opposite to that of B, The re- 
sultant acceleration of A is then the originai acceleration of 
A relative to B, Or, more briefly, if the accelerations of A 
and B be represented in magnitudo and direction by two 
straight lines OH, OK respectively drawn from a point 0, 
the acceleration of A relative to B will be represented in 
magnitudo and direction by the straight line KH, 

19. If the accelerations of A and B be not uniform, the 
acceleration of A relative to B may be found at any instant 
by the above process, OH^ OK representing the accelerations 
of A and B respectively ctó that instant 

The acceleration of B relative to -4 is obviously equal 
and opposite to that of A relative to B. 

If the accelerations of A and B be in the same straight 
line and be represented numerically by a and ^ respectively, 
the acceleration of A relative to B will be represented by 
a + /8, according as the accelerations of A and B are in the 
same or in opposite directions. If the accelerations be 
represented algébraically by a and ^, the acceleration of A 
relative to B will be represented in magnitudo and direction 
bya-/3. 

20. If a point move with unifonn vetocity v, the space 
passed over by it in t units of timo is equal to vt units of 
length. For the distance passed over in each unit of time 
is V units of length, and therefore the distance passed over 
in t units of time is vt units of length. 

If a point move under the action of a Constant accelera- 
tion acting always in the direction of motion and represented 
by /, the velocity generated in t units of time by this 
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acceleration is represented by ft, For the velocity gene- 
rateci in each unit of time is numerieally equal to the 
acceleration, and is therefore / units of velocity ; therefore 
the velocity generated in t units of time vi ft units of 
velocity. 

If the direction of the acceleration be always that of the 
motion of the point, and its magnitudo be Constant and 
represented by/, and if the point be originally moving with 
u units of. velocity, its velocity after t units of time will bò 
represented by u +ft 

If a point be moving with an initial velocity in a certain 
direction, and be then acted upon for a given time by an 
acceleration in some other Constant direction, since the 
effect of an acceleration in generating velocity at any instant 
is independent of the velocity or direction of motion of the 
moving point, it foUows that the final velocity of the point 
may be determined by finding the velocity generated by the 
acceleration in its own dkection, and compounding this with 
the originai velocity of the point according to the parallelo* 
grammic law. 

KiNETICS. 

21. Hitherto we bave been considering simply motion 
without any reference to the agencies producing it, or the 
properties of the thing moved. This portion of the eubject, 
or the geometry of motion, is frequently called Kinematics. 
We must now consider motion with reference to the agencies 
producing it, and the things in which it is produced. The 
terrà Dynamics is sometimes confined to this section of our 
subject, but it is more frequently known as Kinetics, while 
Dynamics is (improperly) understood to embrace both this 
and Kinematics. 

Matter, like space and time, must be consìdered as one 
of the inevitable primary conceptions of the mind, of which 
no satisfactory definition can be given. Many of its pro- 
perties are known to us with more or less of scientific 
exactitude by our everyday experience, and it is to this we 
must refer for a distinct conception of matter. 

A body is a quantity of matter limited in every direction. 

a D. 2 
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18 MASS AND FORCE. 

A parHcle is a portion of matter whose diraensions in 
every direction are indefinitely small, and which may there- 
fore be treated as a physical point. We however adopt 
the convention of conceiving particles to contain a- finite 
quantity of matter, though it is contrary to experience that 
an indefinitely small body should contain a finite quantity 
of anything. The conception of a particle simply enahles 
US to treat a small body as though.it were indefinitely small, 
and thus enables us to neglect motions of rotation which, if 
considered, would reniove our investigation to the domain 
of *' Eigid Dynamics." 

Force is that which produces or tends to produce motion 
in matter, or modifies or tends to modify existing motion. 

The mass of a body or particle is the quantity of matter 
which it contains. 

The masses of two or more particles are said to be eqiuil 
when the same force acting similarly upon them for the 
same time generates in them the same velocity. 

If two bodies of equal mass be connected so as to form 
one, the mass of the body so formed is doublé that of 
each of its constituents. Similarly, if three equal masses 
be connected together, we get a body of triple mass, and so 
on. We thus arrivo at a system of mèasurement applicable 
to masses. The British standard unit of mass is the Imperiai 
standard pound Avoirdupois, a mass of platinum kept at the 
Exchequer chambers. AH masses may be expressed in 
terms of this unit, or of other units deduced therefrom. 
The French Imperiai standard of mass is Borda's platinum 
kilogramme, which was originally constructed so as to con- 
tain the same amount of matter as a cubie decimetre of 
distilled water at the temperature corresponding to its 
maximum density. The pound and the kilogramme are 
standards of mass, not of force. After stating the laws of 
motion we shall see how masses may be compared by ob- 
serving the effects of forces upon them, 

We are not at present in a position to explain any system 
of mèasurement applicable to forces. Newton's second law 
of motion will however provide us with the means of com- 
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DENSITY AND MOMENTUM. 19 

paring forces, and consequently of measuring them in terms 
of some unit. 

22. The density of a body, when uniform, is the ratio 
of the mass of any volume of the body to that of an equal 
volume of some standard substance. 

When variable, the density of a body at any particular 
point is the ratio of the mass which would be contained in 
any volume of the body, were its density Constant through- 
out that volume and the same as at the proposed point, to 
that of an equal volume of the standard substance. 

The standard substance is generally so chosen that the 
unit of volume of the substance contains the unit of mass of 
matter. The unit of density is consequently the density 
of a uniform substance, of which the matter contained in 
the unit of volume is the unit of mass. Then, the density of 
a body, whose density is uniform, will be measured by the . 
number of units of mass contained in the unit of volume, or, 
which is the same thing, the ratio of the number of units of 
mass contained in any portion of the body to the number 
expressing the volume of that portion. 

If the density of a svhstance be v/niform, and numerically 
represented by p, the mass of V unita of volume of the 
svòstance unii be Yp units ofmass. 

For each unit of volume contains p units of mass, and 
therefore F units of volume will contain Vp units ofmass. 

If the density of a body vary from point to point, the 
density at any point will be measured by the ultimate ratio 
of the number of units of mass in any volume containing 
that point to the number of units of volume in the same 
when such volume is indefinitely diminished. 

23. The momentum of a particle is the product of its 
mass and its velocity. The unit of momentum is conse- 
quently the momentum of the unit of mass moving with 
the unit of velocity, and the momentum of any moving mass 
is measured in terms of this unit. The phrase " quantity of 
motion" was used by Newton in place of the more modem 
term " momentum," 

2—2 
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A. finite force is that which requires a finite time in order 
to generate a finite momentum. 

An impulse is that which generates a finite momentum 
in an indefinitely short interval of time. 

There is nothing in nature, so far as we know, which 
exactly satisfies the conditions of this definition. We cannot 
point out any case in which a finite momentum is generated 
in an indefiffiitély short time, but we frequently meet with 
cases in which such a momentum is generated in a time so 
short that we are unable to measure it, as in the coUision of 
moving bodies, and it is then convenient to entirely ignoro 
the time occupied in the generation of the momentum, and 
to treat the action simply as an impulse. 

The ma viva or kinetic energy of a moving particle may 
be defined as one half the product of its momentum and its 
velocity. 

The vis viva is frequently defined as the product of the 
mass and the square of the velocity of the moving particle, 
and the kinetic energy is called the semi-via viva ; but the 
above definition is more convenient, and has moreover the 
advantage arising from the fact that both the momentum 
and the velocity of a particle admit of a physical interpre- 
tation, while no meaning has been assigned to the square of 
a velocity. 

24. Ali the theorems hitherto given bave been deduced 
from abstract reasoning, and it is impossible for us to con- 
ceive of any order of things in which these theorems should 
not be trae ; but in order to determine the mutuai relations 
between force and matter, or, in other words, the effect of 
forces upon matter, we must bave recourse to experiment. 
The conclusions to which such experiments lead us are 
embodied in three statements, generally known as the laws 
of motion, and first given by Newton. As enunciated by 
him these laws are as follows : 

Law I. Every body will continue in its state of rest or of 
uniform motion in a straight line, except in so far as it is 
compeUed by impressed force to change that state. 
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Law II. Change of motion Ì8 proportional to the im- 
pressed force, and takes place in the direction in which ihat 
force acts. 

Law III. Action and reaction are ahvays equal and 
opposite. 

25. The evidence upon which these laws are accepted 
may be stated as follows. 

In the first place, our daily observations of phsenomena 
around us, and the results of rough experiments, lead us to 
infer the probable truth of the principles enunciated in the 
statement of the laws ; it is then found that the more 
nearly we make the conditions, which obtain in our ex- 
periments, approximate to the ideal conditions of the case 
to which the laws are immediately applicable, the more 
nearly do the results of our experiments coincide with the 
principles laid down in these laws; and lastly, the results of 
long and complicated calculations based on the assumption 
of their truth are exactly in accordance with naturai phaeno- 
mena. This last evidence is that.on which we chiefly rely, 
and it amounts almost to an absolute proof of the points at 
issue. Our acceptance of ali other physical laws rests on 
precisely the same kind of evidence. As an example we 
may refer to the moon, whose motion is calculated on the 
assumption of the truth of the laws stated above, and of the 
law of gravitation ; and, notwithstanding the extreme com- 
plexity of the calculation, we are enabled to determine the 
moon's position at any instant for years in advance with such 
precision as to be within the limits of error of the most 
exact instruments. It was also by the assumption of the 
truth of these same laws that Prof. Adams and M. Le yerrier 
were enabled to calculate the position and orbit of the planet 
Neptune before it had been seen by human eye. 

26. We shall now consider each of these laws separately, 
and trace them into some of their consequences. 

Law I. Every body will continue in iis state ofrest or 
oftmiform motion in a straight line, excepir in so far os it is 
compelled by impressed force to change that state. 

This law attributes to matter the property known as 
inertia, by virtue of which a finite force acting during a finite 
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time is required, to produce a finite velocity in a finite quan- 
tity of matter. In other words, it states that any particle of 
matter has no power of moving itself or of changing, of its 
own accord, any velocity with which it may be m^òving. Now 
that a body, if at rest, will continue so, if no force act upon it 
to disturb it, every one will at once admit as in accordance 
with everyday observation, but that a body in motion will 
continue to move uniformly in a straight line is not quite so 
obvious, because we never bave an opportunity of observing 
the motion of a body under the action of no forces. If a 
stono be projected along a horizontal piane it will at length 
come to rest, but if the stone and piane be made smoother 
the stone will continue longer in motion, and this leads us to 
believe that if ali ppposing forces > were removed, the stone 
would never come to rest. If, however, we reflect on the 
facts that we bave no notion whatever of absolute motion ; 
that ali motion which comes under our notice is essentially 
relative ; that a particle appears at rest when it is moving in 
the same direction and with the same velocity as ourselves ; 
and that we bave no means of ascertaining whether a particle 
is absolutely at rest or not, we see that there is no distinc- 
tion in kind between uniform motion in a straight line and 
absolute rest, the latter being in fact only a particular case of 
the former. The assertion, theréfore, that a particle under 
the action of no forces will remain at rest is entirely without 
meaning, since we never know whether a particle is abso- 
lutely at rest or not, unless it be also true that a particle 
under the action of no forces will continue to move uniformly 
in a straight line if it be once in a state of motion, so that 
this latter part of the law is a necessary consequence of the^ 
former. 

27. Law II. Change of motion is proportional to the 
impresseci force, and takes place in the direction in which 
that force acts. 

The phrase " change of motion " bere meaos change of 
quantity of motion or change of momentum. If the force 
be finite it will require a finite time tp produce a sensible 
change of motion, and the change of momentum produced 
by it will depend upon the time during which it acts. The 
change of motion contemplated must then be understood to 
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be the change of momentum produced per unit of tóme, or 
the rate of change of momentum. If the foroe be variable, 
the rate of change of momentum is measured at any instant 
by the momentum which would be generated in the unit of 
time if the force remained Constant during that unit and the 
same as at the proposed instant, and this the law asserts to 
be proportional to the intensity of the force at that instant. 
Now the momentum of a moving particle is the product of 
the mass into the velocity ; if then the mass remain Constant 
the change of momentum is measured by the product of the 
mass into the change of velocity, and the rate of change 
of momentum by the product of the mass and the rate 
of change of velocity, But rate of change of velocity is 
acceleration ; therefore this law states that any force Pacting 
on a particle of mass m is proportional to the product of the 
mass m on which it acts, and the acceleration / produced 
therein by tlie force ; 

/. Pccmf. 
Hence we may put P equal to kmf, where k is some constante 

If the unit of force be taken as that force which produces 
tjie unit of acceleration in the unit of mass, or which acting 
on the unit of mass for the unit of time generates therein 
the unit of velocity, then, if we put m equal to unity, that 
is, take the unit of mass, and /^equal to unity, that is, 
introduce the condition that the acceleration produced therein' 
should be the unit of acceleration, we must bave the force 
producing the acceleration equal to the unit of force, or P 
equal to unity. Hence k must also be equal to unity, and w& 
bave the equation 

P=mf. 

The meaning of this equation is as follows: The number 
of units of force in any force is equal to the product of the 
number of units of mass in any particle on which it may act, 
and the number of units of acceleration produced in that 
mass by the force in questi on. 

28. Suppose that a second and a foot are the units of 
time and length respectively, a pound being the unit of 
mass, and that we require to know the corresponding unit of 
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force, in order that the above equation may be true. We 
may argue thus : — 

The unit of force in thìs case is that force which acting 
on the mass of a pound for one second generates in it a 
velocity of one foot per second ; now we know from the re- 
sults of experiments, some of which will be described here- 
after, that a force equal to the weight of a pound in London, 
at the sea-level, if acting on the mass of a pound generates 
in it in òne second, if free to move, a velocity of nearly 32*2 feet 

per second ; and hence the unit of force is ^^ of the weight 

of a pound, or rather less than the weight of half an ounce. 
This is the British absolute dynamical unit of force. In 
order that the equation P = mf may be universally true 
when a pound, a second, and a foot are the units of mass, 
time, and length respectively, ali forces must be expressed in 
terms of this unit. 

Again, from the equation P=7w/we see that a force is 
measured dynamically by the Tnomentum which it generates 
in the unit of time. We have thus a method of comparing 
the magnitudo of one force with that of another, and are 
enabled to express any force in terms of the absolute unit 
above defined, or of any other unit we may adopt. In fact, 
the second law of motion provides us with an absolute mea- 
sure of force. 

The second law of motion also enables us to assign a 
physìcal meaning to momentum. It is the effect or product 
of a force acting for an interVal of time. A given force 
acting for a given time will always generate the same amount 
of momentum, whatever be the mass upon which it acts, and 
this momentum is measured by the algebraical product of 
the measure of'the force and of the time during which 
it acts. 

29. In the case of impulsive action, the phrase " change 
of motion " must refer to the whole momentum generated or 
destroyed by the impulse. The law, therefore, states that 
any impulse is propoi-tionah to the whole momentum gene- 
rated or destroyed by it. Let / represent the measure of an 
impulse acting on a particle of mass m, and let v be the 
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yelocity generated by it ; then the second law of motion 
asserts that / is proportional to mv, or 

Ice mv. 

If we take as the unit of impulse that impulse which 
generates the unit of velocity in the unit of mass, we shall 
have the equation 

/= mv. 

Thus the second law of motion enables us to compare im- 
pulses one with another, and to measure them in terms of an 
absolute and invariable standard. 

30. Suppose severa! forces to act at once on a particle 
either at irest or in motion ; then, the second law of motion 
being true for every mie of these forces, and the effect of a 
force being completely determined by that law, it foUows 
that each must have the same eflfect, in so far as the change 
of motion produced by it is concemed, as if it were the only 
force in action ; we may therefore infer that when any nv/mr- 
ber of forces act simultaneously on a body, whether at resi or 
in motion, each produces the same chatige in the body' a motion 
as if it alone had acted on the body at rest 

This statement expresses the principle of the "physical 
independence of forces,** From it, taken in conjunction with 
Newton's second law of motion, it follows that if any number 
of forces act on a particle, initially either at rest or in motion, 
the equation P = mf will bé true for each, / being the ac- 
celeration produced by the force P, and this acceleration will 
be in the direction in which P acts. 

From this result, coupled with the " parallelogram of 
accelerations" proved above, the " parallelogram of forces" 
immediately foUows, and we have at once the whole subject 
of Statics. 

Precisely'the same remarks apply to impulses, which may 
therefore be resolved and compòunded in the same way as 
forces. 

In ali the preceding cases, change of velocity must be 
estimafced in accordance with the parallelogrammic law. Thus, 
if a straight line AB represent in magnitudo and direction 
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the initial velocity of the particle, ànd AG its final velocity, 
BG will represent the whole change of velocity produced. 

31. When it is stated in the second law of motion that 
'* change of motion is proportional to the impressed force," it 
is not implied that the whole change of motion should be 
that of a single particle, or even of a single body, in the 
usuai senso of the term ; nor is it necessary that ali the 
changes of motion in the dififerent parts of a complicated 
system, which act on each other by means of their con- 
nections, should be at any instant in the same direction. 
The change of motion of each particle of the system will be 
in the direction of the resultant of ali the forces acting upon 
it ; but some of these forces are introduced by the connec- 
tions of the system. For example, suppose any number of 
particles to be connected by inextensible strings passing 
over smooth surfaces, so that if one particle is moved ali 
must be moved, but, in general, in different directions ; then, 
if any force act on one of the particles so as to produce motion 
of the system, and this be the only extemal force in action 
which tends to move the system, the whole momentum gene- 
rated in the unit of time, — ^that is, the sum of the momenta 
generated in ali the particles, — is proportional to the force 
producing motion, and is the same as the momentum which 
this force would produce in the unit of time in a single 
particle. 

It may be mentioned that this* principio is applicable to 
any system of machinery, however complicated, provided it 
move without friction, but we . require a knowledge of Rigid 
Dynamics in order to measure the momentum of a rotating 
body. An application «of this principio will be seen in the 
explanation of the use of Attwood's machine which will 
shortly be given, and other examples of the same will be 
given hereafter. 

32. As an application of the second law of motion we 
may take the follo wing. It has been established as an ex- 
perimental fact that if two or more bodies of dififerent 
materials, as, for example, a sovereign and a feather, be 
allowed to fall in vacuo simultaneously from rest, the velocity 
at any subsequent instant of each of the bodies is the same ; 
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and consequently they ali, if let fall from the same height, 
reach the ground together. Now since the velocities of ali 
the bodies at any sul^equent instant are the same, it foUows 
that the accelerations under which they are moving are the 
same for ali. The force acting on each is, therefore, by the 
second law of motion, proportional to its mass. But this force 
is that with which the earth attracts the body; in other 
words, its weight. The weight of each body is therefore pro- 
portional to its mass, and independent o/the kind of material 
of which it idformed. It foUows then, from this experiment, 
that the earth attracts ali kinds ofmatter alike. 

The acceleràtion of a body falling freely in vacuo is found 
to vary slightly with the latitude, and also with the elevation 
above the sea-level. This acceleràtion is generally denoted 
by ff, and when we say that at any place g is equal to 32, we 
mean that the velocity generated per second in a body fall- 
ing freely under the action of gravity at that place is a 
velocity of 32 feet per second. The vaine of g near the sea- 
level in the latitude of Edinburgh is 32*2 very nearly. It 
may be mentioned bere that a body is said to be moving 
freely when it is acted upon by no forces except those under 
consideration. 

If in the equation P= wi/ we put for P the weight W of 
the body, we know that the acceleràtion produced is g ; hence 
for/ we must write g, and we get the equation 

W=mg, 

the unit of weight, or of force, being in this case the absolute 
dynamical unit of force. 

33. We bave seen that the weight of a body is propor- 
tional to its mass; therefore bodies whose weights at any 
given place are equal must contain equal quantities of matter, 
and we thus obtain a means of determining the equality of 
two masses by the use of the common balance. Hence, also, 
we have a practical method of comparing the quantities of 
matter in two or more dififerent bodies by determining how 
many masses, each equal to the standard, are required to 
balance each of the bodies whose masses are to be compared. 
Sub-multiples of the standard may be obtained at first by 
weighing out a quantity of matter equal to the standard unit 
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of mass and divìding it by trial into the required number of 
eqtud parts, the equality of the parts being tested by the 
balance. In this way a system of " weights" for the mea- 
surement of mass may theoretically be obtained. 

It should be home in mind that the ultimate object of 
weighing things is not generally to ascertain their weight, 
that is, the force with which the earth attracts them, but to 
determine the quanti ty of matter contained in tbem, and 
this is rendered possible only by the fact that the earth 
attracts ali kinds of matter alike, a fact which we bave 
learned by observing that ali bodies fall with the same 
acceleration in vacuo. The same conclusion also follows 
from the result of certain experiments on pendulums, which 
show that, other things being the same, the time of oscil- 
lation of a pendulum is independent of the material of 
which it is composed. 

34. The characteristic diflference between the results 
obtained by a spring balance and by a pair of scales is this. 
A pair of scales is used to determine at once how many 
units of mass are contained in the body weighed. This is 
done by determining how many units of mass are attracted 
by the earth with the same force as the body in question, 
and since, as above stated, ali kinds of matter are attracted 
alike by the earth, the result is the number of units of mass 
contained in the body ; and this test is entirely independent 
of the absolute intensity of the earth*s attraction, that is, 
of the vaine of g, at the place. The spring balance, on the 
other band, simply measures the force with which the earth 
attracts the body weighed ; the apparent weight of a body 
will therefore depend on the intensity of gravity at the 
place. Now the acceleration produced by gravity in a body 
falling freely is less at the equator than at the poles, and 
increases continuously with the latitude ; it also diminishes 
as the altitude above the sea-level is increased. The apparent 
weight of a body will consequently be less in low than in 
high latitudes, and a spring balance will be disadvantageous 
to a merchant buying goods in England and selling them at 
Cape Coast Castle ; while if a pair of scales or a steelyard 
be used in its place, the apparent weight of the merchandise 
will be independent of the latitude. 
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35. Law III. Action and reaction are always equal 
and opposite. 

If a body A press against another body B with which it 
is in contact, B will exert an equal pressure on A, but in 
the opposite direction. But the application of this law is 
not confined to the mutuai actions between surfaces in con- 
tact, the statement being true for ali kinds of mechanical 
action whatsoever. Thus, while in accordance with the 
law of gravitation the sun attracts the earth with a certain 
force, the earth also attracts the sun with an equal force, 
and these two attractions are, of course, in opposite di- 
rections. Again, the earth attracts a falling rain-drop with 
a certain force, while the rain-drop attracts the earth with 
an equal force. The result is that while the rain-drop moves 
towards the earth on account of its attraction, the earth 
also moves towards the rain-drop under the influence of the 
attraction of the latter, but the mass of the earth being 
enormously greater than that of the rain-drop while the 
forces on the two arising from their mutuai attractions are 
equal, the motion produced thereby in the earth is ali but 
incomparably less than that produced in the rain-drop, and is 
consequently quite insensible. The third law of motion is 
also applicable to electrical attractions and repulsions, to 
the actions of magnets and of conductors conveying electric 
currents on themsfelves and each other, and in fact to ali 
cases of mechanical action. 

36. Many modem writers, foUowing out the suggestions 
of the late Dr Whewell, bave enunciated the principio of 
"the physical independence of forces" as their second law 
of motion, and Newton's second law they bave called the 
third law of motion. The third law, as given by Newton, 
they then either assume as an axiom or treat as a fourth 
law. The prevailing tendency amongst mathematicians has 
recently been to retu?-n to the laws as enimciated by Newton, 
and in this form they bave been given above. 

S7. If a particle of mass m be acted upon by a force 
P which would caifse it to move, were it free to do so, with 
an acceleration/, and be prevented from moving by a string 
or some other means of constraint, then the string or other 
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constraint must exert on the particle a force equal to P, but 
in the opposite direction ; and, since action and reaction are 
equal and opposite, it follows that the particle wiU exert 
a force upon the string or other constraint equal to, and in 
the same direction as, the force P. Thus if a heavy particle 
be suspended in equilibrium by a vertical string, it exerts a 
downward force on the string equal to its own weight. 
Similarly a heavy body at rest on a horizontal table exerts 
a pressure on the table vertically downwards, and equal to 
the weight of the body. 

If the particle whose motion is constrained by a string, 
or other means of constraint, be moving with a velocity 
uniform in magnitude and direction, since the motion of the 
particle is not accelerated there can be no resultant force 
acting upon it, and the conditions are precisely the same as 
if the particle were at rest. 

If the particle acted on by the force P, instead of moving 
with an acceleration /, be constrained by some other means 
to move with an acceleration /^ in the direction in which P 
acts, we can find immediately the force exerted* by the con- 
straint. For since the force P would produce in a particle 
of mass m an acceleration denoted by /, we must bave P 
equal to mf. Also, the particle moves in the direction in 
which P acts with an acceleration f^ ; the resultant force on 
it must therefore be in the direction of P, and numerically 
equal to mj[. The force exerted by the constraint must 
therefore be in the direction in which Pacts, and algebraically 
represented by m/^ — m/, or by m (/^ — /). If /^ be less than 
/, this shews that the force exerted by the constraint is in 
the direction opposite to that in which P acts, and nume- 
rically represented by m (/— j^). 

If the actual acceleration of the particle be in the 
direction opposite to that in which P acts, it will be of 
negative sign. Suppose it to be — /-. Then the force exerted 
by the constraint must be in the direction opposite to that 
of P, and numerically equal to m (/^ +f), that is to mf^ + P. 

If the actual acceleration of the parftcle be not in the 
straight line in which P acts, then we may find the resultant 
force which must act on the particle in order to produce 
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this acceleration, and the force which is exerted by the 
constraint is that which must he compounded with P to 
produce this resultant. This can be found at once by help 
of the parallelogram of forces. 

38. As an example of the preceding article, suppose a 
heavy particle to rest on a horizontal piane, while the piane 
moves vertically downwards with an acceleration /; what 
will be the pressure of the particle on the piane, the ac- 
celeration produced by gravity in a particle falling freely 
being denoted by ^r ? 

The pressure of the particle on the piane must by the 
third law of motion be equal and opposite to that of the 
piane on the particle, and the only forces acting on the 
particle are the earth's attraction and the pressure of the 
piane. Now the particle moves downwards with an ac- 
celeration /; the resultant force upon it must therefore act 
downwards and be numerically equal to mf. But the attrac- 
tion of the earth upon the particle acts downwards and is 
numerically equal to mg. Hence if / be less than g, the 
pressure of the piane on the particle acts upwards and is 
equal to mg — mf, that is, to m {g — /) ; while the pressure 
of the particle on the piane, which is equal and opposite to 
this, acts vertically downwards and is numerically repre- 
sented by the same expression, viz. m (g—f)» 

If /be greater than g, the downward force on the particle 
must be greater than its weight ; the pressure of the piane 
on the particle must therefore act downwards, and its 
magnitudo will be represented by raif—g). The particle 
must therefore be undemeath the piane, and its pressure 
against the piane will be direct ed upwards. 

If / be equal to g the particle is falling freely, and the 
pressure on the piane becomes zero as we should expect. 

Suppose, for example, the acceleration produced by 
gravity in a particle falling freely to be denoted by 32, and 
a horizontal piane to move downwards with an acceleration 
denoted by 16: then the pressure on the piane of a heavy 
particle resting upon it will be one half the weight of the 
particle. Ako, if a heavy body be suspended from a spring 
balance, and the body and balance together be moved with 
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an acceleration downwards, the apparent weight of the body 
will be diminished. 

By precisely similar reasoning it may be shewn that if 
a horizontal piane on which a particle rests be made to move 
with an acceleration upwards denoted by /, the pressure of 
the particle on the piane will exceed its weight by mf units 
of force ; and if a mass m be suspended from a spring balance 
which is made to move with an upward acceleration denoted 
by/, its apparent weight will be increased by the quantity 
mf. 

39. The foUowing example will illustrate the subject of 
the preceding article. 

A baUoon is ascending vertically so that a pound weight 
presses on the hand of the aeronaut sustaining it with a force 
equal to the weight ofseventeen ounces. Find the acceleration 
of the balloon, g being supposed equal to 32 when a second 
and afoot are the units of tinte and length. 

The forces acting on the pound are a force equal to the 
weight of 17 oz. acting upwards, and its own weight, that is, 
the weight of a pound, acting downwards. The resultant 
force is therefore equal to the weight of an ounce acting up- 
wards. Now the weight of a pound acting on the mass of a 
pound produces in it an acceleration denoted by 32; there- 
fore, by the second law of motion, a force equal to the weight 
of an ounce will produce in the mass of a pound an accelera- 
tion denoted by 2. Hence the upward acceleration of the 
pound weight, and therefore that of the balloon, is such as to 
generate in one second a velocity of two feet per second. 

40. Before quitting this pcniiion of our subject we will 
take one more example, which will be useful to us hereafter. 

Two weights P and Q, whose masses are M and lare- 
spectivelyy are connected by a weightless string which passes 
over a smooth pvlley C. Supposing M to be greater than m, 
find the acceleration of each and the tension of the string, 

Let T denote the tension of the string. The mass of P 
has been denoted by M; its weight is therefore equal to Mg. 
Also the weight of Q is equal to mg. The resultant force 
acting on P is consequently Mg— T acting downwards, and 
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tKe acceleration produced by thia is, by the second law of 
motion, 

Mg-T T 



a 



À 

Again, the resultant force acting upwards on Q is T— vag^. 
The uj)ward acceleration produced in ^ by this force is 



1 

Now, since the string remains of invarìable length and^ 
always tight, the downward velocity of P is ahoays numeri- 
cally equal to the upward velocity of Q, so long as the condi-» 
tions of the motion remain unchanged. Hence the changes 
of their velocities in any interval, and therefore their ac- 
celerations, must be numerically equaL 



Therefore 



G. D. 



T T 



T^^g^ 



Mm 
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and the acceleration of each weight is represented numeri- 
cally by 

The actual acceleration of P and Q is therefore that which 
would he produced in a particle whose mass is the sum of the 
masses, moved by a force equal to the difference of the weights 
of P and Q ; that is, to the force available for producing 
motion in the system. This result is in accordance with the 
principio stated in Art 31. 

41. The results of many experiments may be cited in 
corroboration of the truth of Newton's second law of motion. 
We shall describe one piece of apparatus known as Attwood's 
machine, and shew how the results of experiments made with 
it bear upon this law and other points already mentioned. 

Attwood's machine consists of a vertìcal pillar AB carry- 
ing a light brass puUey G\ the axle passing throiigh the 
centro of G turns, with the puUey, and is supported on the 
circumferences of four light brass wheels, called friction 
wheels, of which only two, a and J, are shewn in the figure. 
As the puUey G tums, its axle roUs on the circumferences of 
the four friction wheels, causing them to tum very slowly, 
their axles working in fixed bearings supported by the pillar 
AB. By this means the resistance to the motion of the 
puUey Gy due to friction, is very much diminished, since the 
only sliding frictions introduced are those against the axles 
of the friction wheels, and these tum very slowly indeed 
comparedwith the puUey G. A light string, to the ends of 
which two equal weights P and Q are attached,passes over the 
pulley (7. 8F is a vertical graduated bar upon which the 
ring D is capable of sliding, and of being fixed at any posi- 
tion by means of a set screw; the ring being of such size as 
to aliow of the weight Q passing freely through it JP is a 
platform also moveable on the bar 8F, and, like the ring D, 
capable of being fixed upon it in any position. B is an 
elongated weight which may be placed on the top of the 
wei^t Qy but which is incapable of passing with it through 
the ring D. The bar 8F may be graduated in feet and 
hundredths of a foòt, or in accordance with any other con- 
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venient system. A clock whose pendulum beats seconds is 
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lièed for timing' the experiment, and for the sake of exacti- 
tude and convenience other appendages are attached to the 
instrument, such as an apparatus for suddenly releasing the 
weight C*an electro-magnet, which when excited presses a 
pencil against a cylinder covered with paper and caused to 
rotate uniformly by the clock, the connection of the coil of 
the electro-magnet with the battery being made and broken 
by the motiou of Q, &c. ; but the parts described above form 
aU the essential portions. 

Suppose the weight Q to be raised above the ring D, and 
the weight B placed upon it, and that at a particular instant 
the system is leffc f^ee to move. Tben since the weight Q is 
equal to P the weight of Q and B together is greater than 
that of P; they will therefore descend, ànd P will be raised. 
The timo required for the top of Q to reach the ring D is 
then accurately measured, and as the top of Q passes through 
this ring the weight B is removed. Then, since the weights 
P and Q are equal, there is no force to change the motion of 
the system, which will therefore continue uniform until the 
weight Q strikes the platform E. The time elapsing between 
the instants when the weight B is removed from Q and when 
Q strikes the platform E is accurately observed, and the dis- 
tance between the ring D and the top of Q when resting on 
the platform is measured by the graduations on the bar SF. 
Hence the velocity of Q between D and E can be at once 
found. 

We shall now detail a few experiments with Attwood s 
machine which bave an important hearing on some of the 
foregoing articles. 

42. Exp. I. Let the equal weights P and Q he formed 
of the same material, M being the mass of each, and let m 
be the mass of B. Let h he the distance between the ring D 
and the top of Q when resting on the platform ; t the time 
«lapsing between the commencement of the motion and the 
instant when the weight B is removed from Q^ and t' the 
interval between, this instant and that at which Q strikes the 
platform E. 

Then if the same weights be used, and the distance 
between D and E kept Constant, while the depth of the ring 



Digitized by VjOOQIC 



EXPERIMENTS WITH ATTWÒOD^S MACHINA '3? 

D below the point at which Q is liberateci is varied so às to 
vary t, it is found that t' varies inversely as t Now thè 
velocity of P or of Q after the latter has passed through D is 

.Constant, and therefore equal to -? * Hence the velocity Varies 

• as i ; that is, the velocity generated in the moving system by 
"the weight of jB is proportional to the timo during which this 
weight acts upon the system. But the velocity generated by 
a force is proportional to the time during which that force 
acts only when the acceleration produced by it, and therefore 
the force itself, is Constant, the mass moved being supposed to 
remain unaltered. Therefore the force acting upon the system, 
that is, the weight of a mass m (since m is the mass of JB), is 
Constant and independentof the velocity with which the mass is 
moving. This being found by experiment to be true for any 
body used in place of JS, it follo ws that the earth's attraction 
on any mass of matter, that is, its weight, is independent of 
the velocity with which it is moving. We may therefore in- 
troduce a symbol w to represent throughout the motion the 
weight of the mass m, that is, of R. 

43. Exp. II. If we neglect the masses of the string and 
of the pulley C, the whole mass moved is 2M+7n, and th^ 
force producing the motion is w. Now suppose the weights 
P and ^ to be changed, P remaining always equal to Q^ 
while B is unaltered. Then 2M is changed, and the ratio in 
which it is changed may be supposed known, for P, Q, and JR 
may be formed byjoining together equal weights of the same 
homogeneous matter, whose masses are consequently equal. 
By adding to or removing from P and Q the same number of 
such small equal bodies, the sum of the masses of P, Q, and iZ, 
that is, the whole mass moved, may be changed in various 
known ratios. Then it is found from the experiment that the 

velocity of Q between D and E varies as ^tt? • Alsb, as 

was found in the preceding experiment, when 2Jf+m re- 
mains Constant, the velocity of Q after passing D varies as t 
Hence the velocity generated in the unit of time by the Con- 
stant force w varies as r-r^: ; that is, in the inverse ratio 

of the whole mass moved» 
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The result of tliis experiment agrees with that deduced 
in Artide 40, ia which the second law of motion was taken 
as the basis of the investigation. 

44. Exp. III. Suppose, as in the preceding experiment, 
that P, Q, and B are ali made up of a number of equal small 
masses of the sanie material, and let any equal numbers of 
these small weights be removed from P and Q and attached 
to jB. Then w, the force producing motion, is changed in a 
known ratio; for the weights of each of the small bodies 
mating up jK being the same, the weight of B must be pro- 
portional to the number of these small weights contained in 
it. Also, the whole mass moved is the same as before, and 

it is found that -p , that is, the velocity of the system after Q 
t 

has passed through D, varies directly as the product tvt. 

Therefore the velocity generated in the unit of time varies aa 

w, But the mass remaining always the same the momentum 

varies as the velocity ; therefore, the momentum generated in 

the unit of time varies as w, the force producing the motion. 

This result is in accordance with that deduced in Artide 40 

from the second law of motion, and may be taken as direct 

evidence in favour of the truth of that law. It also shews 

that the momentum generated by a force in the unit of time 

is a proper measure of that force, the unit of force in such 

case being that force which generates the unit of momentum 

in the unit of time. 

45. Exp. IV. Let the bodies P and Q be exchanged for 
bodies of other, the same, material, whose weights, as deter- 
mined by a balance, are the same as those of P and Q {e. g. 
brass weights exchanged for iron, platinum, glass, china or 
other material), while JB remains unchanged, so that the force 
producing motion remains unaltered. Then experiment shews 
that the velocity generated in the unit of time is independent 
of the material of which P and Q are composed. But by the 
second law of motion the momentwm generated in the unit 
of time is always the same. Hence, since both the velocity 
and the momentum generated in the unit of time are inde- 
pendent of the material of which P and Q are made, it 
foUows that the whole mass moved, .and, therefore, the masses 
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of P and Q, are independent of the kind of that material. 
But P and Q were taken so that their weights should remain 
unchanged; hence, if the weights of a number of bodies of 
different material be equal, their masses will also be equal: 
another proof of the statement that the earth exerts the same 
attraction on ali kinds of matter alike. 

46. The first experiment has shewn us that the at- 
traction of the earth on a moving body is independent of 
the velocity with which it ìs moving. The second, that the 
momentum generated in the unit of time by a Constant force 
is Constant and independent of the mass in which it is gene- 
rated. The third, that the momentum generated in the unit 
of time in the same mass is proportional to the force prò- 
ducing motion. Combining the results of the second and 
third experiments, we see that the momentum generated in 
any mass in the unit of time is proportional to the force pro- 
ducing motion, and hence we obtain a dynamical measure of 
force. From the result of the fourth experiment we infer 
that the earth exerts the same attraction on ali kinds of 
matter, or that the weight of a body depends only on the 
quantity of matter it contains, and is independent of the kind, 
or qìiality, of that matter. 

47, In the preceding experiments suppose -, equal to v. 

t 

Then v is the velocity of Q when its top passes through the 
ring D ; that is, the velocity generated in a mass 2Jf + m by 
the weight of the mass m acting upon it for a time t (see 
Art. 40) ; and the experiment shews that this velocity is pro- 
portional to -^jz^ : t We bave therefore, 

m , 

ff being a Constant throughout the series of experiments. 
Therefore the velocity generated in the unit of time is 

m 
^2M±m' 

and since the whole mass moved is 2iif + m, it foUows that 
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the momeintum generated in the unit of time ìs rag. But if 
the unit of force he that force which acting on the unit of 
mass for the unit of time generates in it the unit of velocity, 
it has been shewn that the measure of any force will be the 
jiumber of units of momentum generated by it in a given 
time. Hence the weight of the mass m is represented 
numerically by mg, or 

w = mg. 

The value of g is found to be always the same at the sam^ 
place, but to vary with the latitude of the place of observa- 
tion, being greater near the poles than at the equator, and 
increasing continuously with the latitude. It is also less at 
great heights above the sea-level than at that level. In the 
latitude of Edinburgh at the sea-level, when a second and a 
foot are tàken as the units of time and space, the value of g 
is found to be 32-2 very nearly. 

We bave seen that the momentum generated in a moving 
system in the unit of time, by the weight of a mass m, is 
represented by m^, Now, in the case of a particle falling 
freely, the force producing motion is its weight while the 
mass moved is simply its own mass. Hence the velocity 
generated in the imit of time will be g, which is therefore 
numerically equal to the acceleration produced by gravity 
in a body falling freely ; and when we say that at a par- 
ticular place g is equal to 32*2, we imply that at that place 
the attraction of the earth is such as to generate in a body 
falling freely a velocity of 32*2 feet during each second of 
its fall. Such motion is called uniformly accelerated motion. 
This result might of course bave been obtained directly 
from observations on bodies falling freely, but since it is very 
difficult to measure great velocities, especially when they are 
continually varying, and since the resistance of the air becomes 
considerable when the velocity of the moving body is great, 
Attwood's machine is convenient inasmuch as the velocity 
to be actually observed is uniform, and, by sufficiently di- 
minishing the ratio of m to Jf, can be made as small as we 
please. 

48. In the above explanation of the use of Attwood's 
machine we bave for simplicity neglected the motion of the 
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pulley C. The mass of this puUey is, however, generally 
comparable with that of JP or Q, and the points on the 
circumference of have the same veloqity as P or Q, while 
the points within the circumference are moving with less 
velocity. Were the whole mass of the pulley collected at 
the circumference we should only have to add this mass to 
that of the other moving bodies to obtain thè whole mass 
moved ; but since that is not the case a complete correction 
may be made by adding a term M\ less than the number of 
units of mass in the mass of 0, to the quantity 2 Jf + m, and 
thus employing 2M-hM' +m as the expression for the 
whole mass moved. To determine theoretically the value 
of M' we require some knowledge of Rigid Dynamics ; it is 
sufficient here to state that it admits of exact determination. 
The motion of the friction roUers is so slow and their mo- 
mentum consequently so small that they may be altogether 
neglected, 

It is almost Tinnecessary to remark that the experiments 
detailed above have never been carried out precisely in the 
form there given, nor would the results of such experiments, 
were they attempted, accuratelycorrespond with those stated, 
the principal cause of the discrepancies being the mass of 
the pulley (7, for the experiments described were supposed 
to be conducted with an apparatus in which the mass of 
the pulley was insensible. They however serve to illustrate 
the method which might be pursued by a person ignorant 
of dynamics, and investigating the laws of motion and of 
gravitation by means of Attwood's machine, the results at 
which he would arrive agreeing sufficiently nearly with those 
stated above to suggest the probable truth of those laws 
which have been deduced from what would be the result of 
experiments performed under the ideal conditions which we 
have supposed to obtain. Q'he evidence on which these laws 
are accepted must then be looked for from the agreement 
with observed phsenomena of calculations based on the as- 
sumption of their truth. The experiments described also 
illustrate the methods in which such experiments may be 
varied so that the " question asked " in each may be in the 
simplest form possible, and the answer obtained may be 
^imply the answer to tìiat question^ and not inveivo those 
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to severa! others from which it could be disentangled only by 
repeatedly varying the conditions. 

49. A force is said to do wark when it moves its point 
of application. 

The work done by a force whose magnitudo and direction 
remain Constant, is proportional to the prodact of the in- 
tensity of the force into the distance through which its point 
of application has been nioved in the direction of the force. 

From this it will be seen that, if the point of application 
move always in a direction perpendicular to that of the 
force, the latter does no work. Thus no work is done by 
gravity in the case of a particle moving on a horizontal 
piane, and when a particle moves on any smooth surface 
no work is done by the force which the surface exerts upon 
it. If, on the other hand, a heavy body be lifted from the 
ground, the agent raising it does work upon it, and the 
work done is proportional to the product of the weight of 
the body and the vertical height through which it is raised. 
In this case the body is moved in the direction opposite to 
that in which its weight acts, and the work done by the 
earth's attraction is accordingly negative. When the work 
done by a force is negative, that is, when its point of ap- 
plication moves in the direction opposite to that in which 
the force acts, this is frequently expressed by saying that work 
is done against the force. In the above case work is done 
hy the agent lifting the heavy body and against the earth's 
attraction. 

I£ the amount of work which is done by the unit of force, 
when its point of application moves through the unit of 
length in the direction of the force, be taken as the unit of 
work, then the measure of the work done by a force whose 
magnitudo and direction remain Constant will be the product 
of the numbers representing respectively the force and the 
distance traversed by its point of appKcation in the direction 
of the force. Ohoosing it so that this condition may be 
satisfied, the British al^olute unit of work is that done by 
the absolute dynamical imit of force when its point of 
application moves through one foot in the direction of the 
force. It is therefore ,equal to the work done in lifting 
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rather l^ss than half an ounce one foot high in the latitude 
of Edinburgh. 

The unit of work generaUy adopted by engineers is the 
foot-pound, that is, the work done against gravity by an 
agent in raising the mass of a pound through the vertical 
height of one foot. Now the mass of a pound being in- 
variable, its weight varies with the locality on account of the 
variation of g. The foot-pound is therefore not an invarìable 
standard but depends on the locality, and is consequently 
unsuited for a scientific unit of work. The foot-pound con- 
tains g absolute units of work because the weight of a pound 
is equivalent to g absolute units of force. 

When either the magnitudo or direction of a force varies, 
or if both of them vary, the work done by the force during 
any finite' displacement cannot be defined as above.- In this 
case the work done during any indefinitely small displace- 
ment may be found by supposing the magnitudo and direction 
of .the force Constant during that displacement, and estimating 
the work done in accordance with the above definition : 
taking the sum of ali such elements of work done during the 
consecutive small displacements, which together make up the 
finite displacement, we obtain the whole work done by the 
force during such finite displacement. 

The effect or product of a force, when its point of appli- 
cation moves over any distance in the direction of the 
force, is a certain amount of work, dnd this work is measured 
by the algebraical product of the measure of the force and 
of the distance moved over by its point of application in its 
direction. 

50. The rate at which an agent works is measured when 
uniform by the amount of work done by it in the unit of 
timo: when variable it is measured at any instant by the 
amount which would be done by it in the unit of timo, if 
the rate remained uniform during that unit and the same as 
at the proposed instant. 

The p(ywer of an agent is proportional to the rate at 
which it can work. An agent capable of performing 33,000 
foot-pounds of work per minute is said to be of one Horae 
Power. Thus, when we say that the actual horsorpower of 
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an engine is ten, we meàn that the engìne is able to perfonA 
330,000 foot-pounds of work per minute. The nominai 
horse-power of a steam-engine depends only on the number 
and measurements of its cylìnders, and the nature of the 
engine, and not upon the actual rate at which it can work, 
which varies with the pressure of steam in the boiler and is 
limited by the strength of the latter. The letters H. P. are 
often used as abbreviations of the words horse-power. 

It will be seen that the horse-power, like the foot-pound, 
is not an absolute unit, but depends on the intensity of the 
earth's attraction at the place. Ali such units are sometimes 
classed together under the name of gravitation units. 

51. It may be well bere briefly to review the several 
units which bave been already defined, and to shew how 
each is connected with the three fundamental units of time* 
length, and mass. These three units are chosen arbitrarily, 
and upon them the magnitudes of ali others employed in 
dynamical science depend. 

The unit of time universally adopted throughout the 
"world for scientific purposes is the second of mean solar 
time, and is therefore ultimately derived from observations 
of the earth's rotation. AH measurements of velocities 
amount therefore simply to a comparison of the motion of 
the body considered with that of the earth on its axis, time 
being employed merely as the connecting link. 

The unit of length adopted in Britain by engineers is 
the foot. This is the third part of the distance between the 
centres of two gold plugs, sunk in a bar of bronzo, which is 
now kept at the Exchequer Chambers and known as the 
Imperiai Standard Yard, the temperature of the bar at the 
time of observation being 62** Fahrenheit. 

The imit of mass adopted in British measurements is the 
Imperiai pound, that is, the quantity of matter contained in 
a certain mass of Platinum, kept at present in the Exchequer 
Chambers, and known as the Imperiai Standard Pound Avoir- 
dupois. 

52. We pass on now to the con&ideration of the units 
derived from the three fundamental units of time, length^ 
and mass. 
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The unit of velocity is the velocity of a point which 
passes over the unit of length in the unit of time. 

If a second and a foot are the units of time and length, 
the unit of velocity is the velocity òf a point which passes 
over one foot in a seconda 

Suppose that wken the unit of time is r seconds and the 
unit of length <r feet, the velocity of a óertain point is denoted 
by n; what vrill he the measure of this velocity when the 
unit oftime is t seconds and the v/nit of length 8 feet f 

The number of feet in u units of length, each containing 
a fèet, is uà: Let v be the measure required. Then 

in T seconds the point passes over u<t feet ; 
.*. in 1 second „ „ — feet ; 

T 

/. in t seconds „ „ u<r- feet. 

T 

But u^- feet are equivalent io u — units of length, 
each containing s feet ; therefore 

a- t 
v = u.- . -: 

S T 

that is, a velocity which is denoted by w, when t seconds and 
<r feet are the units of time and length re^pectively, will be 

denoted by m. - . -, when / seconds and s feet are units. 

^ S T 

The numerical measure of a velocity, therefore, varies. 
inversely as the unit of length and . directly as the unit of 
time. This result is also a consequence of the. fact, already 
stated, that the unit of velocity varies directly as the unit 
of length, and inversely as the unit of time, (See Arts. 
2 and 3.) 

53. The unit of acceleration is that acceleration which 
generates the unit of velocity in the unit of time. 

If a second and a foot are the units of time and length, 
tbe unit of acceleration is that acceleration which in one 
second generates a velocity of one foòt per second, : 
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Suppose a certain acceleration to be denoted hy f when 
T seconda is the unit of tìme and <r feet the unii of length ; 
what will be the measure of this acceleration when t seconds 
and nfeet are the waits oftÌTne and length respectively ì 

The velocity generateci in t seconds by the acceleration 
is a velocity of / units of length per t seconds, that is, of fa 
feet per t seconds, since the unit of length is a feet. Hence 

the given acceleration in t" generates a velocity per 
t" of /<r feet ; 

.•. the given acceleration in 1" generates a velocity per 
T"of/^feet; 

/. the given acceleration in 1" generates a velocity per 
rof/^,feet; 

/. the given acceleration in 1" generates a velocity per 
t" of/-^ feet; 

/. the given acceleration in i* generates a velocity per 
f of /(T -, feet. 

'Sow fa- -3 feet are eqnivalent to /- . -j of the ne w units 

of length, each of which contains s feet. Hence the accele- 
ration generates in the new unit of time a velocity such that 
if a point were moving with this velocity it would pass over 

a distance equal to/- . -, of the new units of length in the 

new unit of time. Hence / - . -^ is the measure of the ac- 
celeration referred to the new units, that is, an acceleration 
which, when t seconds and a feet are the units of time and 

length, is denoted by / will be denoted by /- . -5, when 
t seconds is the unit of time and s feet the unit of length. 

From this result it will be seen that the numerical 
measure of an acceleration varies inversely as the unit of 
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length and directly as the square of the unit of time ; a re- 
sult previously found by considering the variation of the unit 
of acceleration. (See Art. 7.) 

54. As examples we may take the foUowing : 

Ex. 1. The acceleration produced by gravity in a particle 
falling freely being denoted by 32, when a aecond and a foot 
are the imita of time and lengih, what wiU be the me^iaure 
of this acceleration when a day and the length of the eartKs 
radius are unite, the latter being supposed eqiuil to 4000 
miles ì 

Gravity in 1" generates a velocity per 1" of 32 feet; 

„ „ Iday „ „ „ r„32x24x60»ft.; 
„ „ 1 day „ „ 1 day of 32 x 24' x 60* ft. 

Now 32 X 24' X 60* feet are equivalent to ^oL^^'^J^ 

^ 5280x4000 

times the earth's radius. The required measure is therefore 

82x24»x60* ,,^,^, 

5280x4000 o^llS^Qfr 

Ex. 2, An acceleration which, when a second and a foot 
are unite, te repreaented by 32-2, ia repreaented by 9660, a 
yard being the unit of length. Find the vmit of time. 

Let t seconds be the unit of time. Then 

the acceleration in t" generates a velocity per f of 9660 yds. 
,,, ., 9660 

>t fy 99 ^ 99 99 99 * 1» yi « 

,// ,„ 9660 

99 99 99 ^ 99 99 99 ^ 99 S 99 f 

xu .• xr9660x3. , 
that 18, of — -5 feet. 

But the acceleration in one second generates a velocity of 
32*2 feet per second. 

... ?^=32-2; 

.-. « = 30, 
and the unit of time is thirty seconds or half a minute. 
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55. The unit of momentum is the momentum possessed 
by the unit of mass when moving with the unit of velocity. 

The unit of momentum, thefefore, varies directly as 
the unit of mass and directly as the unit of velocity : but 
this latter varies directly as the unit of length and inversely 
as the unit of time. Therefore the unit of momentum varies 
directly as the unit of mass, directly as the unit of length, 
and inversely as the unit of time. Hence, since the nume- 
rical measure of any quantity varies inversely as the^unit in 
terms of which it is measured, it follo ws that the numerica! 
measure of a given acceleration varies inversely fes the unit 
of masS) inversely as the unit of length, and directly as the 
unit of time. 

If the measure of a momentum referred to^ any known* 
«et of units be given, its measure in terms of any other 
system of units can be found by the same method as that 
adopted above in the case of acceleration, provided that each 
of the second system of units is known in terms of the 
corresponding unit in the first set. 

56. The unit of force is that force which generates the 
unit of momentum in the unit of time : or, that force which 
acting upon the unit of mass for the unit of time generates 
in it the unit of velocity. 

If a second, a foot, and a pound be taken as the units of 
time, length, and mass respectively, the unit of force is that 
force which acting on the msiss of a poùnd fbr a second 
generates in.it a velocity of one foot per second. This force 
we«have shewn to be rather less than the weight of half an 
iQunce. 

A certain force is represented by P when r seconds, afeet, 
and pL pounds are the v/nits of time, length, and mass respec- 
tively: what will be the measwre of this force when, t seconds^ 
s feet, and m pownds are the respective wnits ì 

Since the force is represented by P in the first system of 
units, and a force is measured by the momentum which it 
will generate in the unit of time, it follows that the force 
acting'on a mass of /lc pounds for r seconds wiU generate in^ 
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it a velocity of P units of length, that is, of Po-feet, per 
T seconds. 

.*. the force acting on fi Ibs. for t" generates a velocity 
per t" of Pa feet ; 

.•. the force acting on 1 Ib. for t" generates a velocity 
per T ' of Pafi feet ; 

/. the force acting on 1 Ib. for 1" generates a velocity 
per t" of Pafi - feet ; 

.*. the force acting on 1 Ib, for 1" generates a velocity 
per 1" of Pafi -^ feet ; 

.*. the force acting on 1 Ib. for 1" generates a velocity 
per t" of Pa-fju -^ feet ; 

/. the force acting on 1 Ib. for t" generates a velocity 
per t" oi Pa-fju-j^ feet ; 

.*. the force acting on m Ibs. for f generates a velocity 
per f of Po- ^ . -2 feet. 

But P(T — . — feet are equivalent to P -.—.-- of the 
m T ^ 8 m T 

new units of length, Hence the force acting on the new 

unit of mass for the new unit of time will generate in it a 

velocity of P- . — . -a new units of length per the new unit 

of time. The measure of the force, expressed in terms of the 

new system of units, is therefore P— . — . -s , 

The numerical measure of a force, therefore, varies in- 
versely as the unit of mass, inversely as the unit of length, 
and dfoectly as the square of the unit of time. This also 
follo WS immediately from the fact that the unit of force 
varies directly as the unit of mass, directly as the unit of 
length, and inversely as the square of the imit of time. 

G.D. 4 
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57- Ex. 1. Suppose that a force is represented hy 32*18 
when a second, a foot, and a pound are the units of time, 
length, and mass respectively: what vnll be the measure of the 
force when the unii of length ts the centimetre, and ike unit of 
Tnass the granirne, the unit of tinte remaining the sanie; it 
ìmng given that a granirne is equal to 15'432... grains, and a 
centimetre to '03281 . . . feet ? 

These latter units are those employed in electrical and 
magnetic measureraents, and the problem amounts to finding 
how many of the absolute units of force adopted by electri- 
cians are equivalent to the weight of an Imperiai pound in 
London, since such weight is very nearly equal to 32*18 
British absolute units of force. 

The given force acting on 7000 grains for 1" generates 
a velocity per 1" of 32-18 feet ; 

.*. the given force acting on 1 grain for V generates a 
velocity per 1" of 32*18 x 7000 feet ; 

.'. the given force acting on 15*432 grains for 1" generates 

. .^ ,„ . 3218x7000 . . 

a velocity per 1 or — .. ^.^^qq — feet, 

Now a centimetre is equivalent to •03281... feet ; hence 
32-18 X 7000 . ^ • 1 . ^ 3218 x 7000 

15*432 fc^^ ^^" equivalent to. i^.^^^^,^^^^^ centi- 

metres. The given force will, therefore, in one second gene- 
rate in a grammo a velocity of 15:43 2 x 03281 ' ^^ **^^S93 
centimetres per second, very nearly : hence 444,893 is the 
measure required. 

From this we see that the weight in London of an Im- 
periai pound of matter is approximately equal to 444,893 
absolute units of force when a second is the unit of time, a 
centimetre the unit of length, and a grammo the unit of 
mass. The unit of force belonging to the second-centi- 
metre-gramme system is called a dì/me. 

58. Ex. 2. Ifthe unit of force be the weight of the unit 
ofmass, the unit of length being a foot, what must be the unit 
of time on the supposition that the acceleration produced by 
gravity in a body falling freely is denoted by 32 when a 
second and a foot are units of time and length respectivelyì 
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The unit of force, acting on the unit of mass for the unit 
of time, generates in it the unit of velocity. Let t seconda 
be the unit of time. 

Then the weight of the unit of mass generates in that 
mass in t seconda a velocity of one foot per t seconda. 

Therefore the weight of the unit of mass generates in 

that mass in one second a velocity of - feet per t seconda, 

that is, a velocity of ^ feet per second. 

But the weight of any mass generates in that mass in one 
second a velocity pf 32 feet per second. 

1 1 

Therefore w = 32, or « = — ,^ . 

^ V2 

Hence the unit of time required is — j-= seconds. 

69. Ex. 3. If the unit of Jbrce he the weight of 10 
poundsy and the unit of acceleration when referred to a 
second and a foot as unita be denoted hy 8, find the unit of 
mass, a^sswming that the value of g when a second and a foot 
are vmts is 32. 

Let m pounds be the unit of mass. The unit of force is 
that force which acting upon the unit of mass produces in it 
the unit of acceleration. 

Therefore the weight of 10 pounds acting on a mass of m 
pounds produces in it an acceleration which, when a second 
and a foot are units, is denoted by 8. 

Therefore the weight of 1 pound acting on a mass of m 
pounds produces in it an acceleration which, when a second 

and a foot are units, is denoted by r-r . 
' -^ 10 

Therefore the weight of 1 pound acting on a mass of 
1 pound produces in it an acceleration which, when a second 

9Kvn 

and a foot are units, is denoted by y^r . 

4—2 
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But the weight of 1 pound acting on a mass of 1 pound 
produces in it ^n acceleration which, when a second and a 
foot are units, is denoted by 32. 

Therefore ^^^^'' 

:. m = 40; 

or the unit of mass is 40 pounds. 

60. Ex. 4. The unit of mass leing a tan, the unit 
of force the weight of one hundred-weight, and the unit of 
velociti/ a velocity of 8 feet per second, it is required to fnd 
the units of time ano, length, assuming that the velociti/ 
generated in one second hy graviti/ in a body falling freely is 
a velocity of 32 feet per second. • 

Let t seconds be the unit of time. 

The unit of force is that force which produces the unit of 
acceleration in the unit of mass. 

Hence the unit of acceleration is that which is produced 
in the mass of a ton, by a force equa! to the weight of 
1 hundred-weight, 

Now the weight of 1 ton generates in 1 second in the 
mass of 1 ton a velocity of 32 feet per second. 

Therefore the weight of 1 hundred-weight wìU generate 

32 

in a second in the mass of 1 ton a velocity of — feet per 

second. 

The unit of acceleration, therefore, is that which in one 

32 

second generates a velocity of ^ feet per second, 

Therefore the unit of acceleration generates in t seconds, 

32 

Ihat is, in. the unit of time, a velocity of ^^ feet per second. 

But the- unit of acceleration generates in the unit of time 
the unit of velocity, which is a velocity of 8 feet per second. 

Therefore 



S'-^ 




/. f = 5. 
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Hence the unit of time is 5 seconds. 

Again, the unit of velocity is a velocity of 8 feet per 
second, that is, a relocity of 8 x 5, or 40 feet per unit of 
time. 

But the unit of velocity is the velocity of a point which 
passes over the unit of length in the unit of time. 

Therefore the unit of length is 40 feet, 

61. The unit of impulse is that impulse which generates 
the unit of momentum ; or which, acting uppn the unit of 
mass, generates in it the unit of velocity. 

Suppose a given impulse io he denoted hy I when r 
seconds f a feet, and fi pounds are the units of time, length, and 
mass respectively : what vnll he the measure of this impulse 
when t seconds is the unit of time, s feet the unit of length, 
and m pounds the unit ofmass ? 

The given impulse will generate / units of velocity in the 
unit of mass, that is, a velocity of la- feet per r seconds ; 

.'. the given impulse generates in fi pounds a velocity 
per T ' of la- feet ; ' 

.*. the given impulse generates in ,1 pound a velocity 
per t" of la fi feet ; 

»'. the given impulse generates in 1 pound a velocity 
per 1" of la-fi - feet ; 

T 

.*. the given impulse generates in 1 pound a velocity 
per f of la-fi - feet ; 

.'. the given impulse generates in m pounds a velocity 
per f oi la-!-.- feet. 

But Jo- — .- feet are equivalent to /-. — .- units of 
m T ^ s m T 

length each consisting of s feet. 

Hence the given impulse will generate in the new unit of 

mass a. velocity of J -. ^. ~ new imits of length per the new 
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unit of time. / - . — . - is therefore the measure of the im- 
8 m T 

pulse in terms of the new system of unita. 

We see then that the numerical measure of an im- 
pulse varies inversely as the unit of mass, inversely as the 
unit of length, and directly as the unit of time. This might 
also have been deduced, as in the preceding cases, by con- 
sidering the variation of the unit of impulse. 

62. Ex. Suppose an Armstrong shaft weighing 700 
pounds and moving with a vdocity of 1200 feet per seconda 
to strike an iron target, and he brcmght to resi in an inap- 
preciahly short time: what ivili he ihe measure of the 
impulse when one htmdred-weight is ihe unit of Tnass, a 
yard the unit of length, and a minute ihe unit of time ì 

The impulse destroys in 700 pounds a velocity of 1200 
feet per second ; 

.*. it would destroy 

in llb. a velocity per l"of 1200x700 feet. 

„ 1 „ „ „ „ 60" „ 1200 X 700 X 60 „ 

119 iKo acx- 1200 X 700 X 60 
„ 112 Ibs. „ „ „ 60 „ jj^ « 

T.^ 1200X700X60. . . 1 ^^ ll^AAAA A 

JNow =^j^ feet are equivalent to 150,000 yards. 

Hence the impulse would destroy (or generate) in the 
unit of mass a velocity of 150,000 units of length per the 
unit of time. 

Therefore 150,000 is the measure required. 

63. The imit of work is the work dono by the unit of 
force when its point of application moves through the imit 
of length in the direction of the force. 

The variation in the measure of a given amount of work 
when the fundamental units are changed may be determined 
in precisely the same way as the variation in the measure 
of a given force or impulse. It will be found that the nu- 
merica! measure of a given amount of work varies inversely 
as the unit of mass, inversely as the square of the unit of 
'length, and directly as the square of the unit of timo. 
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We wiU illustrate this by some examples. 

Ex. 1. The unita of tinte, length, and mass being the 
secondj centimetre, and gramme respectively^ how many of the 
corresponding units of work are equivalent to the foot-pound ; 
g heing represented by 32-18 whm a second and a foot are 
units of tinte and length ì 

We bave seeto in a previous example (see Art. 57), that, 
when g has the vai uè given above, the weight of an imperiai 
pound is approximately equivalent to 444,893 of the absolute 
units of force belonging to the second, centimetre and gramme 
system of units. 

Therefore the work done by a force equal to the weight 
of a pound when its point of application moves through a 
distance of one centimetre in the direction of the force is 
444,893 of the sécond-centimetre-gramme units of work. 

But a centimetre is equal to '03281 feet. 

Therefore the work done by a force equal to the weight 

of a pound when its point of application moves through a 

444893 
foot in the direction of the force is equivalent to ./aq^o^ 

second-centimetre-gramme units of work : hence the number 

444893 
of these units of work contained in a foot-pound is .^^.^o. > 

or 13,559,676, verynearly. The second-centimetre^-gramme 
unit of work is called an erg. 

64. Ex. 2. Ifan agent working at the rate of one horse- 
power perfomt the unit of work in the unit of tinte, and the 
axiceleration produced by gravity in a body falling jreely be 
the unit of acceleration, a pound being the unit of mass, 
find the units of tinte and length, it being given that g is 
equal to 32 when a second and a foot are units, 

Let t seconds be the unit of time. 

The agent performs 33000 foot-pounds of work per minute, 
or 550 foot-pounds per second. 

Therefore in the unit of time, that is, in t seconds, it per- 
forms 550^ foot-pounds. 

But it performs the unit of work in the unit of time. 
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Therefore 550^ foot-pounds is the unit of work. 
Now the unit of force is that force which acting on the 
unit of mass produces in it the unit of acceleration. 

Therefore the unit of force is that force which, acting on 
the mass of a pound, produces in it the same acceleration 
as is produced in it by gravity. 

The unit of force is therefore equal to thè weight of a 
pound. 

Agai];i, the unit of work is the work dono by the unit 
of force when its point of application moves through a dis- 
tance equal to the unit of length, and in the direction in 
which the force acts, and the unit of work has been shewn 
to be 550t foot-pounds, 

Therefore the unit of length is 550^ feet. 

Again, the unit of acceleration is that acceleration which 
in the unit of time generates that velocity with which if a 
point move it will pass over the unit of length in the unit 
of time. 

/. the unit of acceleration 

in r generates a velocity per t" of 550* feet. 

In . -tff 5oO 

» >» » « -^ 9> 7 it 

But the unit of acceleration in one second generates a 
velocity of 32 feet per second. 
Therefore 

— -32, 

The unit of time is therefore 17f\ seconds. 

Also the unit of length was shewn to be 550^ feet. 
Therefore the unit of length is equal to 
550 X 17/^ feet ; 
« 9453Ì feet. 
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65. The unit of density is the density of a uniform 
substance, the unit of volume of which contains the unit of 
mass of Èaatten 

It will be seen that the unit of density, and therefore 
the measure of the density of any substance, is independent 
of the unit of timo, and depends only on the units of length 
and mass. 

Also the unit of density must vary directly as the unit 
of mass if the unit of volume remain Constant, for if the unit 
of mass be changed, the mass of the unit of volume of the 
substance whose density is unity will be changed in the same 
ratio. Again, if the unit of volume be changed, the unit of 
mass remaining the same, the volume which must contain 
the unit of mass of the sulDstance whose density is unity will 
be changed in the same ratio : therefore, the standard sub- 
stance must be changed so that the mass of a given volume 
of it may be changed in the inverse ratio of the unit of 
volume. Therefore, if the unit of mass remain Constant, the 
density of the substance whose density is unity, that is, the 
unit of density, will vary inversely as the unit of volume. If 
the unit of volume be the volume of a cube whose edge is 
the unit of length, it foUows that the unit of density varies 
inversely as the cube of the unit of length. Also it has 
been shewn that the unit of density varies directly as the 
unit of mass when the unit of volume remains Constant. 
Hence when ali are allowed to vary together, the unit of 
density will vary directly às the unit of mass, and inversely 
as the cube of the. unit of length. 

Since the numerical measure of any quantity varies in- 
versely as the unit in terms of which it is measured, it follows 
that the uumerical measure of the density of any substance 
varies inversely as the unit of mass, and directly as the cube 
of the imit of length. 

Sappose the density of u substance to he represented 
by p when fi pounds is the unit of mass, and a- feet the unit 
of length: what will be the measure of the same density 
when m pounds is the unit of mass and s feet the unit of 
length ì 
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The unit of volume af the substance contains p units of 
mass when fi pounds and a feet are units of mass and length. 

Therefore a' cubie feet of the substance contain fip pounds. 
1 cubie foot „ „ contains ^ „ 



a' 



5' cubie feet 



„ contain /i/o -3 „ 



»' ti 5' 

But /}/i -8 pounds are equivalent to /o — . -3 units of mass 

each containing m pounds. 

Therefore the newunit of volume of the substance contains 

p — . -5 new units of mass. 

The measure of the density in terms of the new system 
of units is therefore p^ . -a . 

66. Ex; Ifthe unit of force he the weight of one otmce^ 
and the mass of a cubie foot of the substance whose density 
is wnity he 162 poimdsy the unit of time being one second, 
what is the unit of length, g heing equal to 32 when a second 
and a foot are units ? 

Let the unit of length be s feet. 

Then the unit of volume is s' cubie feet. 

Since a cubie foot of the standard substance contains 162 
pounds of matter, the unit of volume of this substance must 
contain 162s' pounds. 

But the mass of the unit of volume of the standard sub- 
stance is the unit of mass. 

Therefore the unit of mass is 1625* pounds. 

New the unit of force is that force which acting on the 
unit of mass for the unit of time generate^ a velocity of the 
unit of length per the unit of time. 
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Therefore, the weight of 

ai, Ibs. ^ feet. 

1 generates in 1" in a mass of 1 6 2^' a velocity per 1" of a 
llb. „ „ „ „ 162s» „ „ „ axl6 

1„ „ „ „ „ llb. „ „ „ 5x16x1625». 

But the weight of one pound acting on the mass of one 
pound for a second generates a velocity of 32 feet per second. 

Therefore 1625* x 16 = 32 ; 

_1 

/.5-g. 

The unit of length is therefore one-third of a foot, that 
is, 4 inches. 

EXAMINATION ON CHAPTER L 

Note. In ali the Ezamples, except ^ere otherwìse stated, the nume- 
rìcal vaine of g referred to a foot and a second as units of length and time 
is taken to be 32. 

1. How must a physical quantity be measured? Of 
what does the complete representation of any physical quan- 
tity consist ? 

2. Define the velocity of a point. 

If a second be the unit of time and an acre be repre- 
sented by 10, what will be the measure of a velocity of 45 
miles an hour ? 

3. If a train move from rest with uniform acceleration, 
and in five minutes attain a velocity of 60 miles per hour, 
find the measure of its acceleration when a second is the 
unit of time and a foot the unit of length. 

4. "What must we know about an acceleration in order 
that it may be completely defined ? Shew that an accelera- 
tion can at any time be represented by a straight line. 

5. A ship is sailing due North with a velocity of 10 
knots an hour, while another is steaming South-West at the 
rate of 15 knots an hour. Find the velocity of the second 
ship relative to the first. 
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6. A ship whose head points N.N.E. is steamìng at the 
rate of 16 knots an hour in a current which flows E.S.E. at 
the rate of 4 knots an hour, find the velocity of the ship 
relative to the sea bottoni. 

7. Explain what is Ineant by the resultant of two inde- 
pendent accelerations, and what by the acceleration of one 
point relative to another. 

8. Define the density of a body. If one pound be the 
unit of mass and a yard the unit of length, find the measure 
of the density of water, it being given that a cubie foot 
of water weighs 1000 ozs. 

9. State Newton's second law of motion, and explain 
briefly the nature of the evidence on which our acceptance 
of these and other physical laws is based. 

10. What do you understand by the physical inde- 
pendence of forces ? 

11. What is the dynamical unit of force ? 

If the unit of mass be a ton, the unit of length a yard, 
and the unit of time a minute, compare the unit of force 
with the weight of one pound, taking g equal to 32, when 
a foot and second are units. 

12. During what time must a Constant force equal to 
the weight of one ton act upon a train weighing 100 tons to 
generate in it a velocity of 40 miles per hour ? 

13. Upon what experimental evidence do we base the 
assertion that the attraction of the earth upon any body is 
proportional to its mass and independent of the nature of the 
material of which it is formed ? 

14. Supposing the attraction of gravitation at the equa- 
tor to be '995 of its value in London, if a person sell goods 
in London by a spring balance accurately graduated at the 
equator, how much per cent, on the selling price does he 
gain in excess of his fair profit ? 

15. If the cage of a lift be descending with an accelera- 
tion represented by ^r^g, find the pressure which a man 
weighing 12 stone exerts upon the bottom of the cage. 
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Account for the fact that a person after descending the 
shaft of a coal-pit in the cage, when being brought to rest 
near the bottom, feels as if he were being lifted up again. 

16. Explain fully what is meant by the equation P=^mf, 

If the unit of length be a yard, find the unit of time in 
order that the weight of a body may be numerically equal 
to its mass, 

17. When is a force said to do work ? 

If the force required to draw a camage on a level road 
be equal to the weight of 37^ pounds, how many absolute 
units of work does a borse do in drawing the same carriage 
from Ely to Cambridge, a distance of 17 miles ? 

If the borse take two hours in performing the joumey, 
compare the rate at which he works with a horse-power. 

18. If the unit of velocity be a velocity of 45 miles per 
hour, and the unit of acceleration when referred to a foot 
and a second as units of length and time be represented by 
11, find the units of length and time. 

19. If the weight of one pound be the unit of force, a 
velocity of eight feet per second the unit of velocity, and the 
acceleration produced by gravity in a particle falling freely 
be one-third of the unit of acceleration, find the units of 
mass, length, and time. 

20. If the density of water be the unit of density, and 
lOlbs. the unit of mass, find the unit of length, it being 
given that a cubie foot of water weighs 1000 ozs. 

21. The density of water being the unit of density, the 
weight of a cubie foot of water the unit of force and a pound 
the unit of mass, find the units of length and time. 

22. If the unit of momentum be that possessed by a 
mass of lOlbs. after falling freely from rest during one 
gecond, and the unit of kinetic energy be that possessed by 
a pound after falhng freely from rest for two seconds, find 
the unit of mass and the unit of velocity. 

23. If 33,000 foot-pounds be the unit of work, the weight 
of a ton the unit of force, and 5 cwt, the unit of mass, find 
the units of length and time, 
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24. If an engine perform 100 units of work in the unit 
of time when the unit of mass is a hundred-weight, the unit 
of acceleration that produced by gravity in a particle falling 
freely, and the unit of velocity a velocity of 100 feet per 
second, compare the rate at which the agent works with 
a horse-power. 

EXAMPLES ON CHAPTER L 

1. Supposing theearth to rotate about its axis in 23 
hours 56 minutes, its equatorial diameter being 7925 miles, 
find the velocity of a point at the equator relative to the 
earth's centro in feet per second, and in miles per minute. 

2. What is the measure of a velocity of 45 miles an 
hour (1) in feet per second, (2) in chains per minute ? 

3. If a day were the unit of time and a thousand miles 
the unit of length, what would be the numerical measure of 
the velocity of the earth's centro about the sun, supposing it 
to describe a circle of 86,000,000 miles radius uniformly in 
365i days ? 

4. A ship is sailing due North at the rate of 12 knots 
an hour, and another is steaming due East at 16 knots an 
hour, find the velocity of the first relative to the second, the 
ships being so near together that the surface of the water 
may be considered piane. 

6. Two straight railway lines make an angle of 60*^ with 
èach other, and two trains are running each at the rate of 
40 miles an hour away from the point of intersection of the 
lines, one on one line and one on the other. Find the direc- 
tion and magnitudo of their relative velocity. 

6. A passenger in a railway carriage observes another 
train móving on a parallel line in the opposite direction to 
occupy two seconds in passing him, but if the other train 
had been proceeding in the same direction as the observer, 
it would bave appeared to pass him in 30 seconds. Compare 
the rates of the two trains. 

7. A force which can statically support 501bs. acts 
uniformly for one minute on a mass of 200 Ibs. ; find the 
velocity and momentum acquired by the body, 
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8. A balloon and ita appendages weigh 2 tons, and 
the weight of the air displaced by it is 4800 Ibs. Find the 
acceleration with which it will begin to ascend. 

9. The weight of a train is 200 tons, the resistance 
arising from friction, &c. 12 Ibs. weight per ton. If the 
tractive force upon it be equal to the weight of a ton and 
a half, find its acceleration. 

10. A mass of 1000 tons initially at rest is acted on by a 
force Constant in magnitudo and direction, and equal to the 
weight of 14 Ibs. After what interval will it bave a velocity 
of 1 foot per second ? 

11. A force equal to the weight of 300 Ibs. acts con- 
stantly at an inftlination of 30° to a line AB. If its point of 
application move 100 feet parallel to the line in 1 minute, 
find the work dono by the force, and the rate of work in 
horse-power. 

12. Shew that the work dono in lifting weights to dif- 
ferent heights from the same horizontal piane is equal to the 
work dono in lifting the sum of the weights to a height equal 
to the height of their centro of gravity in their final positions. 

A shaft 10 feet in diameter has to be sunk to a depth of 
130 fathoms, through chalk : how much work must be ex- 
pended in raising the materials if a cubie foot of chalk weigh 
2315 ozs.? 

13. Shew that the work dono in dragging a body up a 
rough inclined piane is the same as that which would be dono 
in dragging it horizontally along a distance equal to the base 
of the piane, the coefficient of friction being the same as in 
the first case, and in lifting it vertically through a height 
equal to the height of the piane. 

14 K a particle slide down a rough inclined piane, shew 

, . , . . sin (.7, — ó) 1 . • 

that its acceleration is g ^^ — -~^ where tan ò is equal to 

^ cos<^ ^ ^ 

the coefficient of friction. 

15. If the Scotch express weigh 150 tons, and the re- 
sifitances to its motion arising from the air, friction, &c. 
amount to 16 Ibs. weight per ton, when the train is going at 
the rate of 60 miles an hour on, a level piane, find the horse- 
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power of the engine which can just keep it goìng at that 
rate. 

16. If in the preceding example the driving-wheels of 
the engine be 8 feet 2 inches in diameter, and during each 
revolution of the wheels two pistons make each a complete 
stroke (to and fro), the diameter of each piston being 18 inches, 
and the length of the stroke 28 inches, find the effective pres- 
sure of the steam on each square inch of the pistons necessary 
to drive the train at 60 miles an hour, the slip of the driving- 
wheels on the metal s and the friction of the working parts of 
the engine being neglected. 

Note. The steam must do as much work per minute on 
the pistons as is required to drive the train. 

17. Find the actual horse-power of an engine which can 
just propel an ironclad ship at the rate of 16 knots an hour; 
the resistance to the ship*s motion when steaming at that 
rate being equal to the weight of 50 tons, and a knot being 
taken equal to 6078 feet. 

18. If a point situated at the orthocentre of a triangle 
have three component velocities, represented in magnitudo 
and direction by its distances from the angular points of the 
triangle, shew that its resultant velocity will tend to the 
centro of the circle circumscribing the triangle, and will be 
represented by twice the distance of the^ point from the 
centro. 

19. A train travels at the rate of 45 miles an hour; rain 
ìs falling vertically, but owing to the motion of the train the 
drops appear, as they fall past the Windows, to make an angle 
tan"^ 1*5 with the vertical, Find the velocity of the rain- 
drops. 

20. If in Attwood's machine the string can bear a ten- 
^ion equal to only one-fourth the sum of the weights, shew 

that the least acceleration possible is -^ ^ 

21. A shot of mass m is fired from a gun of mass M with 
a velocity u relative to the gim: shew that, if the mass of the 
powder be neglected, the actual velocity of the shot is 

7-, and that of the gun — -^rs.. 
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22. A smooth wedge, whose angle is or, has one face in 
contact with a horizontal piane. Find the acceleration with 
which it must be: made to move that a heavy particle may be 
in relative equilibrium on ita inclined surface. 

23. If a be the distance between two moving points at 
anytime, Ftheir relative velocity, and w,t> the resolved parts 
of V in, and perpendicular to, the direction of a, shew that 

their distance when they are nearest to each other ì&-y^ 
and that the time of arriving at this nearest distance is ^, • 

24. If the acceleration caused by gravity be the unit of 
acceleration, and the velocity of a mile in 5 minutes the unit 
of velocity, find the unit of length. 

25. If the units of length and time be a yard and a 
minute respectively, and the imit of force the weight of 
32 Ibs., fina the unit of mass. 

26. If the unit of time be 5 minutes, and the unit of 
length 5 yards, find the value of g. 

27. If the acceleration of a falling body be the unit of 
acceleration, and a velocity of 3 miles an hour the unit of 
velocity, find the units of space and time. 

28. If the unit of velocity be the velocity of a point 
which passes over a feet in t seconds, and the unit of accele- 
ration that of a point which acquires in r seconds a velocity 
of h feet per r seconds, find the units of length and time. 

29. Two nations estimate the acceleration of gravity by 
numbers in the ratio of 300 to 1, but the velocity of the 
earth in space by numbers in the ratio of 5 to 1, Find the 
ratios of their units of time and length, 

30. If the area of a ten-acre field be represented by 100, 
and the acceleration of a heavy falling particle by 58f, find 
the unit of time. 

31. If the unit of force be equal to the weight of 5 Ibs., 
and the unit of acceleration, when referred to a foot and a 
second, be denpted by 3, find the unit of mass.- 

G.D. 5 
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32. A Constant force acts upon a particle during 3 
seconds from rest, and then ceases 5 in the next 3 seconda it 
is found that the particle describes 180 feet : find the velocity 
of the particle at the end of the second second of its motion, 
and the numerical value of its acceleration (1) when a seqond, 
(2) when a minute, is taken as unit of time, the unit of leiagth 
being 1 foot. 

33. If the unit of velocity be a velocity of a feet per t 
'seconds, and if the weight of 1 pound be the unit of weight, 
and a pound the unit of mass, find thè units of length and 
time. 

34. li f^yf^ be the measures of an acceleration when 
m + n seconds and m — n seconds are the respective units of 
time, and a feet and h feet the respective units of length, 

shèw that the measure becomes - {Jffl -\->Jf])f when 2n 

e 

seconds are taken as unit of time and e feet as unit of 

length. 

35. The measures of an acceleration and a velocity, when 
referred to (a + J) feet (m + w) seconds, and (a — b) feet 
(/n — n) seconds respectively, are in the inverse ratio of their 
measures when referred to (a — b) feet (m — n) seconds, and 
{a + b) feet (m + n) seconds. Their measures, when referred 
to a feet m seconds, and 6 feet n seconds, are as ma : nb ; 
show that 






36. If / be the measure of an acceleration when a feet 
and t seconds are units of space and time, and /' its measure 
when a' feet and t' seconds are units, and if the acceleration 
be measuréd ^J f+jT when e feet and t seconds are units, 
shew that 

e a a 

37. A shot weighing 700 Ibs. is moving wìth a velocity 
of 1200 feet per second, find the numerica! measure of its 
kinetic energy when a ton is the unit of mass, a yard the 
unit of length) and a minute the unit of time. 
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38. If the unit of length be a yard, the unit of accelera- 
tion that produced by gravity in a body falling freely, and the 
unit of density that of water, find the number of unita of 
work required to raise a ton of coals from the bottom of a 
mine 600 fathoms deep, assuming that a cubie foot of water 
weighs 1000 ozs. 

39. Supposing the earth to be a sphere of 4000 miles 
radius and mean density 5'5 times that of water ; if its mass 
be represented by a billion, the density of water by 10, and 
the work dono in lifting a ton weight a yard high be the unit 
of work, find the units of mass, length, and time, supposing a 
cubie foot of water to weigh 1000 ozs. 

40. A circle revolves with uniform velocity in its own 
piane about its centro. The centro moves with varying 
velocity along a straight line. Find the velocity parallel to 
this line, at any instant, of a point on the circunierence, and 
deduce the acceleration of the centro necessary for this point 
to be always moving at right angles to the line. 



5—2 
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CHAPTER IL 

ON UNirORM, AND UNIFOBMLT ACCELERATED, MOTION. 

67. If a point move with uniform velocity v, the space 
passed over in t units of time will be denoted by vt For the 
space passed over in each unit of time is t; units of length, 
and therefore the space passed over in t units of time wiil 
be vt units of length. 

If a material particle be under the action of no external 
force it will remain at rest or move v/niformly in a straight 
line. Hence, if such a particle be moving at any instant 
with velocity v, it will retain that velocity, and the space 
passed over in t units of time will be vt, 

68. If a point move under the action of a Constant ac- 
celeration/ in the direction of motion, the velocity generated 
in each unit of time is / units of velocity, and therefore the 
velocity generated in t units of time will be^i units of velocity. 
Hence if the initial velocity of the point be u, the velocity 
V at the end of t units of time will be u-V.ft, and if the point 
be initially at rest, its velocity at the end of t units of time 
will be^i, or v^ft. 

If the acceleration be in the direction opposite to that of 
the initial velocity, we must givo the negative sign to /, and 
the above formula will stili be trae. 

If a material particle of mass m be acted on by a Constant 
force P in the direction of its motion, the momentum gene- 
rated by the force during any instant will be in that direction, 
and the rate at which the momentum is generated will be 
Constant, being proportional to the force. Hence the accelera- 
tion of the particle will always be in the direction of its 
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lìlotion and be Constant. If / represents tMs acceleration 
we bave mf = P, the unit of force being properly chosen (see 
Art. 27)* Hence if w be the initial velocity of the particle, the 

P 

velocity at the end of t units of time wUl be u-k-ft, or m H — t, 

and its momentum will be mu + jF%. 

69. To find the space passed over in t units of time by 
a point moving from rest with uniform acceleration / we 
raay proceed as foUows. Divide the time t into n equal 
intervals, each equal to r. Then the velocities of the point 
at the beginning of the Ist, 2nd, 3rd,. . .n*^ intervals wUl be de- 
noted by 0,/t, 2/t...(?i— 1) t respectively, since its accelera- 
tion is uniform. Also the velocities of the point at the end 
of the Ist, 2nd, 3rd....»**^ intervals will be fr, 2fry 3/r, ... nfr. 
respectively. Hence if the point moved during each interval. 
with the velocity which it had at the beginning of the 
interval^ the space passe.d over in the t units of time would ba> 

O.T+/T.T + 2/r.T + ... + (w-l)/r.T 

_ 7l(n-l) ., 

2 ''^ 



=ÌA'''(>-ì) 



Again, if the point moved during each interval, with the 
velocity which it had at the end of the interval, the spaoe 
passed over in the t units of time would be 

/t.t + 2/t.t + 3/t.t+... + «/t.t 

_ 7t(n + l) 
5 fr 



i>'''(i+ì)- 



Now the velocity of^the point at any instant of a given 
interval is intermediate between its velocities at the beginning 
and end of that interval. Hence the space passed over 
during any interval is intermediate between that wbich would 
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be passed over by the point if its velocity remaìned Constant 
during the interval, and the same as at the beginning of the 
interval, and that which would be passed over by the point 
if its velocity were the same throiighout the interval as at 
the end of the interval. Hence the space actually passed 
over by the point during the t units of time will be inter- 
mediate between that which it would pass over under the 
first of the above hypotheses and that which it would pass 
over if the second hypothesis were realized, that is, the space 
actually passed over by the point is intermediate between 



|y^(i-^)a.d|yì'(i+^). 



and this ìs true however great n may be. Npw as we 
diminish each interval and consequently increase n, each 
óf the above hypotheses more nearly corresponds with what 
actually takes place; and if we make each interval indefinitely 

small and therefore n indefinitely great, - vanishes, and the 

above expressions for the space passed over ultimately coin- 
cide with each other ard therefore with the expression for 
the space actually passed over by the point, which is inter- 
mediate between the two. Hence the space passed over in 
t units of time by a point moving from rest with an accele- 

ration / in the direction of motion is ^JV units of length. 

70. From this we see that if a material partici e, of mass 
m, move from rest under the action of a Constant force P, 

p 
the space passed over in t units of time will be ^t\ The 

work dono upon the particle will therefore (Art. 49) be 

P P 

P.TT-.f. Its velocity will be —^ and its momentum Fl 

1 P 

Its kinetic energy will therefore (Art. 23) be ^ P. ^ . — ^, that 

pa 

is -s — f, and is therefore numerically equal to the work dono 
lipon the particle by the force, 
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If at the end of the t units of time we suppose the direc- 
tion of the force reversed so as to retard the motion, the 
intensity of the force remaining the same as before, the 
velocity of the particle will be destroyed in the same time 
as that in which it was generated, and the velocity at any 
instant during the retardation will be the same as at the 
corresponding instant when the acceleration was positive. 
Hence the space passed over by the particle, while the 
velocity is being destroyed by the force P, is the same as 
that passed over during the production of that velocity. 
Hence the work done against the force by the particle while 
being brought to rest is the same as that done 6y the force 
upon the particle when the velocity of the latter was being 
increased, and is therefore numerically equal to the kinetic 
energy of the particle. The kinetic energy of a particle is 
therefore numerically equal to the amount of work which 
it is capable of doing in being brought to rest, and we thus 
see a reason for the term ' energy ' being applied to one half 
the product of the momentum and velocity of a moving 
particle. 

71. The eCTect of a force when its point of application 
moves in its direction is to do work, and we now see that if 
it act upon a particle its eflfect is to generate an amount of 
kinetic energy numerically equal to the work done. Now 
these efifects must be one and the same, and therefore kinetic 
energy is mechanicaily equivalent to work. 

The effect of a given force, when its point of application 
moves over a given space in the direction of the force, is 
always to generate the same amount of kinetic energy re- 
presented by the Arithmetical product of these two factors ; 
hence while the efifect of a force acting for an interval of 
time is to generate an amount of momentum measured by 
the Algebraical product of these two factors, the effect of 
a force when its point of application is moved in its direction 
is to generate an amount of kinetic energy measured by the 
Arithmetical product of these factors. The distinction between 
these two products of a force is very important. If a given 
force act for a given time upon a. particle, the distance 
through which it will move it will vary inversely as the 
mass, and therefore the kinetic energy generated will vary 
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inversely as the mass while the momentum generated is 
invariable, but if the distance through which the particle 
is moved, instead of the time, remain the same the kinetic 
energy generated will remain invariable, but the momentum 
produced will be proportional to the mass. 

72. If a point move under the influence of a Constant 
acceleration / in the direction of motion, but start with an 
initial velocity u, a process precisely similar to that adopted 
in Art. 69 will enable us to find the space passed over in 
any given time. 

For, as before, dividing the time t into n equal intervals 
each equal to r, the velocity of the point at the beginning 
of the respective intervals will be 

w> '2^+/t, w + 2/t, ... w + w — lyir, 

and its velocity at the end of these intervals will be 

u-k-fr, u-^2fT, u + 3fr,... u + nfr 

respectively. Hence the space actually passed over in t units 
of time will be intermediate between 



u.T+{u +fr) T + (w + 2/t) T + ... + (w + n- 1 ./r) t 
and 

(u+fT)T+{u + Ìfr)T + (u + 3fr)T + ... + {u + nfr)T; 
that is, between 

and, increasing n indefinitely, each of these becomes ulti- 
mately equal to ut + ^f^, which is therefore the space passed 
over by the point in t units of time. 

73. The space passed over by a point moving under the 
influence of a Constant acceleration in the direction of motion 
may also be found in the foUowing way. 

Let time be represented by lengths measured along the 
line AB, and let AB represent t units of time and contain t 
units of lengtih. Let the velocity of the point at any timQ be; 
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represented by a straight line drawn perpendicular to AB 
from that point in AB which corresponds to the time in 
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question, the line containing as many units of length as the 
point possesses units of velocity. Let the time t be divided 
into n equal intervals, and let the straight line AB be divided 
into corresponding portions at the points K^ i, &c. Through 
A, K, L,...B, let lines AC, KN, LP,...BDy be drawn 
perpendicular to AB, and representing the velocity of the 
moving point at the coiTesponding times. Draw the straight 
line Ckl...E parallel to AB. Then, if u be the initial 
velocity of the point, and/its Constant acceleration, AC =:u, 

KN=u+^=^u+f.AK, LP=u + ^^u-\-f.AL, and so 

on. Therefore hN=f. Ck, lP=f. CI, and so for the other 
points. Hence C,N, P,...D ali lie in a straight line. Draw" 
the straight line CD passing through each of the points 
N, P, &c. Complete the inner and outer series of parallelo- 
grams as in the figure. Then, if the moving point were to 
move during each interval with the velocity which it has at 
the beginning of the interval, the space passed over during 
any interval represented by LM will, since LP represents 
the velocity during that interval, contain as many units of 
length as the parallelogram PM contains units of area ; and, 
this being true for each of the other intervals, it foUows that 
the number of units of length which would be passed over by^ 
the point in the time represented by AB, that is, in t units 
of time, if it moved during each interval with the velocity 
which it actually has at the beginning of the interval, would 
be equal to the number of units of area contained in the sum' 
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of the inscribed parallelograms. Similarly the space passed 
over by the point in the same time, if it moved during each 
interval with the velocity which it actually has at the end of 
the interval, would he represented by the sum of the areas of 
the outer series of parallelograms. And this is true, however 
great may be the number of inteiTals into which the time t 
is divided. But the actual space passed over by the moving 
point must be intermediate between these two ; and when 
the number of intervals into which the time is divided is in- 
definitely increased, the sums of the areas of the inner and 
outer series of parallelograms ultimately coincide with th« 
area of the figure CABD, Hence the number of units of 
length passed over by the point in the time represented by 
AB is equal to the number of units of area in CABD. But 
the figure CABD is made up of the rectangle CABE and 
the triangle CED. Therefore its area is equal to 

GA.AB + ^.CE.ED. 

Now CA represents the initial velocity and therefore con- 
tains u units of length, DB represents the velocity at the end 
of time t and therefore contains u-^-ft units of length; hence 
DE contains ft units of length, and AB or CE contains t 

units of length. Hence the area CABD contains ut'\'-^,ft.t, 

or vi + ^jV units of area. Therefore the space passed over 

in t units of time by a point starting with initial velocity «, 
and moving with a Constant acceleration/in the direction of 

motion, contains ut-¥^jf units of length. 

If the point start from rest w = 0, and the figure will 
contain no rectangle corresponding to CABE, The space 
passed over in the time represented hj AB will then be 
represented by the area of the triangle CED, and is there- 
fore ^ ff units of length. 

Since DE contains ft units of length, and CE contains t 
units, the ratio py^ is numerically equal to /, and therefore 
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the acceleration is represented geometrically in the figure by 
the tangent of the angle DGE, 

(Compare Newton, Lemma x.) 

74. If a material particle be under the action of a Con- 
stant force in the direction of its motion, its acceleration will 
be Constant, and the above investigation determines the space 
passed over by the particle in any given timo, substituting 

P 

for / the expression — , when m is the mass of the particle 

and P the force acting upon it. 

As an example we may take the foUowing. 

A particle is allowed to fall from resi under the a>ction of 
gravity only, find the space moved through hy the particle in 
4 seconds, supposing g = 32 when a foot and a second are 
units. 

Here the only force acting on the particle is its weight, 
which is Constant and equal to mg. Hence it will move with 
uniform acceleration g. The space passed over in 4 seconds 

will therefore be ^ ^r . 4' ft. = S^r ft. = 256 ft. 

75. If we wish to find the space passed over in any par- 
ticular second, the n^ for example, by a point moving with 
uniform acceleration, we may find the space passed over in n 
seconds and subtract from it that passed over in n — 1 seconds, 
or we may find the velocity at the beginning of the r**^ second, 
and then find the space passed over in 1 second by a point 
starting with this initial velocity and moving under the given 
acceleration. 

For example, let it be required to find the space passed 
over by a particle falling freely, during the 7*** second of its 
fall, g being supposed equal to 32. 

The space passed over in 7 seconds by a particle falling 

from rest is k 5^ . 7*ft. = 1 6 x 7*ft. That passed over in 6 seconds 

is 16 X 6^ ft. The difference, or 16 x 13 ft., is the space passed 
over during the 7^ second. 
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Or we may proceed thus. The velocity at the end of the 
6*^ second is 32 x 6 ft. Hence the particle at the beginning 
of the 7*^ second has an initial velocity of 32 x 6 ft., and will 
therefore during that second pass over a distance equal to 

|(32 X 6) + ^g\ ft., or 32 x 6i ft., putting « = 1 in the formula 

vì + IjV. 

76. If a point move from rest with a Constant accelera- 
tion / in the direction of motion, and if v represent it» 
velocity at the end of t units of timo, and 8 the space passed 
over by the point during that time, then we bave 



v=ft (1), 

1 

2-' 



B^-l/e (2). 



From (1) and (2) we get 

t^ = 2/s (3). 

These three equations are very important, and should be 
remembered. 

If it be a material particle of mass m that is in motion, 
we obtain by multiplying each side of equation (3) by m and 
dividing by 2, 

-mu* = mf,8. 

Now mf is the force which must act on the particle of 
mass m to produce the acceleration/; and since 8 is the 
space moved through by thè particle in the direction of the 
force, mf, 8 is the work done upon the particle by the force, 
and we thus see that the kinetic energy of the particle is 
equivalent to the whole amount of work that has been done 
upon it since the commencement of the motion. 

77. If a point start with velocity u, and move with a 
Constant acceleration / in the direction of paotion, and if n 
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represent its velocity at the end of t units of time, and 8 the 
space passed over by it during that time, we have 

v=^u+ft (1), 

8 = ut+lft' (2). 

Squaring (1) and multiplying (2) by 2f, we see that 

^ = u''\-2fs (3). 

If in this case it be a material particle of mass m that is 
in motion, then, multiplying each side of equation (3) by w, 
dividing by 2 and transposing, we get 

- mv' — H ^y^ = mf. s. 

2 2 . -^ 

Here as before mf, s represents the work done upon the 
particle by the force producing acceleration, and the expres- 
sion on the left-hand side of the equation represents the 
increase of the kinetic energy of the particle. Hence the 
increase of the kinetic energy of the particle during any time 
is equivalent to the amount of work done upon it during that 
time by the force producing acceleration. 

If the direction of thè acceleration of the moving point be 
opposite to that of its initial velocity, we have only to write 
— /for/ in the above expressions, and the ^quations will 
^till be true. 

78. As illustrations of this portion of the subject we may 
take the foUowing Examples. 

Ex. 1. A heavy particle is projected vertically vpwards 
with velocity Vi: svpposing its weight to be the only force acting 
upon it, it is reqmred to completely determine the motion. 

The particle will in this case move with a Constant accele- 
ration g downwards. We must therefore write — g for f in 
the equations of the pr^ceding Artide. Its velocity v at the 
end of the time t will therefore be given by 

v^u-gt (i), 
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The space 8 passed over in t units of time will be given by 
8^ ut- ^gf (ii). 

If we take t equal to -, We see by (i) that the velocity of 

the particle is zero, that is, the particle at this instant is at 
rest. If t be taken greater than this the velocity becomes 
negative, shewing that the particle is . descending. Again, 
fróm equation (ii) we see that the space passed over during 

the time - is t^ — i and since at this time the particle begins 

9^9 . . . ^ 

to descend, this is the greatest height to which it will rise ; 
or, if h denote this greatest height, we have 

'^9 
Let w be the weight of the particle, m its mass ; then, if 
we multiply each side of this last equation by w, that is mg, 
we get 

1 

2 

which shews that the particle attains its greatest height and 
Comes to rest when the work which has been done upon it by 
its weight is numerically equal to the kinetic energy pos- 
sessed by the particle at the beginning of the motion. 

u 
If we make t numerically greater than - , the value of s 

is less than 7^ — , and when t is made equal to — we have 

^9 . • ,9 

1; = — t/ and 8 = 0, which shews that the particle will in the 

2u 
time — return to the point of projection, and on reaching 

that point its velocity will be downwards and numerically 
(^qual to u, 

By comparing the expressions for v and 8 it will be seen 
that at any point in its descent the velocity of the particle is 
numerically the same as when passing through that point in 
its upward course. 
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79. Ex. 2. A particle, is allowed to slide from resi down 
a smooth incUned piane , whose inclination to the horizon is a, 
the only force acting upon it heing ite weight and the pressure 
of the piane. Find the motioné 

Let w he the weight of the particle, m its mass, then 
the resultant force upon the particle, that is the force which 
tends to produce acceleration, is wsina, and acts directly 
down the piane. The particle will therefore move with 

a Constant acceleration , that is a sin a, down the piane. 

Its velocity at the end of the time t will therefore be given 
by the equation 

v = gsma.t; 

and the distance along the piane through which the particle 
will bave fallen in t units of time will be given by 

fi = - gr sin a . ^*. 

Coniparing these two equatìons we see that 

v^ = 2g sin a.s, or ^ mì^ = wsma.s. 

Now 5 sin a is the vertical height through which thè 
particle has fallen, and we see that its velocity depends only 
on this vertical height and is independent of the inclination 
of the piane. 

80. As a third example we may take the foUowing. 

A particle slides from rest down a rough inclined piane, 
whose inclination is a and coefficient of friction when the 
particle is in motion /i, determine the motion, 

Let w be the weight of the particle, m its mass. 1f the 
friction be insufficient to support the particle, resolving the 
forces on the particle along the piane, we see that the re- 
sultant force acting down the piane is 

TTsina — /A-B. 
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ResolvÌDg perpendicularly to the piane we obtain 




Hence tlie resultant force acting upon the particle is 

Tr(sina — /icosq). 

It will therefore move down the piane with uniform 
acceleration 



W 



m 



(sin a — /A cos a) or g (sin a — /i eos a). 



Its velocity at the end of any time t wIU he 
gt (sin a — /i cos a), 
and the space passed over during that time will be 

^ gt^ (sin a — /i cos a). 

In this case the velocity of the pai'ticle, and therefore its 
kinetic energy, is less than that due to the vertical height 
through which it has fallen ; the energy which is wanting is 
in this case transformed into heat by the friction. 

81. If a particle of mass m be moving with a velocity 

V, and be acted upon by a Constant force P which brings it to 

mv 
rest in t v/nits of tinte, P must be equal to — - , 

For since the force P is Constant, the momentum destroyed 
by it in each unit of time is the same. But the momentum 
destroyed in t units of time is mv. Therefore the momen- 
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tum destroyed in one unii of time is — , which is therefore 
the measure of the force. 

82. A force P which is Constant in magnitude and direc- 
tion acts upon a particle of mass m whilst the particle moves 
from rest through a space s. Find the velodty generated 
oy it 

Since the force P is Constant in magnitude and direction, 
the acceleration produced by it in a particle of mass m is 
Constant, always in the direction of motion, and is given by 
the equation 

The equation v^ = ^fs is therefore immediately appli cable, 
and we have for the velocity required 



/2P8 

V m 



Similarly, if we have given the velocity generated from 
rest in a particle of mass m by an uniform force, while the 
particle moves over a distance s in the direction of the force, 
we can determine the magnitude of the latter ; and if the 
particle moving initially with a velocity v be brought to rest 
by the force while moving over the space s, we can from the 
equation 

^ mv^ 2= Ps, 

at once determine the magnitude of the force. 

If however the particle does not start from rest, or is not 
brought to rest by the force, but only has its velocity increased 
or diminished while passing over the distance s, we must 
determine the magnitude of the force from the equation 

1 1 

^ mv^ — ^ m w' = P8\ 

it being the change produced in the kinetic energy of the 
particle which is proportional to the work done by the force. 

G. D. 6 
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83. As an example of the preceding article we will 
consider the foUowing problem : — 

A force of 1200 tom acts upon an Armstrong shaft 
weighing 100 Ibs, while it moves fronti resi through a dis- 
lance of l^ft, in the direction of the force, and then ceases. 
Supposing the shaft without diminution of velocity to strike 
a target and penetrate to a depth of 12 inches, then coming 
to rest, find the pressure exerted by the shot on the target, sup- 
posing it uniform during the penetration, 

A pound being taken as unit of mass the weight of a 
pound is equal to g absolute units of force. ' Hence, the mass 
of the shaft being denoted by 700, the force acting upon it 
will be 1200 X 2240 x g units of force. 

The velocity of the shaft when the force ceases is deter- 
mined from the equation of energy 



- mv^ = Ps, 



and this becomes 



^.700.^^ = 1200.2240.^.12; 

/I200.2240a.l2 . , 
•'• ^ = a/ S50 P^^ second, 

= 96 VlO^r feet per second. 

Now this velocity is destroyed by a uniform force whilst 
the shaft moves through a distance of one foot in the direction 
opposite to that in which the force acts. Let P be the 
measure of this force in absolute units. Then P' has to be 
determined from the equation 



viinv 



^P8. 



And this becomes in this case 



|.700.t;« = P'. 
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Substituting for t?' we get 

P'= 1200.2240. 12.^. 

Hence the pressure exerted on the target is 

1200.2240.12.^ 

absolute units of force, that is 1200 x 12, or 14,400 tons. 

In this case the work done upon the target is equal to 
the work done originally upon the shot. 

If it be required to find the time during which this pres- 
sure is exerted, we bave simply to make use of the equation 

p , 

« = — . r, 
m 

, , 700.96.710^ «mi^ 

^"^"°"" ' -= 1200.2240.12% = •^^^^-- 

or the time during which the pressure is exerted is about 
•00116 of a second. 

84. We will now work out, in full, a few examples illus- 
trating the principles of this Chapter ; and it may be observed 
that much more of a subject may frequently be leamed by a 
careful study of a few problema worked out in detail, than by. 
any other method. 

Ex. 1. Two heavy particles A and B, whose masses are 
respectively M and m, ofwhich iILù the greater^ are connected 
hy a string of insensihle mass passing over a smooth peg. Find 
the motion, and the space passed over by each in the first t 
seconds after the beginning of the motion. 

Let T be the tension of the string, which will be the 
same throughout, since the peg is smooth. Then the forces 
acting on the particle A are its weight Mg, acting downwards, 
and the tension T of the string acting upwards. The re- 
sultant force is therefore Mg — T acting downwards, and the 
acceleration produced by this in the mass M will be 



^ m* 



G-2 
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Again, the forces acting on the particle B of mass m are 
its weight mg acting downwards, and the tension T of the 



O 



string acting upwards. The resultant force Is therefore 
T- mg acting upwards, and the upward acceleration produced 
by this force will be 

T 
-9' 



m 



Now sìnce the string is of invariable length and remains 
tight, the acceleration of B upwards must be equal to the 
acceleration of A downwards. Therefore 



^ 2 or . Mm 
M+m 

and the acceleration of each particle is 

M'-m 
^ M+m' 

Hence the velocity v of each particle at the end of time t 
is given by 

M — m 



JTT 



m 



gti 
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and the space 8 moved over by each partlcle during the time 
t is equal to 

1 M—m ^ 

2 3?+^^ 

The kinetic energy of the system is the sum of the kinetic 
energies of the two particles, that is 

^l (Jtf-m)' ^ 

■"2 Jf + 7» ^^• 

Also the work done by gravity upon the particle A is 

,. ,,1 M—m j^j 
Mas = M^ -TT- — . ^*r, 

and the work done against gravity in raising the particle B is 

iJf— m i.« 

Hence the whole work done by gravity upon the system is 
, , , .1 M— m 2,2 

thatis V-i^f^, 

2 M+m ^ ' 

and is therefore equal to the kinetic energy of the system. 

85. In the preceding problem suppose the string to ex- 
tend helow the particle B, and when the system has been in 
motionfor t seconds let a third particle C, o/mass m, initially 
at rest, he attached to the end of the string lelow the particle 
whose mass is m, the string remaining stretched throughout 
We proceed to determine the motion and the impulsive ten- 
sions of the poHions of the string. 
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The common velocity of the particles A and B at the end 



k 



ha 



M—m 



of t seconds is, by the preceding investigation, -j^ gt, Let 

this be denoted by v. 

Now when G is attached, the string between B and 
G becomes suddenly tight, and G moves off with a jerk. 
Let u be the velocity with which G starts off, then the 
impulse acting npon G must be equal to mu, which must 
therefore be the measure of the impulsive tension of the 
string between B and G. Now immediately after G has 
been attached, the three particles -4, B, and G must be 
moving with the same velocity, viz. w, sìnce the string re- 
mains stretched (i.e. we suppose the string inelastic). The 
velocity of A is therefore changed from v \iO u, u being of 
course less than v. The impulse acting upon A must there- 
fore be measured by M(;p — u)y which is consequently the 
impulsive tension of the string between A and B ; and this, 
must be the same throughout. Hence an impulse repre- 
sented by Jf(y — -w), due to the impulsive tension of the 
string above B, acts upon the particle B vertically upwards. 
But an impulse mu, due to the impulsive tension of the 
string between B and (7, acts upon B vertically downwards. 
The resultant impulse upon B is therefore m'w — Jf (v — i*) 



Digitized by VjOOQIC 



MOTION OF BODIES CONNECTED BT A STRINO. 87 

vertically downwards. But the velocity of B is changed 
thereby from v to u, and B moves upwards throughoat. 
Therefore 

mu — M(v — w) = m (v — u), 

or (M+ m + Tri) u = (if + m) v ; 
M+m 

,*, U = -Ti- — — / V 



M-- 



m 



Now the impulsive tension of the string between A and 
B is 3I(v — u), and substituting for v and u^ we get for this 
impulsive tension 

(Ìf+m)(i/+m+m')^^ 

Also the impulsive tension of the string between B and C 
is m'u, that is 

M+rn + m'^ ' 

After the impulse the system is moving with velocity u, 
and it may be shewn, as in the previous example, that the 
acceleration of A downwards and of B and C upwards is now 

Jtf— m — m 
31 -\- m + m ^' 

The velocity at the end of t' seconds after C was attached 
will therefore be 

M—m—m , 
""^M+m-^m'^^' 

and the space moved over during these t' seconds by each 
particle will be 

,r , 1 M— m — m' ^,2 

I{ m + m' be greater than 31 the motion will be retarded 
after C is attached, and finally be in the opposit^ direction. 
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86. In the previous example the velocity u of the system 
immediately after C was attached might have been deter- 
mined from the consideration, that since no impulsive force 
extemal to the system of these particles acts upon it, the 
momentum of the whole system immediately before and im- 
mediately after C is attached to the string must be the same, 
since the weights of the particles, which are finite forces, 
cannot generate a finite momentum in an indefinitely short 
time. But the momentum of C before being attached to the 
string was zero, since it was at rest. Hence we must have 

{M+ m)v=^ {M+m + m') % 

as in the previous solution. 

87. Before quitting this part of our subject we will con- 
sider one other example. 

The two particles A and B, whose Tnasses are M and m 
respectivelyy being connected as in the previous examples, after 
the system has been in motion for t seconds, a third particle G, 
of mass m, originally at rest, is attached to the string above A ; 
it is required to find the suhsequent motion, the string being 
inelastic. 

As before, if v be the velocity of the system at the end of 
t seconds from the commencement of the motion, we shall 
have 

M-m , ... 

V— Y- gt (A). 

Now when the particle G is attached above A^ there will 
be an impulsive tension of the string between A and (7, and 
(J will move off with an initial velocity, which we will denote 
by u, Also, since the string between A and C is inelastic, it 
will remain stretched, and A and G will proceed with a com- 
mon velocity, viz. u. The impulse which must act upon G to 
raake it start off with the velocity u is m'u, which is therefore 
the impulsive tension of the string between A and (7. Hence 
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the particle A receives an impulse upwards, denoted by m'u. 



r^ 



C- 



hB 



But the Velocity of A is changed by this impulse from v to 
Therefore 



or 



u = 



gt. 



.(B). 



mu = M{v — u), 
Mv 

Now since the velocity of A is diminished, and there is 
no impulse acting upon B to diminish its velocity, imme- 
diately after the impulse B wììl be moving faster than G 
and A. Hence the string between C and B will become 
slack, and B will be moving as a particle acted upon by its 
own weight only, and projected vertically upwards with an 
initial velocity v. The velocity of B at the end of t' seconds 
after G is attached will therefore be v—gt\ and the height 
through which G will bave risen in that time will be de- 
noted by 

Vt — T^ fft \ 
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While the string above C is slack, A and C will be fall- 
ing freely, having started with an initial vélocity il Hence 
the common vélocity of A and G at the end of the time t' 
will be 

and the space through which they will have fallen during 
this time will be 

ui + \ge. 

Now the string will become tight when G has descended 
through a space equal to that through which £ has ascended 
in the same time. Hence, if the string become tight at the 
end of t' seconds after G was attached, we must have 

or gt' = v-- w, 

whence t' = : 

9 

and substituting for v and u their values from (A) and (B), 
we get 

, _ 7»/ — ni 31 {M— m) 

"" ili + m " {M+ m) (if + m) 

m ( il/- ra) ^ 

""(Jf+m')(ilf + wO ^^^' 

and the space through which the system will have moved 
since the attachment of G v/ill be 



Jf + m ^^ • (ii + m')(l/+^) * " 2 ^ \{MTmf(M+^) 



2 



_ f 1 m ] m'(M-tn) * 

~ \ ~ 2 M+m'} {M+m) {M+m)*^^ " 
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Also the velocity of G and A when the string beconies 
tight will be 

"^"^'^^ - {M^m'){M^m) ^^^ {M -^ m) {M + m)^^ 

the same as the velocity of the system before G was attached. 

Also the upward velocity of B when the string becomes 
tight is 

_ M M—m 

Now when the string is tight ali the parts of the system 
must be moving with a common velocity. Hence when the 
string becomes tight there will be an impulsive tension. 
To determine the common velocity immediately after the 
tightening of the string, we may adopt the method of the 
last article. The momentum of the whole system must be 
the same befóre and after the tightening of the string. 
Hence, if v be the common velocity immediately after the 
string becomes tight, we must bave 

zar. . f\ f /nr. r^M—m ^. mM M—m ^ 
^ ^ ^ ^ M-ì-m*^ M + m M-i-m'^ 



_ (i)ÌH-W)' + ml/ if-m 
" lUm • ~M+m^^' 

m n , [M+mf + mM M-m ^ 

Iherefore v = >i> . -, . , L . ; — k . -,r-; — G^- 

(i¥ + m) (if + m + m) M+ m ^ 

The impulsive tension of the string may be determined 
from the consideration that by it the velocity of the particle 
B, whose mass is m, is changed from 

M M—m - , 
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After the string has become tight, since it is inelastlc, 
it will remain tight, and the system starting with the velocity 
V will move with a Constant acceleration equal to 

M-^-m' + m'^' 

whence the velocity at any subsequent lime, and the space 
passed over during any time, can be immediately found. 

88. We will leave to the reader to investigate the 
motion of the system when, after the two weights A and B 
have been in motion for t seconds, the weight C, originally 
at rest, is suddenly attached to the string between B and the 
peg, and at a considerable distance above B. The reason 
for introducing the last condition will be readily seen. The 
whole problem is very similar to that last investigated, and 
will well repay the student for the time he will require to 
examine it. 

89. If a poìnt be movìng with a known acceleration in 
the direction of its motion, and its initial velocity be given^ 
the time in which it will describe any portion of its path can 
be immediately found from the equation 

which is a quadratic equation for finding t 

If u and / be of the same sign, one of the roots of this 
equation is negative. The positive root is of course the 
one required. The negative root gives the time before 
the earliest time considered in the question, at which, if the 
point had been at a distance S in the positive direction 
from the point from which we have supposed it to start, and 
moving with a proper velocity in a direction opposite to its 
acceleration, it would have passed through the point from 
which we have supposed it to start, and have returned to it 
with a velocity u, at the instant at which we have supposed 
it to start. 

If u and / be of« opposite signs both the values of t 
are frequently admissible, as for example, in the case of a 
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partìcle projected vertically upwards, when the smaller value 
of t gives the time in which it will reach a point vertically 
above the point of projection and at distance 8 from it 
during its ascent, and the larger value of t gives the time 
at which it will reach the same point in its descent. 

90. As an example of the preceding article we will 
consider the foUowing problem* 

A heavy particle falls from rest at the highest point of 
a vertical drcle of diameter a down a smooth chord of the 
circle. Find the time of descent 

Let m be the mass of the particle ; then mg will represent 




its weight. Let B be the inclination of the chord to the 
vertical, 8 its length. Then 

* a= a cos 0. 

Now the resultant force on the particle acts down the 
chord and is equal to mg cos 6» The acceleration produced 
by this force in the particle whose mass is m is ^ cos 6. 
Hence the particle moves down the chord with uniform 
acceleration g cos 6, and if t be the time of descent, we shall 
bave 

8^ ^g conO.f, 



or 



a cosd^^g co&0»t'^ 
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Therefore 



-V^f' 



and is independent of the inclinatiòn of the chord. 

Hence the time of descent down all.chords of a vertical 
circle from the highest point is the sàme, and equal to the 
ti me of descent down the diameter. 

Similarly the time of descent from any point of a vertical 
cirele along the chord to the lowest point is the same as the 
time down the vertical diameter. 

Since ali the sections of a sphere by vertical planes through 
its highest point are equal circles, it follows that the times 
of descent of a particle down ali chords from the highest point 
of a sphere are the same. 

91. If it be required to find the straight line of quickest 
descent to any piane curve AB from a point P in its own 




piane, we bave only to describe a vertical circle having P 
for its highest point and touching the curve. Then the 
chord PQ drawn from P to the point of contact of the curve 
and circle is the line of quickest descent required. For if 
PQ be not the line of quickest descent, let some other 
straight line as PK be that of quickest descent. Let PK 
cut the circle in L. Then the time down PK is greater 
than that down PL. But the time do^vn PL is equal to the 
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time down PQ ; therefore the time down PK is greater than 
that down PQ, whicli is contrary to the hypothesis that PK 
is the straight Une of quickest descent from P to the curve. 

If it be required to find the straight line of quickest 
descent from any point P to a given surface, it is only 
necessary to describe a sphere having P for its highest point 
and touching the surface. The chord drawn from P to the 
point of contact will then be the straight line of quickest 
descent from P to the surface. 

92. If a particle be in motion under the action of a 
force always in the direction of its motion, since the work 
done by a force is measured by the product of the force and 
the distance moved over by its point of application in the 
direction of the force, it follows that the work done on the 
particle during any time is measured by the product of the 
force and the space passed over by the particle during that 
time. Hence the measure of the rate at which the force 
does work on the particle at any instant is the product of 
the force and the velocity of the particle at that instant, and 
is therefore proportional to the velocity. Hence if a particle 
move from rest with a Constant acceleration in the direction 
of its motion, the rate at which work is done upon it is pro- 
portional to the time during which it has been moving. 

We bave said that the work done during any time t by an 
uniform force acting upon a particle in the direction of its 
motion is measured by the product of force and the space passed 
over by the particle during the time t. Now if v be the 
mean velocity of the particle during the time t, v its velocity 
at the beginning, and v + u its velocity at the end of the 

time, we bave v' = v+-^u, and the space passed over during 

the time r will be represented by v'r. Hence the work done 
by the force during the small time t may be represented by 
the product of the force, the time t, and the mean velocity 
V of the particle. But the product of the force into the time 
is the measure of the momentum generated during that time. 
Hence the work done by the force during any small time 
is measured by the product of the mean velocity of the 
particle and the momentum generated during that time. 
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Now the kinetic energy of a movìng particle lias 
been defined as one half the product of ite velocityund 

its momentum. It is therefore represented by -^mv.v, or 

^mv^, ìf V he the velocity and m the mass of the particle. 

Now suppose that, during the ti me t, v is changed to t;+ w. 
Then by taking r amali enough u can be made as spiali as 

we please, Then the kinetic energy becomes ^m(v + uf. 

The increment of the kinetic energy is therefore rnuv -k- ^vmj? , 
Hence we bave for the increment of the kinetic energy the 
expression mu (v + „ ^) • ^^^ i^u is the momentum gene- 

rated during the time t and v + ^ m is the mean velocity of 

the particle during that time, since the velocity changes uni- 
formly. Hence the increment of the kinetic energy of the 
particle during any time is measured by the product of the 
momentum generated during that time and the mean velocity 
of the particle during the interval. The increment of the 
kinetic energy of the particle is therefore equivalent to the 
work done upon it by the force producing acceleration.' From 
this investigation we see a reason for the definition we bave 
given of kinetic energy. 

93. If the force acting on the particle in the direction 
of its motion be not uniform, then if we make t very small 
we may consider the force uniform duriug the interval t, and 
the above investigation will hold. Hence in this case the 
increment of the kinetic energy produced in any very small 
time is equivalent to the work done during that time, and 
this being always true, it follows that the increment during 
any finite time, being the sum of the increments during the 
intervals into which that time may be divided, is equivalent 
to the work done on the particle during that time. 

Hence if a particle move from reat under the action of 
a force in the direction of its motion, whether its magnitude 
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be Constant or variable, the whole kinetic energy of the 
particle at any time will be equivalent to the wbole amount 
of work done upon it by the force. 

If the force be not in the direction of motion it may 
be resolved into two, one in that direction and one perpen- 
dicular to it. Now the latter component does no work, since 
its point of application moves always in a direction perpen- 
dicular to that of the force, and it may be shewn that it does 
not increase the velocity of the particle, but simply t^nds 
to change the direction of its motion, and therefore does not 
alter its kinetic energy. Hence the former component is 
the only one which we need consider, and it foUows that the 
whole change of the kinetic energy of the particle during 
any time is equivalent to the work done npon it during that 
time. 

This result is a case of the Principio of the Conservation 
of Energy. 

From the preceding articles it foUows that if the resul- 
tant force acting on a particle at every point of its path be 
known, as well as the velocity at any given point, the 
velocity at any other point can be found if we can fii;id 
the work done by the forces in passing from the one point 
to the other. Some examples illustrating this result will be 
found in Chapter V. 

Since the rate at which work is done upon a particle 
by a force acting in the direction of its motion is measured 
by the product of the force and the velocity of the particle, 
it foUows that if this rate be uniform, the force must vary 
inversely as the velocity of the particle. Hence if a particle 
start from rest, it is impossible for an agent to do work upon 
it at a finite rate at the commencement of the motion, since 
in order to do this, it would be necessary to exert an infinite 
force. 

For example, it is impossible for an engine in starting 
a train to work up to its full horse-power. 

94. We may illustrate this subject by the following 
examples. 

Ex. 1. A train weigMng 100 tona {induding the engine) 
4fi drawn by an engine of 150 horse-power. The resistance to 

G.D. 7 
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motion on a level line due to friction being equivalerti io a 
force of 14 Ibs, weight for every fon in motion, and the re- 
sistance of the air being neglected, find the maximum speed 
which the engine is capable of sustaining on a level line. 

The resistance to the motion of the train due to friction, 
&c. is 1400 Ibs, Hence if v be the velocity of the train 
in feet per second, the rate at which its engine works is 1400t7 
foot-pounds per second. But it is capable of doing 150 x 550 
foot-pounds per second. Hence we must have, if v be the 
velocity required, 

1400t; = 150x550, 

15 X 55 



t;=- 



15 X 55 
or the velocity of the train is — ^i — ^^^ P^^ second, that 

is, 40/g miles per hour. 



14 
14 



95. Ex. 2. If the train described in the preceding ex- 
àmpie be moving at a particular instant with a velocity of 
15 miles per hour, and the engine working at full power, what 
Ì8 the acceleration at that instant ì 

The engine is doing 150 x 550 foot-pounds of work per 
second, while the train is moving at a rate of 22 feet per second. 

Hence the force exerted by the engine is ^ pounds 

weight; but of this, 1400 pounds weight is required to 
baJance friction. Hence the effective force tending to acce- 
lerate the motion of the train, that is 224000 pounds of matter, 

150 X 550 

is^" — aà l^W pounds weight, that, is 2350 pounds 

weight. Hence the acceleration produced is denoted by 

2350 47 

224000 ^^ *^* ^^' *^^^°^ ^^^^' 140 f^^*-s^^^^^ ^^^*»- 

, 96. 1^. 3. Find the horse-power of an engine required 
io drag a train weighing 100 tons up an incline of 1 in 50 
with a velocity of 30 miles per hour, the friction being equal to 
the weight of 1400 iò^. 
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The line is inclined to the horizon at an angle whose 

sine is ^. Therefore the resolved part of the weight of the 

train down the incline is 2 tons. Hence the whole force 
tending to* stop the motion of the train up the piane is equal 
to the weight of 2 tons and 1400 Ibà, that is of 5880 Ibs. 
Now a velocity of 30 miles per hour is 44 feet per second. 
Hence the engine must do 5880 x 44 foot-pounds of work 
per second, and the horse-power at which it works must 

therefore be =^^r — =470f. The engine must therefore 

be of not less 470f horse-power. This is somewhat above 
the power of most locomotive engines, 

Sìnce the pressure of the train upon the metals and 
bearings of the wheels when on an incline whose inclination 
is a, is less than the oorresponding pressures on a level line 
in the ratio of cos a to 1, the frictiou will be less in the same 
ratio. Hence if the resistance to the motion of the train 
due to friction when on an incline of 1 in 50 be 1400 Ibs. 
weight, the corresponding resistance when on a level line 
will be 

1400x50 70000 
n/50*-1 ^^ J2m 
pounds weight. 

96*. Referring to the example in Art. 78, we see that 
if a particle be projected vertically upwards with velocity w 

it will rise to a height -^ , and then come to rest. If the 

mass of the particle be denoted by m its weight will be 

represented by mff, and in falling from the height — it 

might be made to lift a weight, less than itself, but differing 
by as smàll a quantity as we please, through the same 

2 2 

height ; that is, it may be made to do my x — , or -^, units 
of work. Now the kinetic energy of the particle when pro- 
jected is represented by ^ ^ and we see that this amount of 

7-2 
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kinetic eneigy can be converted into the capaciti/ or power 
of doing the same number of units of work. The capacity 
for doing work is called potential energy, 

If the particle be allowed to fall freely from the height 
—, its kinetic energy on reaching the point of projection 

will be denoted by -^ . Hence kinetic energy and potential 
energy are mutually convertible. 



EXAMINATION ON CHAPTER IL 

1. When is the velocity of a moving particle said to be 
uniform? If the velocity of a particle be uniform and 
denoted by 6, when a mile is the unit of length and an 
hour the unit of time, find the space which it will pass over 
in 10 seconda. 

3 2. Find the distance through which a particle will fall 
from rest under the action of gravity in 4 seconds, 

If the depth of the surface of the water in a well be 256 
feet and the velocity of sound 1120 feet per second, find the 
time which must elapse after dropping a stono before hearing 
it strike the water. 

3. What is the numerical measure of the kinetic energy 
of a pound which has fallen freely from rest through a 
vertical height of 80 feet ? 

nI 4. If in Attwood's machine the two weights P and Q be 
each one pound, and the weight B one ounce, and if the height 
through which R falls be 2 feet, find the subsequent velocity 
ofPandQ. 

3 5. If a particle which has fallen freely from rest move 
in one particular second through 176 feet, find how long it 
had been falling before the beginning of that second. 

6. A particle slides down a smooth piane inclined at 
an angle of 30** to the horizon. Find its velocity after moving 
from rest through 10 feet, and the time occupied in moving 
over that distance. 
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: 7. Find the time occupied by a particle in sliding 
through 20 feet down a rough piane inclined 60® to the 
horizon, the coefficient of friction being one half: and its 
velocity at the end of the time, 

8. Shew that the difference of kinetic energy of two 
particles after sliding through the same distance down two 
planes equally inclined to the horizon, but one rough and 
the other smooth, is numerically equal to the work done 
àgainst friction by the former particle, 

9. A particle is projected vertically upwards with a 
velocity of 100 feet per second ; find the time occupied by 
it in its ascent in describing that portion of its path which 
lies between the heights of 60 ft. and 120 ft. above the point 
of projection. 

10. A point P Ì£i at a distance of 12 feet from a piane 
inclined 30® to the horizon, and is above the piane. Find 
the time of quickest descent in a straight line from P to 
the piane. 

11. Find the measure of the least impulse which will 
project a particle of mass m to a vertical height of 400 feet. 

12* If the unit of impulse be that required to project 
one pound vertically up one foot, find the measure of the 
impulse which will project 4 Ibs. vertically up 4 feet 



EXAMPLES ON CHAPTER II. 

1. A particle descends an inclined piane ; if the upper 
portion be smooth and the lower rough, the coefficient of 
friction being /i-, and if the smooth length be to the rough 
length as jp : j', shew that the particle will just come to rest 

at the foot of the piane if ii = - — 2^ tana, where a is the 

: . . . ? 

ìnclination of the piane to the horizon. 

2. A point moving with uniform acceleration /in the 
direction of motion describes <r feet in r seconds, and at the 
end of t seconds is moving with velocity v. Find the units 
of time and space. 
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3. Find the line of quickest descent from one given 
circle to another, the circles beiog in the same vertical piane. 

4. The resistance to the motion of a train due to friction, 
&c. being 12 Ibs. per ton, if the train moving at the rate of 
40 miles an hour come to the foot of an incline of 1 in 
200, the steam being tumed off, find how far the train will 
go before it comes to rest. 

5. If in the preceding example the train come to the 
top of the same incline^ find how far it will descend the in- 
cline. 

6. The resistance to the motion of a train will just 
allow it to run with uniform velocity down an incline of 
1 in 150. If the train come with a velocity of 20 miles. 
an hour to the top of an incline of 1 in 100, and run down 
this incline for one mile with the steam tumed off, find how 
far it will be able to run along a level line from the base 
of the incline without tuming on the steam. 

7. If the resistance to the motion of a train on a level 
line be 12 Ibs. per ton of its weight, and if a train weighing 
120 tons and running on a horizontal line at the rate of 
40 miles an hour be brought to rest in a quarter of a mile 
by the application of a break to each wheel of a break van 
weighing. 10 tons, the break entirely preventing the rotation 
of the wheels, find the coefficient of friction between the 
wheels and rails. 

How far would the train have run if the break had not 
been put on, and how far if the breaks had been applied 
to two vans each weighing 10 tons ? 

8. A shot weighing 300 Ibs. is fired from a thirteen ton 
gun with a velocity of 1600 feet per second, the weight of the 
powder being 60 Ibs.; supposiog the products of combustion 
of the powder to leave the gun with the same velocity as the 
shot, find the velocity with which the gun will recoil, and 
the height to which itwill run up a smooth piane inclined 
15® to the horizon. 

9. Compare the amount of work dono on the gun in the 
preceding example by the explosion of the powder, with that 
done.on the shot. 
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10. A buUet weighing 250 grains is firèd frotn a rifle 
weighiDg 10 Ibs. with a velocity of 1200 feet per second by 
the explosion of 2| drams of powder, Supposing the mean 
velocity with which the products of combustion of the powder 
leave the rifle to be four-fifths that of the shot, and supposing 
the rifle to be brought to rest by an uniform force while it 
kicks through 3 inches, find the force. 

What would be the efiect of placing the shoulder against 
a tree while firing a rifle ? 

11. I{ S he the focus of a parabola whose axis is hori- 
zontal and piane vertical, and if SP be the straight line of 
quickest descent from 8 to the curve, show that SP is in- 
clined at an angle of 60® to the axis. 

12. A particle is projected verticalJy upwards with a 
velocity represented by 5gi find the timo of its reaching 
a height Sg, and its velocity at that height. 

13. A ball is projected vertically upwards with a given 
velocity, and when it has attained half its greatest altitude 
another ball is projected vertically upwards with the same 
velocity from the same point. Determine when and where 
they will meet. 

14. A body describes 75 feet from rest and acquires a 
velocity denoted by 20, with an uniform acceleration denoted 
by 8, in 5 seconds. What are the units of space and time ? 

15. If the number of units of space described by a body 
in the last second of its fall be to the number of units in 
its final velocity as 8 : 9, during how many seconds has the 
body been falling ì 

16. Find the statìcal measure of a force which in half 
a mile would stop a railway train of 120 tons, moving at the 
rate of 25 miles an hour. 

17. AP, AQ are two inclined planes of which AP U 
rough, the coefficient of friction being equal to tanP^^, 
and AQ ìs smooth, AP lying above A Q : show that if bodies 
descend from rest at P and Q they will arrivo at A, (1) in 
the same time if PQ be perpendicular to AQ, (2) with the 
same velocity i( PQhe perpendicular to AP. 
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18. A particle falls freely from A, and a second particle 
is allowed to fall from B, vertically below A, at the instant 
when the first particle ia half-way between A and B. Find 
when and where they will be together, and shew that their 
velocities will then be as 3 : 1. 

19. A point moving with uniform acceleration describes 
20 feet in the half second which elapses after the first second 
of its motion ; compare its acceleration with that of a heavy 
falling particle ; and find its numerical measure, taking a 
minute as the unit of time and a mile as that of length. 

20. A particle has been falling for 40 seconds ; find the 
force which will stop it in 10 seconds ; find also the force 
which will stop it in 10 feet. 

21. A particle falling from rest through a feet, with 
acceleration fi in t seconds, ax^quires a velocity b ; what are 
the units of time and length ? 

22. A body whose weight is W descends vertically, and 
draws an equal body up a smooth piane inclined at an angle 
of 30* to the horizon, the two bodies being connected by an 
inextensible string passing over the edge of the piane ; find 
the velocity of each body at a given time, and the tensión 
of the string. 

If the inclined piane be the upper surface òf a wedge 
résting on a smooth horizontal table, find the force necessary 
to prevent the wedge from sliding along the table. 

23. Two particles are connected by a string which hangs 
over a smooth pulley at the top of a smooth piane inclined 
30° to the horizon, one of the particles hanging vertically 
and the other resting on the piane. If the acceleration of 

eìther be represented by ^ , find the ratio of their masses. 

24. A particle of mass m, acted on by a Constant force, 
has a velocity with which, if it were free, it would describe 
300 feet in one minute, and after 3 seconds it has a velocity 
of 2 feet per second. Find the force referred to a minute 
as the unit of time, a foot being the unit of length. 

25. A series of particles slide down the smooth faces of 
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a pyramid, starting simultaneously from tbe vertex: shew 
that after any time t they are ali on the surface of a certain 

sphere whose radius is 7 ff^» 

26. A particle is projected with a velocity w, and after 
describing a certain space has acquired an additional velocity 
V, but to acquire a second additional velocity v it must de- 
scribe further a space doublé what it described in the first 

V 

instance. Shew that w = « • 

27. A particle of T\feight iP is drawn up a smooth 
piane, inclined 30® to the horizon, by a weight 3P, connected 
with the former by a string passing over the upper edge of 
the piane : find the tension of the string, and the time 
before the first weight arrives at the top of the piane. 

28. During the Ist, 3rd, 5th, ... seconds of a particle's 
motion it is subject to uniform accelerations /, 3/, of, .,. in 
the direction of motion, and during the 2nd, 4th, éth, ... 
seconds its acceleration is zero, Supposing the particle to 
start from rest, find the velocity acquired, and the space 

passed over, in 2n seconds. 

» 

29. A parabola is placed in a vertical piane with its axis 
inclined to the vertical. S is the focus, A the vertex, and 
Q the point on the curve which is vertically below 8. If 
SP be the straight line of quickest descent from the focus 
to the curve, shew that the angle A8P is equal to twice the 
angle P8Q. 

30. Two given points are in the same vertical line: 
shew that the locus of the points in a vertical piane through 
them, from which the times of descent down straight lines to 
the points are the same, is a rectangular hyperbola. 

31. Two particles are let fall at different instants down 
two smooth inclined planes from the same point of the hori- 
zontal ridge in which they meet. Prove that each describes, 
relative to the other, a straight line with uniform acceleìra- 
tion. 

K the direction of the relative motion make an angle 



o* 
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with the piane which bisects the extemal angle between the 
two planes, then 

where a and /8 are the inclinations of the given inclined 
planes to the horizon. 

32. A body moving down a smooth inclined piane is 
observed to fall through equal spaces, a, in consecutive 
intervals of time t^, t^; prove that the inclination of the 
piane to the horizon is 



Sin 



•^1 + -^2 



33. Two weightless planes, inclined respectively at angles 
a and ^ to the horizon, are placed b^k to back on a rough 
horizontal table, and two weights P and Q, whose masses 
are m and m respectively, are placed upon them, being con- 
nected by a string passing over the common vertex of the 
planes. If P predominate, and the motion take place in 
a vertical piane, find the pressure on the planes, and shew 
that they will slide on the table if the coefficient of friction 
be less than 

(m sin a - m' sin ^) (m cos a + m' cos fi) 
(m + m'f — {m sin a + m sin )8)* 

34. Two particles start simultaneously from the same 
point and move along two fixed straight lines, the one with 
uniform velocity, the other from rest with uniform accelera- 
tion. Prove that the line joining the particles at any time 
is a tangent to a fixed parabola. 

35. Shew that if two particles of mass m and mf re- 
spectively be suspended by a string over a smooth pulley> 
the acceleration of their common centre of gravity is 



/m — m \* 



36. Two particles are connected by a string: one of 
them rests on a smooth horizontal table and the other hangs 
over the edge. The system being allowed to move, determine 
the motion of the centre of gravity of the two. 
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37. Two particles are coDiiected by a string which 
passes over a smooth puUey fixed at the top of two smooth 
inclined planes having a common height : supposing that one 
particle moves on each piane, and the whole motion is in 
one yertical piane, find the motion of their centro of gravity. 

38. In a system of n puUeys, in which each hangs by 
a separate string, the power and weight are in equilibrium, 
the power consisting of a suspended weight. If the weight 

be doubled show that its acceleration is -^^r^ > ^^^ puUeys 

being without weight. 

39. Shew that the straight line of quickest descent from 
one curve to another makes the same angle with the normal 
to either curve at the point where it meets the curve. 

40. A number of equal weights are attached at different 
points to a string, and the string then hangs over a smooth 
pulley. Shew that at any subsequent timo the tensions of 
the successive portions of the string are, on each side, in 
Arithmetical progression. 

41. A largo number of equal particles are attached at 
equal intervals, a, to a string, and the whole is heaped up 
near the edge of a smooth table, the particle at one extre- 
mity of the string being just over the edge of the table. 
Shew that, if v be the velocity of the system just before the 
(w + 1)*** particle is set in motion, v is given by the equation 

^,^ga (n + l)(2n + l) 
3 ' n 

Hence shew that in the limit, when a is indefinitely small 
and na finite, the chain will descend with uniform accelera- 

tionf. 



Digitized by VjOOQIC 



CHAPTER III. 

ON PROJECTILES. 

97. In this Chapter we propose to consider the motion of 
a heavy particle projected in a direction inclined to the vertical 
and acted upon by its own weight only, together with some 
problems immediately connected with this subject. 

This is the first case which has come under our notice, 
in which the force acting upon the moving particle, and, 
therefore, its acceleration, are not in the straight line in which 
it is moving. The force is in this case always inclined to 
the direction of motion, and therefore tends continually to 
alter this direction, for the velocity generated in each instant, 
being in the direction in which the force acts, is inclined to 
the direction in which the particle is moving at the beginning 
of the instant. The velocity at the end of the instant wili 
be found by compounding these two velocities according to 
the parallelogrammic law, and its direction will be inter- 
mediate between those of the two components, and will there- 
fore tend to coincide more nearly with the direction of the 
force. Hence the direction of motion of the particle changes 
continuously, tending always towards the direction of the 
force, and the particle will therefore describe a continuous 
curve with its concavity downwards. In the following articles 
we shall neglect the rotation of the earth and the friction 
of the air. 

98. A heavy particle is projected with velocity u in a 
direction mahing an angle a with the horizontal piane through 
the point of projection; to determine the svhsequent motion 
and the point where the particle agaia reaches this horizontal 
piane. 
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The whole motìon will obviously be in the vertical piane 
passing through the line of projection, since there is no 
force tending to make the particle move out of this piane. 
Also since the resistance of the air is neglected, the only 
force acting upon the particle is its weight acting vertically 
downwards. Let m be the mass of particle, w its weight, 
and let the piane of the paper represent the vertical piane 
through .the line of projection. Let B be the point of pro- 
jection ; BT the direction of projection, BG horizontal, and 
let the curve BPAC represent the path of the particle. 




Then since BT is the direction in which the particle begins 
to move, BT must be the tangent to the path at B, Sup- 
pose the velocity of projection u to be resolved into two 
components, viz. uauxa vertically upwards and wcosa in 
the direction BG. 

Now the only force acting on the particle is its weight, 
which acts vertically downwards, and since the change of 
motion produced by a force at each instant is in the direction 
of the force, the velocity generated in the particle during 
each instant of its flight is in the vertical direction, and 
its horizontal velocity remains unaltered throughout, and 
is therefore always equal to ucoa a. 

Again, the acceleration produced by the weight is such 
as to generate g units of velocity in the vertical direction 
during each unit of time. Heoce the vertical component of 
the velocity of the particle at the end of t units of time after 



Digitized by VjOOQIC 



110 PATH OF A PROJECTILE A PARABOLA. 

the projection is UBÌna—gt Also the horizontal veloci ty 
of the particle can have no effect in altering its height 
above BG. Hence the vertical height through which the 
particle will have risen during the time t is, by equation 
(2) Art. (76), equal to 

u&ma.t — ^gf. 

Also the distance through which the particle will have moved 
parallel to jBC in the time ^ is wcosa. t 

Let Pbe the position of the particle at the end of any time 

t, PJf vertical, then PM= u sin a, ^ — ^gi^, and BM= m cos a . t, 

and thus the position of P is determined. 

u sm et 
If we make t equal to , we see that the vertical 

component of the velocity of the particle is zero. The par- 
ticle will therefore at the end of this time be moving hori- 
zontally. Let A be its position; then the tangent to the 
path at A is horizontal. Draw AK vertical. Then we have 



-4^= w sin a. 
1 u^ sin* a 



tfc sin a 1 fu sin aV 



Also 



BK= w cos a . 

9 

_ n' cosa sin g _ 1 w'sin 2a 

g ""2 ^• 

Draw PN parallel to B C. Then PN^ BK-- BM 

1 t*'sin2a 
= H : — w cos a . ^, 

^ 9 

KiidiÀN^AK^PM 

lu^AvL^aL . ^ 1 ^ 
= 2 — g UBma.t+^gt\ 
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TVT Dxr2 tt*sin*2a i*' sin 2a cos a ^ . - o o 

^^T-j 2tt'cos'a .,^ 
.-. PiV^*= .AN. 

SI 

Now since this is independent of ^ it is true for ali 
positions of P. Hence the path is a parabola of which A is 
the vertex, -^JTtbe axis, and whose latus rectum is equal to 

2w*cos'a 

(A). 

Since when the particle is at ^ its motion is horizontal, 
after passing A it will begin to deseend. Hence AKì& the 
greatest height to which it will rise. Therefore if h be the 
greatest height to which the projectile will rise, 

»='^" -m- 

If P be taken on the side of AK remote from A, we 

must write for PN ucosa.t , hence PN^ is the 

9 
same as before, and AN being of the same form as before, 
we bave stili 

Pj^»=2^*>cos^a 

9 

which shews that after passing A the particle continues to 
move in the same parabola as before. Hence KG is equal 
to BK, and 

BC^2BK 

if sin 2a 



Hence if r denote the rango on the horizontal piane 
through the point of projection, we bave 

w' sin 2a / ^x 

r^ — - — (C^). 
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The focus will be in AK at a depth below A equal to 
one-fourth of the latus rectum. Hence the heìght of the 
focus from the ground is 

AK--' 



^9 

u* (sin* a — cos' a) 

u^ cos 2a 



'^ 



.(D). 



The directrix will be a line parallel to BC and at a heJght 
above A equal to one-fourth of the latus rectum, Hence the 
height of the directrix above the ground is 

it'(sin'a + cos'a) 



25^ 



•(^). 



^9 ■■■ 

and it is therefore at such a height that if the particle were 
projected vertically with veloci ty u it would just reach the 
directrix, Hence if a number of particles be projected from 
B in the same vertical piane and with the same velocity bnt 
in dififerent directions, the parabolas described by them will 
ali bave the same directrix. 

99. The proof that the path of a projectile is a parabola 
is generally given somewhat as foUows. 




Let the piane of the paper be the vertical piane of pro- 
jection, BT the direction of projection making an angle a 



Digitized by VjOOQIC 



PATH OF A PROJECTILE A PARABOLA. 113 

with the horizontal line BG, Let u be the velocity of pro- 
jection. Suppose the velocity of the partiole alWays resolved 
into two components, one in the direction BT, and the other 
vertically downwards. Now since the only force acting on 
the particle is its weight, which aots vertically downwards, 
the velocity generated in each instant is always vertical, 
and due to a Constant acceleration g. Hence during any 
particular instant it is only the vertical component of the 
particle's velocity which is affected, and this being true for 
each instant, it foUows that throughout the motion the 
vertical component of the velocity is uniformly accelerated 
while the component in the direction BT remains the same, 
and is therefore always equal to u. The vertical component 
of the velocity which is zero at the commencement of the 
motion will be denoted by gt at the end of t seconds. 

Now since the particle moves with a Constant velocity u 
in the direction BT, and this velocity is independent of its 
vertical velocity, it will, in t seconds, on account of this com- 
ponent of its velocity alone bave moved through a space ut 
Take BT equal to ut and draw TiT vertical. Then since the 
other component of the particle's velocity is vertical, the space 
passed over during each instant by the particle on account 
of this second component of its velocity is always vertical, 
and this being true for each instant during its flight, it follows 
that the space passed over by the particle during any time 
t op account of the second component of its velocity only is 
in the vertical direction. Hence at the end of the time 1^ 
the particle must lie somewhere in the straight line BK. 
Let Q be its position. Now the distance ^(J will be 
equal to the space passed over by the particle in the time t, 
on account of the vertical component of its velocity. But 
this component at the end of any time t is equal to gt, hence 
the space passed over from rest by the particle in t seconds 

moying with this component of its velocity only is ^gf. 
Therefore TQ^^gf. Draw jB 7 vertical, and (JF.parallel to 
BTl Then QV=BT^ut,andBV^,QT=^gf, 

G. D. ' S 
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9 

and — ìs a Constant quantitj. But in the parabola 

QF» = 4fiP . PV (Besant's Conics, page 33). Therefore, the 
curve is a parabola whose axìs ìs vertical and vertex up- 

wards, and the distance of B from the focus is—- , which,Ì3 

therefore also its distance from the directrix. 

100. Assuming the path of a projectile to be a parabola, 
we can at once find the latus rectum and the position of the 
focus. The letters used to designate the equations are the 
same as in Art. 98. 

Resolving the velocity always into two components, the 
first horizontal and the second vertical, these two components 
at the end of t seconds from the commencement of the motion 
are respectively u cos a and w sin a — gt. The point is moving 
horizontally and is therefore at the vertex A (see figure, 
Artide 98) of the parabola when its vertical velocity is zero, 

that 18 when t = • We have then 

9 

AK=usbia.t—^gf 



2g "• 
and BK==ucosa.t 



(B), 



__w*cosa8Ìna 

9 
But since the curve is a parabola ìf { be the latus rectum, 
we must have 

.'.l^^^ (A). 
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The range is equal to twìce BKy since the parabola is 
sjmmetrical about AK. Hence if r be the range, 

2u' cos a sin a 



9 

u^ sin 2a 



.(C). 



9 

In order that the range may be a maximum we must 
have sin2a = l, and therefore a = 45^ Hence for a given 
velocity of projection an elevation of 45® gives the greatest 
horizontal range, 

] 01. The directrix being at a height above A equal to 
one-fourth of the latus rectum, its height above BOi& 

'i » 

Now the height of Q above BG at the end of the time t 
is ttsinaJ— ^grf*. Hence the distance of Q below the direc- 
trix is 

w* 1 

— ^usma.t + ^ge (F), 

Also the velocity of the particle is the resultant of its hori- 
zontal velocity tócosa, and its vertical velocity wsina — ^r^, 
and these are at right angles. Hence if v denote the velocity 
of the projectile at the end of the time t, 

f) = {u* cos*a + (u sin a —gty}^ 

:={u*-2u8Ìna.gt+gV}^ (G), 

Now the distance, S, of Q below the directrix is given by 

r. u* . 1 , 

>S^=2^-wsma.« + 2^«", 

and the velocity, F, of a particle falling freely through this 
vertical height is given by the equation 

.•. P « tt* - 2i< sin a .gt +^t\ 

8-2 
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116 EXAMPLES OF PROJECTILES. 

Hence the velocity of the projectilè at any time is that due 
to falling from the directrix to its position at the time. This 
is in accordance with the principle, that the increase of the 
kinetic energy of the body is equivalent to the work done 
by gravity upon it. 

• 102. Dee. The angle which the direction of projection 
makes with the horizontal piane through the point of pro- 
jection is called the elevation of projection. 

We will now apply the methods and results of the pre- 
ceding artieles to some examples. 

A bullet is projected with a velocity of 1000 feet per 
secònd at an elevation of 15°. Find its range on the hóri-^ 
zontal piane through the point of projection, neglecting the 
resistance of the air, 

^ The range r is given by the equation 
r feet = feet 

1000000. I 
= — — — — feet 

^1000000 

àssuming g equal to 32. 

The range is therefore 5208J yards. Of course in the 
case of bodies moving with su eh great velocities^as 1000 feet 
per second, the resistance of the air is very great indeed, and 
the above result is practically worthless. The effect of thè 
resistance of the air upon cannon shot is such, that the 
maximum range is obtained when the elevation of the line 
of fire is about 30°. 

103. A particle projected at an elevation or, arid ivith 
velocity u, strikes a fixed vertical piane perpendictdar to the 
vertical piane of projection^ and at a distance k from the 
point of projection. Find the heigkt at which it strikes. 



Digitized by VjOOQIC 



feet. 



I5XAMPLES OF PROJECTILES. 



117 



The horìzontal velocity of the pai-ticle remainé Constant 
and equal to u cos a. Hence if t be the time elapsing after 




the instant of projection and before the particle reaches the 
piane, we bave 

h 



< = 



t^cosa 



The height to which the particle will rise in this time is 
given by the equation 

s = w sin a . ^ — ^ ^rr, 

or substituting for <, 

1 ^•* 

which determines the point where the particle strikes. 

104. Suppose li required to find the point where a prò- 
jectile will strike a horizontal piane at a distance h below 
the point of projection. 

Let, as before, u be the velocity and a the elevation of 
projection. The time t in which the particle will rise to 
a height s above the point of projection is given by the 
equation 

s = usuia.t — ^gt\ 
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In this case we must write — h for 8, since the piane ìs 
below tlie point of projection ; we bave then 

ggri* — MSÌna.< = A; 



w sin a + s/^gh + w* sin*a 
9 

Taking the positive value of t and therefore the upper sìgn 
of the root in the above expression, we bave 

w sin a + V2^A + m* sin^a 



and the horizontal distance from the point of projection of 
the point at which the particle strikes the piane is 

^^ u^ sin a . cos a + 1^ cos oc \/2gh H- u* sin*a 



105. If it be required to find the direction of the 
particle's motion when it strikes the piane, we bave only to 
end the vertical and horizontal components of its velocity 
at the instant. The horizontal compo nent is u cos a, and the 
vertical component gt — u sin a, that is '^2gh + u* sin^a. Hence 
the tangent of the "angle which the direction of motion makes 
with the normal to the piane is 

«cosa 



V2^A + M^sin^a 



106, A particle is projected vrith velocity u at an eie- 
vation a, it is required to find the distance from the point 
of projection of the point where it strikes a plan^ through 
the point of projection, inclined at an angle to the horizon, 
cund perpmdicular to the vertical piane of projection of the 
particle. 
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BANGE ON AN INCLINED PLANE. 119 

Let BP represent the inclined piane, and P the point of 




impa<5t. Let t be the time of flight before reachmg P. Draw 
PM perpendicular to B C. Then 

BM^ucosa.t and PM=u sìna .t —^gt^ 

But since P lies on the piane, PM= PJ/tan 0. 
Therefore 



usma,t — -^gf 



or 



tana — 



u cos a . t 
2u cos a 



= tan 0, 



/. e = (tan a — tan^ • 
Hence BM =ucosa*t = 



tan 0; 
2u cos a 

2m^ cos' a 



(tana — tan ^J, 



and 



PP = 



P^ 

cos^ 



2w' cos'ha.. . /jv 

= jr- (tan a — tan 0), 

gQQB0 ^ ^ 

which gives the rango on the inclined piane. 
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Ttis expression for the range we may put into another 
forni, thus : — 

?/* 
BP— T^ (2 sin a cos a — 2 cos" a tan 6) 

2 

= n-;t (sin 2a cos ^ — 2 cos^ a sin 6) 

g cos'' é^ ^ 

= r-^ (sin 2a cos — cos 2^ sin 6 — sin ^) 

a cos* ^ ^ 



p^{sin(2a-^-sin6}. 



^rcos 

Now if the inclination of the piane, that is 6, be invaria- 
ble, this expression is greatest when sin (2a — 6) is greatest, 
that is when 



2a-^ = |, ora = l(f+^), 



Hence the greatest range is obtained on an inclined piane 
when the direction of projection bisects the angle between 
the piane and the verticale 

107. We have shewn that the velocity of a projeetile 
at any point of its path is that which it would gain in falling 
freely from the directrix of the parabola which it describes, 
to the point in question. Hence if a number of particles 
be projected from the same point, in the same vertical piane, 
and with the same velocity u, ali the parabolic paths described 
by the particles will. have the same directrix whose height, 
hy above the point of projection is given by thè equation 

u^-='lgh. 

Let P be the point of projection, draw PL vertical and of 

11 

length equal to — . Through L draw LM horizontal and in 

the piane of projection. Then LM is the directrix of each 
of the parabolic paths or trajectories. Now since the patii 
of each particle passes through P, its focus must be at a 
distance from P equal to Pi, and therefore He on the circle 
LKFy whose centre is P and radius PL. This circle is there- 
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fore 'the locus of the foci of ali the paths which can be 

X M jsr é? 




described by particles projected from P with velocity u in 
the vertical piane containing LM, 

108. Suppose we wish to ìBnd the range on an inclined 
piane PG passing through the point of projection. Let H be 
the focus of the parabolic path. Then if R be the point in 
PQy which is equidistant from ZT and the directrix LM^ R will 
be a point on the parabola, and PR will be the range. Since 
the tangent to a parabola at any point P bisects thè angle 
between the focal distance of P and the perpendicular from 
Pon the directrix, if ZTbe the focus the direction of projec- 
tion will bisect the angle HPL. 

In order that PR may be a maximum, P, H and R must be 
in one straight line. Hence if 8 be the point at which the 
circle LKFcnÌH PG, 8 will be the focus; and if >S^ be equal 
to QN, PQ will be the greatest range which can be obtained 
on the piane PG, the velocity of projection being u. The 
direction of projection in this case bisects the angle 8PL, 
that is, the angle between the inclined piane and the verti- 
cal, which is the condition for a maximum range which we 
found in Art. 106. 

109. Suppose it required to find the point where the 
projectile strikes a given piane not passing through the point 
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of projectioiL Let P be the point, and PT the direction, of 
projection, and u the initial velocity. Let HQ be the line of 




intersection of the given piane with the vertical piane of pro- 
jection, which we take as the piane of the paper. Draw 



vr 



PL vertically upwards, and make it equal to g- . 



Through 

L draw LM horizontal. Then LM is the directrix of the 
parabola described by the projectile. With centro P and 
radius equal to PL describe the circle L8H, Then the focus 
of the path must lie on this circle. Make the angle TP 8 
equal to the angle LPT, Then 8 is the focus, and if Q be 
the point in EQ equidistant from ^S' and the line LM, Q will 
be a point in the path of the projectile. Hence Q is the 
point where the particle meets the piane. 

Q is of course the centro of the circle which passes through 
8, touches the line LM, and whose centro lies on HQ. It 
may be found geometrically by producing LM and HQ till 
they meeb in 0, joining 08, in HQ taking any point R, and 
with jB as centro describing a circle touching LO, and cutting 
80 in F. Then if 8Q be drawn paraJlel to VR and 
meeting OH in Q, Q will be the point required. 

110. In order that the point where the projectile meets 
the piane HQ may be as far as possible from P, the direction 
of projection must be such that OSQ is a straight line. For 
if we suppose any other direction of projection to givo a 
greater rango on the piane, let 8' be the focus of the parabola 
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and Q the point wliere the projectile meets the piane. Then 
S'Q' is obviously greater than SQ, But since Q' is a point on 




a parabola whose focus is 8* and directrix LM\ 8'Q must be 
equal to QM\ Therefore QM' is greater than QJf, which is 
obviously not the case. Hence the conditions of the problem 
will be satisfied when P8Q is a straight line. Q will then 
be the centro of the circle which touches the line LM and the 
circle LSHy and has its centro on the line HQ. 

To find Q geometrically produce PL to K, making LK 
equal to PL. Draw KN parallel to LM. By the construc- 
tion given in the last article find Q the centre of the circle 
which passes through P, touches KN, and'has its centre on the 
line HQ. Then Q is the point required. For if QN be 
drawn perpendicular to KN and cutting LM in M, QN is 
equal to QP. But if S be the point where QP cuts the circle 
LSH, PS is equal to MN. Hence QM is equal to Q8, and Q 
is the point required. 

K PThe drawn bisecting the angle QPL, PT will be a 
tangent to the parabola at P, and hence PT will be the 
direction of projection. Also QSP being a focal chord, since 
tangents at the extremities of a focal chord of a parabola in- 
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tersect at right angles in the directrix, ^Twillbe the tangent 
at Q, and will be at right angles to Pl\ Hence QT ìs the 
direction of-the particle's motion when it meets the piane 
HQ, and we see that if the particle be projected so that the 
point where it meets any piane HQ may be as far as possible 
from the point of projection, the direction of its motion when 
it meets the piane is at right angles to the direction of pro- 
jection. 

The curve described by a projectile is frequently called a 
trajectory. 

111. Eeferring to the figure of the precedi ng article, since 
^^is equal to QP, it foUows that Q is a point on the para- 
bola whose focus is P and directrix KN. Hence if with P 
for focus and L for vertex we construct a parabola, the point 
Q at which this parabola cuts any piane will be the point on, 
that piane farthest from P to which a particle can be thrown 
with the given initial velocity. 

Again, since TQ is at right angles to PT, it follows that 
QT bisects the angle PQN, Hence QT is the tangent at 
Q to the parabola whose focus is P and vertex L. But it has 
been shewn that QTis the tangent at Q to the parabola de- 
scribed by the particle projected from P so as to pass through 
Q, Hence these two parabolas touch at their common point 
Q. The parabola whose focus is P and vertex L therefore 
touches each of the parabolas described by particles projected 
from P, with velocity u, in different directions in the vertical 
piane of the paper. The various trajectories through P will 
therefore ali lie within the parabola so described, and will 
each touch it at some point. In such a case the extemal 
curve is said to envelope each of the inner curves, and is 
called their envelope. The annexed figure represents the 
series of curves in question. 

If we suppose the whole figure to revolve about the line 
PLy we see that the trajectory of a particle projected 
from the point P with velocity u in any direction in space 
lies entirely within, but touches the paraboloid of revolution 
generated by the enveloping parabola. 

A fountain, proceeding from a rose jet, consists of a series 
of particles of water projected with something like the same 
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velocity in different directions, and the general ontline of tlie 

L 




jet approximates more or less nearly to the above figure. As 
a general rule in fountains the very oblique jets are not'pre- 
sent, and the general outline is therefore much narrowed, 
consisting only of the portion of the figure near the axis. 
The upper part of the jet however corresponds to thq en- 
veloping parabola. 

If a bombshell were to burst at P, the lines of the above 
figure might approxiniately represent the paths described by 
the fragments. 

112. If a particle of mass m be projected along a smooth 
piane inclined at an angle 6 to the horizon, the resultant 
force upon it at every instant while in contact with the piane 
is the resolved part of its weight acting down the piane, that 
is, mg sin 6. Hence the motion of the particle will be that of 
a projectile acted upon ahvays by an acceleration uniform in 
magnitudo and direction, and denoted by g sin 0, The direc- 
tion of this acceleration is of course perpendicular to the 
horizontal line drawn *on the piane, and passing through the 
point of projection. Hence, if u be the initial velocity, and 
a the angle which the direction of projection makes with the 
horizontal line through the point of projection lying in the 
inclined piane, the particle will describe a parabola whose 
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latus rectum is ^— ^ ; the greatest height measured up 

2*2 

the inclined piane, to which the particle will rise, is ^ — ^-~^> 

the range upon the horizontal piane through the point of 

proiection is ; — -^ : the directrix is a horizontal line in 

^ •' ^sin^ ' 

the inclined piane at a distance ^^ — i — ^ from the point of 
^ 2g sin ^ 

projection; the time before the particle reaches the horizontal 

piane through the point of projection, which may be called 

the time of flight, is ^~^> ^^^ ^^ velocity at any point is 

that due to sliding down the inclined piane from the directrix 
to the point in question. These expressions may be at once 
obtained by substituting g sin 6 for g in the corresponding 
expressions of Art. 100, the two problems being precisely the 
same, except that the piane of motion being inclined, in this 
case, instead of vertical as in Art. 100, the acceleration under 
which the particle is moving is g sin instead of ^r. 

We bave seen that the greatest height, measured up the 

inclined piane, to which the particle attains is >. — ; — ^i, 
-^ ^ 2g sin 

Hence the greatest height, mqjisured verticaUy, to wnich it 

rises is — t^ , since is the inclination of the piane. Hence 

the particle rises to the same vertical height as if it had been 
projected from P with velocity u at an elevation a, and its 
motion had been in a vertical piane. 

Again, the distance of the directrix from P, measured up 

the piane, is ^ — =— s- Hence its vertical height is —, and 

it foUows that the velocity at any point of the paraboUc path 

u* 
is that due to falling freely from a piane at height ^ above 

the point of projection. This result is the same as for a par- 
ticle projected and moving in a vertical piane, and shews that 
in this, as in other cases, the change of the particle's kinetic 
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energy is simply equivalent to the work done upon it by 
gravity, 

113. In ali the above cases of motion, the component of the 
velocity of the moving point in the direction perpendicular to 
that of the resultant force remains always Constant. Hence 
the time taken by the particle to move from any one to any 
other point in its path will be found by drawing straight lines 
through these points parallel to the direction of the resultant 
force. Then ^the numerical measure of the distance between 
these two lines, divided by the numerical measure of the 
particle's velocity perpendicular to them, will give the mea* 
sure of the time of flight from the one point to the other. 

114. As examples of the preceding Articles we may take 
the following. 

Ex. 1. The greatest range afa rijk bvllet on level ground 
18 20000 feet, Find its initiaì velocity; and its maximum range 
up an incline of 30*, neglecting the resistance of the air. 

The range on a horizontal piane is a maximum when 

the elevation of projection is 45^ The range is then — , if w 

u* ^ 

be the initial velocity. Hence — = 20000 ; 

:. M*=200005r 

= 640000; 

.-. u = 800, 

The velocity of projection must therefore be 800 ft. per 
second. 

Again, it has been shewn that the range up an inclined 
piane through the point of projection is a maximum when 
the direction of projection bisects the angle between the 
piane and the vertical, and the range is then represented by 
the expression 

2tt'cos*a,, , Av 
3- (taa a- tan ff), 
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where d is the inclination of the piane, and a the elevation of 
projection. (See Art. 106.) In the present case d = 30^ and 
the range being a maximum, a is therefore equal to 60^ 
while u is denoted by 800, Hence the expression for the 
ranore becomes 



2.f800)^cos'60' 



!/ 



. cos SO' 

^ 2.64000 
16.V3.4 
20000 . 2 



(tan60'-tan30*) 



3 

40000 
""3 
= 13333-3. 

Or the range on the inclined piane is 13333*3 feet, that 
is, two-thirds of the range on the horizontal piane. 

115. A simpler way of treating the latter portion of the 
problem is the foUowing ; and it has the advantage of not re- 
(|uiring the general expression for the range on an inclined 
piane through the point of projection. 

Let PQ he the line along which the range is required, 
the inclination of FQ to the horizon being 30^ Let Q be 




the point where the particle strikes the piane. Then assuming 
that F2\ the direction of projection, bisects the angle QPL, 
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that Is, the angle between PQ and the vertical, we have the 
augle TPR equal to 60^ Hence the vertical component of 
the particle's initial velocity is u sin 60^ and the horizontal 
component, which remains Constant, is u cos 60®. Let t be the 
time of flight from P to Q. Then the height to which the 

particle will rise in the time ^ is u sin 60" . < — -^ . Therefore 
QR==usm60\t-'lgf. 

JL 

Again, the horizontal yelocity being Constant and equal 
to w cos 60", we have 

PJB = w cos 60' . t. 
But since the angle QPR = 30", ^JJ = PJJ tan 30» ; 

:. « sin 60». « -55r^ = u cos 60'. «.tan 30»; 



And V(ì 



:. 3tt 


-'<[%. gt^u\ 






. 2» 

•••'Vr 


* 


FR 


u cos 60\ r 




cos 30» 


cos 30' 
u 2u 
"V3'(/V3 






= | = |20000, 


as before. 



116. Ex. 2. Twoballsareprqjectedfromthetopofatoiuer, 
each with a velocity of 50 feet per second, the first at an eleva- 
tion of 30' and the second at an elevation of 45'. They strike 
the ground at the sanie point : find the height of the tower. 

Let AP represent the tower, and let Q he the point where 
the balls strike the ground. Let the length of ^Q be a feet, 
O. D. 9 
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and let x feet be the height of the tower. Sinee the first 
particle is projected with a velocity of 50 feet per second, at 



an elevation of 30*^, the horizontal component of its velocity 
is 50cos30", or 25 VS feet per gecond, Hence its time of 

flight from P to Q is -= seconds. Now the height to 

25V3 *^ 

which the particle will rise in t seconds is 

50sin30^«-|5r«'feet (1). 

and substituting - — _ for t in this expression, we bave for 
the height AP the expression 
1 



rir-j^ feet. 



2-^*2a*.3^ '25^/3 

Again, the horizontal velocity of the second particle is 

50 
50cos45^ that is-7=:feet per second. Hence its time of 
V2 ^ 

CL /2 

flight from P to ^ is -^ seconds, and the height above P to 

which it will rise in this time is found by substituting this 
value for t in the expression 
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Hence we obtain for the height of AP in feet the expression 

1 2^_50 a VI . . 

2^*50" V2' 50 ^ ^' 

These two expressìons, (1) and (2), for the'height of AP 
must of coLirse be equivalent. Hence equating them we bave. 



or 



^50^"^~^6.25'"V3' 

/ a _ a \ ^ V3 - 1 . 
^^50"' ti. 257 



a = 



V3 
V3-1 3.50' 

va • g 

2500 (3 -V3) 



Substituting this value of a in either of the above ex- 
^pressions for the height AP, we obtain for this height 

= (2-V3).(3-v'3)^ 

and if we take ^r = 32 we obtain for the height of the tower 
26-542968... feet. 

This last example is nseful as indicating how such 
questions may be solved, without any reference to the para- 
bola, by simply considering the horizontal and vertical mo- 
tions independently, and finding the timo of flight. 

117. Ex. 3. A shot Ì8 fired at an elevcUion ofSO^ so as 
to strike an object at a distanGe of 2600 feet, aiìd on an ascent 

9—2 
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of 1 in 40. Fina the velocity of projection, neglecting the 
resistance ofthe air, 

This is of course equivalent to finding the velocity of 
projection in order that the range on a piane through the 
point of projection inclined to the horizon at the angle 

sin"* jTT may be 2500 feet, the direction of projection being 

inclined at an angle of 30" to the horizon. We may there- 
fore at once use the formula of Art. 106 for the range on an 
inclined piane, or we may proceed thus : — 

Let u be the velocity of projection. Then - is the 

horizontal velocity of the shot. Now the horizontal distance 
between the ppint of projection and . the object hit is 

2500 -^^ — .,. ' feet. Hence the timo of flight is 

2500 ^7— -^ seconds 

125V533 , 

f = — seconds. 

. w 

Now the vertical velocity of the shot, initially, is u sin 30^ 

that is, 2 . Hence the height to which it will ascend in the 

above time is 

.« 125V553 1 125'. 533. , 

2- u 2^'-^-^;? — ^^^^ 

-^25 /— - 1 125*. 533. ^ 

But the height of the object above the point of projection 
is -^Q- feet, since it lies on an incline of 1 in 40. Hence we 
must bave • 



^^'5 a/ìqq 1 125». 633 2500 
-ò-.V533-^5r. -. — 



40 ' 

Digitized by VjOOQIC 



EXAMINATION ON CHAPTER III. 133 

-«-^. 125^ 533. ^^ ^ 



^ * 2500(V533-1) 

whence w = 310'6..., or the velocity with which the shot 
must be fired is 310*6... feet per second, g being taken equal 
to32. 



EXAMINATION ON CHAPTER III. 

1. What is the greatest height to which a particle will 
rise if projected at an elevation of 30" with a velocity equal 
to that which it would gain by falling freely through a verti- 
cal height of 100 feet ? * 

2. Shew that, at any lime during its flight, the kinetic 
energy of a particle projected with given velocity depends 
only on the vertical distance above or below the point of 
projection, and is independent of the elevation of projection. 

3. Find the rango in vacuo of a rifle-bullet projected 
with a velocity 1200 feet per second, the direction of projec- 
tion making an angle sin"^ — with the horizon. 

4. A particle is projected at an elevation of 60® with a 
velocity of 200 feet per second. Fiod the latus rectum of 
the parabola which it describes, and the height of the focus 
above the horizontal piane through the point of projection. 

6. A number of particles are projected from a point with 
different velocities and in different vertical planes, but at 
the same elevation. Shew that the foci of their subsequent 
paths ali lie on a right circular cono. 

6. Find the direction in which a stono must be projected 
with a velocity of 80 feet per second in order to strike a 
small bird on the top of a vertical polo 20 feet higher than 
the point of projection, and 30 feet in front of it. 

7. A particle is projected from the lo west point of a 
smooth inclined piane, 40 feet in length, directly up the piane, 
with a velocity of 50 feet per second, and, passing over the 
edge of the piane, describes a portion of a parabola. If the 
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inclination of the piane to the horizon be 45^ find the point 
where the particle will strike the horizontal piane through 
the point of projection. 

8. A particle is projected along a smooth piane inclined 
30* to the horizon with a velocity of 100 feet per second, and 
meets the horizontal piane through the point of projection at 
a distance of 625 feet from that point. Find the direction of 
projection. 

9. A train ìs moving at the rate of 30 miles an hour, 
and a person in one of the carriages projects a ball vertically 
upwards with a velocity of 8 feet per second. Find the latus 
rectum of the parabola which the Bàli will describe. 

10. The earth's equatorial radius being 3962*5 miles, ìf 
a particle be allowed to fall from the top of a mast at the 
height of 100 feet above the deck of a ship, find where it will 
meet the deck. 



EXAMPLES ON CHAPTER III. 

1. Determine the direction and velocity of projection 
that a shot may strike the ground after 16 seconds at a dis- 
tance of 9000 feet from the point of projection. 

2. A piane is inclined at an angle of 30® to the horizon : a 
particle is projected from a point in it in a direction making 
an angle of 60* with the horizon. Compare the ranges on the 
piane when the particle is projected up the piane, and when 
projected down it. 

3. A particle is projected with a velocity ^g at an 
elevati on of 60*; find the direction of its motion when at 
a height é^r, and its distance from the point of projection at 
that time. 

4. Given the time of flight of a particle on a horizontal 
piane ; find the greatest height to which it rises. 

5. A body is projected horizontally with a velocity 4gr 
from a point whose height above the ground is IQgx find 
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the direction of its motion (1) when it has fallen half way 
to the ground, (2) when half the whole time of falling ha» 
elapsed. 

6. A shot is fired with a velocity of 1000 feet per second 
against a tower, whose height is 100 feet, and horizontal dis- 
tance from the gun one half the greatest rango which can be 
attained with the given velocity of projection. Find between 
what limits the angle of projection must He in order that 
the shot may hit the tower, neglecting the resistance of 
the air. 

7. Heavy particles slide down chords of a vertical circle 
from rest at the highest point. Show that the locus of the 
foci of the parabolic paths they describe after leaving the 
chords is a circle, and that of their vertices is an ellipse 
whose axes are in the ratio of 2 to 1. 

8. Two particles are projected simultaneously from the 
game point in directions which are in the same vertical 
piane; shew that, if they impinge on each other afterwards, 
the iatera recta of their paths must be equal. 

9. If particles be projected from a point with the same 
velocity the foci of the parabolas described lie on the surfaco 
of a sphere. 

10. Particles are projected from the same point and in 
the same piane so as to describe equal parabolas: shew that 
the vertices of their paths lie on a parabola. 

11. A heavy particle is projected from a given point in 
a given direction so as to touch a given straight line. Give 
a geometrical construction for determining the point of con- 
tact, and the elements of the trajectory. 

If the direction of projection be not fixed, find the tra- 
jectory, so that the velocity of projection may be the least 
possible. 

12. A particle is projected with given velocity: find the 
elevation of projection that its direction of motion may be 
horizontal when it strikes a given inclined piane through the 
point of projection. 
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13. A ball is projected horizontally from the top of à 
staircase, each stair of which is a feet high, and e feet broad, 
with a yelocity represented by J'Zgnc ; find from which step 
it will first rebound. 

14. From a point in a fixed horizontal line, a particle is 
projected with a given veloci ty, along an inclined piane 
passing through the line, so that its horizontal rango may be 
the gi'eatest possible. If the inclination of the piane is varied, 
the locus of the vertex of the parabolic path will be a hyper- 
bola. 

15. If T be the timo in which a projectile passes from 
any point P to the vertex of its parabolic path, and t the 
time of falling, under the action of gravity only, from rest at 

. the vertex to the focus, shew that r^ + f varies as the dis- 
tance of P from the directrix. 

16. A particle is projected at right angles to an inclined 

piane with the velocity which would be acquired in falling 

g 
freely through a space equal to tt of the range on the piane, 

find the inclination of the piane. 

17. From a point on an inclined piane two particles are 
projected with the same velocity in the same vertical piane 
in directions at right angles to each other; shew that the 
difference of their ranges is Constant. 

18. If a body.be projected at an angle a to the horizon 
with a velocity equal to g, its direction of motion is inclined 

at an z ^ to the horizon at the end of the time tan ^ , and at 
the z -^— at the end of the time cot ^ . 

19. ABG\^ a right-angled triangle in a verticd piane 
with the hypothenuse AB horizontal. A particle projected 
from A passes through G and falls at B; shew that the angle 
of projection is tan"^ (2 cosec 2-4), and that the latus rectum 
of the path described is equal to the height of the triangle. 
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20. If a particle impinge perpendicularly on a piane 
througli the point of projection inclined at an ^ a to the hori- 
zon, shew that its range on the piane is equal to 

2v^ sin a 

where v is the velocity of projection. 

21. A particle is attraeteci to one centre of force and re- 
pelled by another, both forces varying as the distance : shew 
that if the absolute intensities of the forces are equal, the path 
of the particle is a parabola. 

22. Heavy particles are projected horizontally with dif- 
ferent velocities from the same point : shew that the extremi- 
ties of the latera recta of the parabolas which they severally 
describe lie on a cene, of which the axis is vertical, and the 
vertical angle 2 tan"^ 2. 

23. A smooth rectangle, the lengths of whose edges are 
respectively 20 and 10 feet, is placed with its longer edge 
horizontal and its piane inclined 30^ to the horizon : find 
the velocity with which a particle must be projected from 
one corner so as to leave the piane horizontally at the oppo- 
site corner, and shew that the horizontal range after leaving 
the piane is one-half that described on the piane. 

24. A heavy particle is projected from a point so.as to 
pass through another point not ìq the same horizontal line 
with it. Shew that the locus of the focus of its path will be 
a hyperbola, 

25. A particle slides from rest down a smooth inclined 
piane : shew that the distance from the foot of the piane 
of the focus of the parabola which the particle describes 
after leaving the piane is equal to the height of the piane. 

26. The parabolic paths of two projectiles bave the same 
focus ; if tangents be drawn to the parabolas from any point 
in their common axis, the velocities of the projectiles at the 
points of contact are equal. 

27. If t and t' be the two times of flight on an inclined 
piane through the point of projection, corresponding to any 

Digitized by VjOOQIC 



138 * EXAMPLES. 

glven range short of the greatest, and a the inclination of the 
piane, prove that 

<" + «'* + 2tt'sina 
is independent of a. 

28. How must a ball be projected from a point distant a 
feet from a vertical wall which is e feet high, so that it may 
just pass over the wall at an angle of 45^ with the horizon, 
and fall at a distance of b feet from the wall ? 

29. The time during which a projectile moves from one 
end to the other end of a focal chord is equal to the time in 
which it falls vertically from rest through a space equal to 
the length of the chord. 

30. If a particle be projected at an elevation of 60^ up 
a piane inclined at an angle of 30 degrees to the horizon 
and passing through the point of projection, shew that the 
range in feet is 16 times the square of the time of flight in 
seconds. 

31. Particles are placed along a rod which revolves 
about a hinge in a vertical piane ; when ascending and in- 
clined at an angle of 45° to the vertical the rod is suddenly 
stopped, and the particles proceed to move freely. Shew 
that they wiil ali be in the vertical line through the hinge at 
the same instant ; and that if one particle strikes the hinge 
at the same moment as another reaches the highest point of 
its path, the originai distances of these particles from the 
hinge were as 1 to 4. 

32. Given the point of projection of a projectile and the 
range on a horizontal piane, find a geometrical construction 
for its focus and directrix, in order that it may pass through 
a given point. 

33. Two shots are fired at a tower in parallel directions 
from two points in the horizontal piane through its base, dis- 
tant a and 6 respectively from the tower. They both hit the 
top of the tower. Prove that if the initial velocity be the 

same in each case, the height of the tower is — _-t tan a, where 
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a is the inclination to the horizon of the direction ia which 
the shots are fired. 

SÌ!. Two inclined planes intersect in a horizontal line, 
their inclinations to the horizon being a, ^ : ìf a particle be 
projected frora a point in the former at right angles to it so 
as to strike the latter at right angles, the velocity of pro- 
jection must be 

si^ P V sin a-sin/:^ cos (a + /9) ' 

a being the distance of the point of projection from the inter- 
section of the planes. 

35. A particle is projected with a given velocity in a 
given direction. After what time will it be moving at right 
angles to this direction, and what will be its velocity and 
position at that time ? 

36. Gì ve a geometrical construction for determining the 
two directions in which a particle may be projected from a 
given point A with a given velocity to pass through another 
given point B. 

If the velocity of projection be Jtga^ and if ^> ^ be the 
vertical and horizontal distances of B from -4, shew that 
when these directions coincide 
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118. If a particle of mass m be moving with a velocity 
V, and be retarded by a Constant force which briDgs it to rest 
in time t, then the measure of this force we bave seen to be 

— -. In fact the primary notion of momentum is the effect, 
t 

or produci, of a force acting during a finite time upon matter, 
free to move, and it foUows from the second law of motion 
that that which is produced by a given force acting for a 
given time on any quantity of matter free to move, is always 
the same amount of momentum, and this is proportional to 
the algebraical product of the force and thè time during 
which it acts. Now suppose the time t during which the 
particle is brought to rest to be made very small. Then the 
force required to bring it to rest is very largo, and if we sup- 
pose t so small that we are unable to measure it, then the 
force becomes very great, but we are unable to obtain its 
measure. In this case then we are compelled to adopt some 
other mode of considering the question. Since we are unable 
to measure the time during which the velocity of the par- 
ticle is being destroyed, we leave the element of time out 
of consideration altogether ; the agent which brings the par- 
ticle to rest we cali an impulse, and we measure it by its 
eflfect, that is, by the whole momentum which it destroys. 

Hence it will be seen that the nature of an impulse is 
totally different from that of a finite force, and the two 
things cannot be compared, for the efiect of an impulse is 
the same as the ultimate effect of a finite force acting for a 
finite time. Indeed we bave recourse to the notion of an 
impulse simply on account of our inability to measure very 
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short intervals of time, and to observe >vhat takes place 
during them, there being nothing in nature actually cor- 
responding to our conception of an impulse; for, whenever a 
finite veloci ty is generated or destroyed in nature, a finite 
time is occupied in the process, though we are frequently un- 
able to measure it even approximately. For example, if two 
balls strike one another, each of them will be more or less 
compressed or indented, and they will remain in contact for a 
finite time ; though the harder the balls, other tbings being 
the same, the less will they be compressed, and the shorter 
will be the time during which they will remain in contact. 
We may bere notice that some bodies when they become in- 
dented by impact retain the indentation, while others more or 
less completely resumé their originai form. The first class 
are generally called inelastic, and the second class are called 
eldstic bodies. The scientific defiaiition of elasticity will be 
given below. 

119. Def. Two bodies are said to impinge directty 
upon one another when the surface of either at the point of 
contact is perpendicular to the direction of their relativo 
velocity. 

When this condition is not fulfilled, the impact is said to 
be oblique. 

From the definition of direct impact it foUows that when 
two bodies impinge directly upon one another, the mutuai 
action between them is entirely in the same straight line as 
the velocity of one relative to the other. 

Newton found that if he allowed two bodies to impinge 
directly upon one another, their relative velocity after impact 
bore a Constant ratio to that before impact, so long as the 
materials of which the bodies were composed were unctfanged, 
but was in the opposite direction. The numerical value of 
this ratio is called the coefficient of mutuai elasticity of 
the two substances, and is generally denoted by e. 

If the incidence be oblique but the surfaces of the bodies 
smooth, then the whole action between the two is in the 
direction of the common norma! to the surfaces at the point 
of incidence. In this case the component of the relative 
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velocity of the bodies in the direction of the common normal 
Ì8 changecl by impact in the ratio of 1 to e, and reversed in 
direction, while the component of the relative velocity in a 
direction perpendicular to this remains unchanged. 

Tf the surfaces of the bodies be rough, there is also a 
tangential action betweqn them, and the change in the relative 
velocity is not wholly in the direction of the common normal 
to the surface at the point of contact. 

When e is equal to 1, or the velocity of one body relative 
to the other is the same after impact as before, but in the oppo- 
site direction, the bodies are said to be perfectly elastic. If e 
be equal to 0, or the bodies after impact go on moving toge- 
ther, they are said to be inelasttc. No bodies occurring in 
nature are either perfectly elastic or inelastic. Glass and 
some crystals are amongst the most elastic bodies known, 
while day, putty, &c. bave very little elasticity. 

120. If the two bodies are of the same material, the 
numerical value of the ratio of their relative velocities after 
and before impact is called the coefficient of elasticity of 
the particular material of which they are composed. 

We may remark that the impact of two spheres is direct 
when the line joining their centres at the moment of impact 
is in the direction of their relative motion. 

We shall in this chapter consider the impact of particles 
and spheres against one another and against planes only, and, 
except when the contrary is stated^ we shall suppose their 
surfaces smooth. 

121. The simplest case of impact is that of a particle 
impinging directly upon a fixed inelastic piane. In this case, 
since the coeflScient of mutuai elasticity is zero, the particle 
will come to rest. Now if m he the mass of the particle and 

. V its velocity, its momentum will be denoted by mv, and since 
this is entirely destroyed by the impact, the measure of the 
impulse which the piane exerts on the particle is mv ; and 
since action and reaction are equal and opposite, this is also 
the measure of the impulsive pressure exerted by the particle 
on the piane. 
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122. Next suppose a particle of mass m and moving 
with velocity v to impinge directly on a fixed piane, the eo- 
efficient of elasticity being e. In this case the particle will 
rebound from the piane with velocity ev. The. impulse 
exerted by the piane on the particle must therefore destroy 
the velocity v with which it is moving, and generate a velo- 
city ev in the opposite direction. Hence the whole change of 
the particle*s velocity is numerically equal to v-^ev, and the 
whole change in its momentum to mv (1 + e). Hence the 
measure of the impulsive pressure between the particle and 
piane is mv (1 + e). 

If the piane be perfectly elastic we bave e equal to 1, and 
the impulse is measured by 2mv, 

123. Next suppose the piane on which the particle 
impinges to be moving with a velocity V in the same direc- 
tion as the particle before impact. Then the velocity of the 
particle relative to the piane is v — F before impact, and 
after impact it is e (v — F), but in the opposite direction. If 
we adopt the usuai convention with respect to sign, we may 
denote the velocity of the particle relative to the piane after 
impact by — e (i? — F). The whole change of the velocity of 
the particle is (t; — F) (1 + e), and the change of its momen- 
tum is m(i;— F)(l + e), without regard to sign. This last 
expression is the measure of the whole impulsive pressure 
between the particle and the piane. 

Since the velocity of the particle before impact was v, and 
the change of velocity produced by the impact is (v— F) 
(1 + 6) in a direction opposite to that pf v, it foUows that the 
velocity of the particle a3Fter impact is v — (t; — F) (1 + e), and 
is in the same direction as before, or in the opposite direc- 
tion, according as the sign of this expression is positive or 
negative. 

If e be zero or the piane inelastic, the velocity after im- 
pact is F, as of course it should be. If 6 be unity or the 
elasticity perfect, the velocity after impact is 2F— v, and 
this is in the same direction as before, or in the opposite 

direction, according as Fis greater or less than^ . 
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OBLIQUE IMPACT ON A FIXED PLANE. 



The above investigations are true for spherical balls as 
well as particles, provided that tbeir centres of gravity coin- 
cide witb tbeir centres of figure, and tbat tbey bave no mo- 
tiou of rotation, unless tbeir surfaces be perfectly smooth. If 
the spheres be rougb and tbey bave a motion of rotation, or 
if tbeir centres of gravity do not coincide witb tbeir centres 
of figure, the problem becomes much more complicated, and 
requires the principles of Rigid Dynamics, to wbich subject 
ali problems on the motion of spheres or of any rigid bodies 
of finite dimensions properly belong. 

124. Suppose a particle of mass m moving witb velocity 
V along the line QP to impinge obliquely at P, upon the 
smooth piane AB, the coefficient of elasticity between the 
particle and piane being e, It is required to find the 
motion of the particle immediately after impact, and the 
impulsive pressure on the piane. Let PT be the direction 




of motion after impact, PN the normal at P to the piane. 
Let the angle QPN be denoted by a, and the angle TPN hy 
0, Then the velocity of the particle before impact may 
he resolved into two components, viz. — v sin a along the 
piane, and vcosa perpendicular to the piane. Since the 
piane is smooth it is only the latter component which^ is 
altered by the impact, and tbis is replaced by a' velocity 
ev cos a in the opposite direction. The velocity after impact 
is tberefore the resultant of the two velocities, v sin a along 
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the piane and ev cos a perpendicular to tke piane, and is 
therefore numerically represented by 

V J sin* a + e' cos'* a ; 

and if Pr be the direction of motion after impact, 

vsma 
or cot ^ = e cot a. 

If the elasticity be perfect, or e equal to 1, we bave 6 
equal to a, or the angle of reflexion equal to the angle of 
incidence. 

It remains to determine the impulsive pressure between 
the particle and the piane. The component of the velocity 
of the particle perpendicular to the piane before impact is 
V cos a, and after impact it is ev cos a in the opposite direc- 
tion. The whole change of velocity produced in the particle 
by the impulse is therefore v cos a (1 + e), and the change of 
momentum is measured by mv cos a (1 + e), which ia therefore 
the measure of the impulse. 

125. If a particle impinge obliquely on a rough piane 
whose coefficient of friction is fi, then besides th« impulsive 
pressure there will be an impulsive friction called into play> 
proportional to the pressure, and such that its efFect is tg 
diminish the velocity of the particle parallel to the piane. 

Referring to the figure of tho' preceding Artide, sinco 
the velocity of the particle perpendicular to the piane is 
reversed in direction and diminished in the ratio of 1 to e by 
the impact, it follows as befojre that the measure of the 
impulsive pressure is mv cos a (1 + e). Now the impulsive 
friction called into play ia fi times this, that is 

/i . mv cos a (1 + e), 

and diminishes the particle's velocity parallel to the piane. 
Hence the velocity, parallel to the piane, of the particle after 
impact is vsina — /it;cosa(l +e), Therefore^ if, as in the 

G. D. 10 
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preceding example, 6 denote the angle the direction of motion 
after reflexion makes with the norma!, we have 

, a ev cos a 

cot^ = 



t? sin a — fiv cos a (1 + e) 

e cos a 
sin a — /i cos a (1 + e) ' 



whìch gives the direction of motion after impact, and the 
velocity can be found as in the previous case. 

If the surface upon which the particle impinges be 
curved, the effect of the impact is the same as if the surface 
were replaced by its tangent piane at the point at which 
the particle strikes it. Thus in the preceding Artide, if PJV 
be the normal at P to the surface AB, the whole of the 
reasoning will be equally true whether the surface AB be 
piane or curved. 

126. Hitherto we have considered the obstacle against 
which the moving particle impinges to be either fixed, or 
made to move in such a manner that its velocity is unaflfected 
by the coUision. We proceed now to the consideration of 
the coUision of two particles, or two spheres, each free to 
move. It will be seen that in order that two spheres may 
impinge directly upon one another, the line joining their 
centres at the time of impact must be the line of motion of 
either relative to the oiher. 

Suppose two particles, or spheres, whose masses are re- 
spectively M and m, to be moving in the same direction with 
velocities V and v respectively, of which V is the greater, 
and to impinge directly upon each other; it is required to 
find the motion of each after impact, the coeflBcient of elas- 
ticity being e. 

Let Fj, Vj be their respective velocities after impact. 
Then whatever be the impulsive action between them at 
the moment of impact, the impulse on the first must be 
equal and opposite to tbat exerted on the second. Hence 
the momentum generated in the first must be numerically 
eqtial but. opposite in direction to that generated in the 
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second. Hence, whatever momentum reckoned in the 
positive direction may be lost by the first, the same amount 
must be gained by the second, and vice versa; consequently 
the Algebraical sum of the momenta of the two balls must 
be the same after impact as before. Therefore 

MV^-hmv^^MV-hmv (I). 

Again, the relative velocity after impact is to that before 
impact as — e to 1, and the velocity of the first relative to the 
second before impact is V—v, and after impact it is V^^v^. 
Therefore 

r,-v,=-e{r-v) (II). 

These two equations, (I) and (II), determine V^ and v^. 
From (II) we have 

V, = v,-e{V-v) (HI). 

Substituting in (I) we get 

{M+m)v^=^MV+mv + eM{V'-v) ; 



_ MV+mv + eM{V'^v) 



Hence from (III) 

^'^ M + m ^^^• 

If the balls be inelastic e is zero, and from equation (II) 
we have V^ equal to Vj, or they proceed with a common velo- 
city, in other words they do not separate. Substituting in 
equation (I) we have, in this particular case, 

'^^ "' M + m ^^^''• 

This of course follows immediately from the general 
expressions given above for V^ and v^, by putting e equal to 
in them, 

10-2 
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If the balls before impact are moving in opposlte direc- 
tions, we bave merely to give opposite signs to Fand v. 

It remains to determine the impulsive pressure between 
the two balls, We bave determined the velocity of each 
after impact on the assutoption that the changes of their 
respective momenta are equal and opposite. To find the im- 
pulse we need only consider the change of momentum of one 
of the balls. 

The velocity of the first before impact is V, and after 
impact its velocity is F^, hence the change of its momentum. 
isJlf(F-FJ, thatis 

, -■ ( j^ MV +mv'-em{ F— v) ) • 
\ M + m y 

Hence if J denote the impulsive pressure between the 
balls, we bave 

=i^(^-'')(i+^) ™- 

We may notice that if the masses of the balls are equal 
and the elasticity perfect, or e equal to 1, it follows from 
equations (IV) and (V) that v^= V and F^ = v, or the balls 
exchange their velocities. If in the equations we make m in- 
finite we obtain the same result as in Art. 123, in fact we 
revert to the case of impact against a moving obstacle whose 
velocity is unchanged by the collision. 

127. We proceed now to consider the case of the impact 
of two smooth spheres not moving in the same or in opposite 
directions. We shall investigate only the case in which the 
centres of the two spheres are moving in the same piane. 
The solution of the general case is precisely similar, but the 
geometry is more difficult. 

Let the two spheres be called A and B respectively, M 
denoting the mass of A, and m that of B, 
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Let KQ be the straight line drawn through 0, 0' the 
centres of the spheres at the moment of impact. Let 2)0 be 




the direction in which the sphere A is moving before impact, 
and V its velocity, EO' the direction of motion of B before 
impact, and v its velocity. Let Fj, v^ be their respective velo- 
cities after impact, and OHy OL the directions in which they 
are respectively moving. Let the angles DOK, EOK, BOG, 
LO'Ghe denoted by a, y9, 6, <f> respectively. Let e be the co- 
efficient of mutuai elasticity. 

The velocity of A before impact may be resolved into twò 
components, F cosa along 00' and Fsina perpendicular to 
00\ while that of B may be resolved into v cosyS and v sin ^ 
in the same directions respectively. Now since the spheres 
are smooth, the whole action between them is in the line 00\ 
Hence the components of their velocities perpendicular to 
this line remain unaffected. We bave therefore 

Fsin a = Fj sin ^ ì .. 

vsin)8= v^sm<f>) ^ ^' 

Since action and reaction are equal and opposite, the im- 
pulse upon A is equal and opposite to that upon B ; hence 
the change of A's momentum must be equal and opposite to 
that of the momentum of 5, and the change in each takes 
place whoUy in the direction of the impulse, that is, along the 
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line Off. Hence equating the momentiun lost by A to that 
gained by B, we bave 

Jf ( F cos a — Fj cos 0) = m (v^ cos ^ — v cos fi), 

or -JfF^ cos ^ + 77it;i cos ^ = -JfFcos a +»«; cos )8 (II), 

Also the velocity, in the direction of the impulse, of 
either sphere relative to the other after impact is to that 
before impact as — e to 1. Hence 

F, cos^ — i;jCos^ = — e(Fcosa — t;cos)8) (IH)* 

The four equations (I), (II), and (III) completely deter- 
mine V^, v^, 6 and ^ in terms of the given quantities. 

From equations (II) and (III) we obtain, precisely as in 
the preceding article, 

Tr /% -Jf F cos a + mv cos j8 — em ( Fcos a — t; cos fi) ,tt7\ 
F cos^ = V? ^^ ^••♦(IV), 

^ , -JfFcosa + TnvcosiS+eif (Fcosa — vcos)3) .^j. 
F. cosi = '—^ ^^ ^ •••(>). 

Also from (I) 

Fj sin 6 = Fsin a, 
and Vj sin ^ = i; sin fi, 

hence the components of the velocities of A and B along and 
perpendicular to 00' are known, and the values of F, and v^ 
can be at once written down, Again, from (I) and (I V), 

. ^ Fsina(Jlf + m) ^™.v 

JlfFcosa+mvcos^ — em (Fcosa — vcos/S) ^ ^^ 

. ,_ V sin fi(M+m ) rVTT'^ 

^"" if Fcosa + T/ivcosyS — eJlf (Fcosa — t;cos)8) ""^ ^' 

Hence the direction of motion of each sphere after impact 
is found. 

To find the impulsive pressure between the balls, we ob- 
serve that the momentum of -4 in the direction Off before the 
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impact is MVco8 a, and this is changed by the impulse into 
MV^ cos 6, The measure of the impulse is therefore 

M ( Fcos a — Fj cos 0), 

or, if this impube be denoted by /, we bave 

r ij- (tt ifFcosa + mvcos/S — «m(Fcosa — rcos/S)] 

/=Jfcr -^Fcosa ,7- ^ ^ 

[ M + ìn ) 

= j^(rcosa-i;cos^)(l+e) ..(Vili). 

128. In ali the cases we bave investigated the expression 
for the impulsive pressure involves the factor 1 + e, and is 
therefore greater in the ratio of 1 + e to 1 than it would bave 
been bad e been zero, but ali other circumstances the same. 
Thus, if in any case of coUision, 7' measure the impulse when 
the coefficient of elasticity is zero, and / be the measure of the 
impulse when, ali other things being the same, the coefficient 
of elasticity is e, we bave 

I=r{l + e). 

Now if we examine somewhat more closely into what 
takes place when two bodies strike one another, we find that, 
in the first place, each of them becomes compressed or in- 
dented, but if they are elastic they subsequently recover more 
or less completely their originai form. If they are inelastic 
they remain indented, and move on together with a common 
velocity. Now up to the instant of greatest compression the 
action is the same whether the balls are elastic or inelastic, 
and therefore at this instant, even though the balls be elastic, 
they will be moving with a common velocity, and the chango 
of momentum produced in either ball up to this instant will 
be the same as though they were inelastic. The impulse 
required to produce this change of momentum is sometimes 
called the ** force of compression" We bave denoted it by 
/'. Now in the case of elastic balls, after the compression, or 
indentation, has attained its maximum, the balls begin to 
recover their form. The parts which bave been compressed 
consequently swell out against one another, and the force 
which they exert on one another serves to separate the balls. 

Digitized by VjOOQIC 



152 FORCES OF COMPRESSION AND OF RESTtrUTION. 

This force is sometimes called the ''force of restitution" 
The time taken by the balls to recover their form, and there- 
fore the time during which this force acts is so short, that we 
are unable to measure it, and we are consequently compelled 
to estimate the force of restitution, like that of compression, 
by the whole momentum generated by it ; in other words, to 
consider it as an impulse. Let this impulse be denoted by* 
/". Tben the whole change of momentum produced in 
either ball during the impact is that due to the force of com- 
pression, together with that due to the force of restitution, 
and is therefore numerically equal to /' + /". Hence 

i=r+r. 

But 7=r{l+e); 

therefore /" = eT, 

or the force of restitution is equal to e times the force of 
compression. If e equal unity or the elasticity be perfect, 
the forces of restitution and compression are equal. 

In many treatises the coefficient of elasticity is defined 
as the ratio of the force of restitution to that of compression, 
and it is stated as the result of experiment that this is 
Constant for the same materials. It should, however, be 
berne in mind, that the element observed in experiments on 
this subject is not the forces which act during the collision, 
but the velocities of the balls before and after impact, and 
the measures of the forces of compression and restitution are 
subsequently dednced from the results of these observations 
by the help of the Second Law of Motion. It would therefore 
seem that the method adopted in the preceding Artici es is 
the more naturai way of treating the subject. 

The coefficient- of elasticity is sometimes called '^the 
coefficient of restitution.^' 

If when two bodies impinge upon one another they be 
acted upon by some finite force, as, for example, gravi ty, then, 
since the time during which they.remain in contact is so 
short that we cannot measure it, the effect produced by the 
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finite force in that time will also be immeasurably small. 
We may therefore neglect it altogether while considering 
what happens during the coUision. The subsequent motion 
of the bodies will, however, of course depend upon the forces 
which act upon them. 

129. As illustrations of the preceding Articles we will 
consider a few examples. 

Ex. 1. A hall weighing 8 pounds and moving witft a 
velociti/ of 12 feet per second strikes directly a hall weighing 
12 pounds moving with a velociti/ of 8 feet per second in the 

opposite direction, the coefficient of elasticity heing ^ . Find 

the velociti/ of each after impact^ and the impulsive pressure 
hetween the two. 

Let V denote the velocity of the first ball in feet per 
second, v that of the second, after impact. We will consider 
velocity positive when in the direction in which the first 
ball is moving before impact. Now since the impulses on 
the two balls are equal and opposite, the momentum gained 
by the one is equal to that lost by the other ; hence the sum 
of the momenta of the two is the same after impact as before. 
Now one pound being taken as the unit of mass, and a 
velocity of a foot per second as the unit of velocity, the 
momentum of the first ball before impact will be represented 
by 8 X 12, and that of th-e second by — 12 x 8. Therefore 

8 . F+ 12^;= (8 X 12) - (12 x 8) = (I). 

Again, the velocity before impact of the first ball relative 
to the second is 12 + 8 feet per second, while after impact 

it is F— V. Therefore since the coefficient of elasticity is ^ , 

we bave 

F-t; = -|(12 + 8) 

= -10 (II). 

The equations (I) and (II) determine V and v. 



Digitized by VjOOQIC 



154 


EXAMPLES 


OX COLLISION, 


From (1), 


V = 


3 '^' 


Therefore, from (II), 






i- 


.-10, 




or F= 


= -6. 


Hence 


v = 


= 4, 



and thus the velocities after impact are found. In this 
particular case we see that the velocity of each is reversed in 
direction and its measure reduced by one half. 

To find the impulse we observe that the momentum of 
the first ball before impact was represented by 8 x 12, while 
its momentum after impact is 8 x (— 6). Hence the change 
of momentum produced by the impulse is represented by 
8 X 18 or 144, that is, the impulse is such that it would 
generate a velocity of 144 feet per second in one pound of 
matter. 

The same results might of course be obtained from the 
formulaBof Art. (126). 

130. Ex. 2. A hall falls from resi ai a heigkt of 
20 feet àbove a fixed horizontal piane. Find the height to 

which it will rébound, the coefficient of elasticity being -j and 

the value ofg being S2footsecond units. 

. Let the velocity of the ball when it strikes the piane be 
denoted by v. Then since it has fallen from rest Ihrough 20 
feet under an acceleration denoted by 32, the equation 

v^ = 2gs 
becomes in this case 

i;* = 64x20 

= 1280. 
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If the upward velocity of the ball after impact be v feet 
per second, we bave v = ev, and therefore 

ì;'» = ?1.1280 

«720. 
Also if h be the height to which it rises in the rebound, 

or the ball rises to a height of llj feet. 

131. Ex. 3. A paritele is projected from a point distant 
20 feet from a rough vertical wall, wiih a velocity of 60 feet 
per second, and at an elevation of 60°, its piane of motion 
being perpendicular to that of the wall. Find its velocity 
and the direction of its motion imm^diately after striking the 

... 3 

wall, the coefficient of elasticity being ■= , and the coefficient of 

o 

frtctìon ò. 

The initial velocity of the particle may be resolved into 
a velocity of 30 feet per second in a horizontal direction, and 

60 ^ or 30^3 feet per second vertically upwards. Now its 

horizontal velocity remains Constant until it strikes the wall. 
Hence the time elapsing before it strikes the wall, that is, 
before it moves over a horizontal distance of 20 feet, is two- 
thirds of a second. Its vertical velocity when it strikes thè 

2 
wall is 30 V3 — Q 5^ feet per second. Now since the coefli- 

. . . 3 . 

cient of elasticity is ^ , its horizontal velocity after impact is 

18 feet per second away from the wall. Hence the whole 
change of its horizontal velocity is represented by 48 feet 
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per second, and if m denote the mass of the particle, the 
impulsive pressure on the wall will be represented by m . 48. 
Now when the particle strikes the wall, the component of 

— ' 2 
its velocity parallel to the wall is 30 VS — ^g feet per second 

o 

vertically upwards. Hence.the impulsive friction acts verti- 

cally downwards, and since the coefficient of friction is -x , 

Jt 

the impulsive friction is one-half the impulsive pressure, and 
therefore numerically equal to 24m, and this generates a 
downward velocity of 24 feet per second. The vertical 
velocity of the particle after impact will therefore be a 

— 2 
velocity of 80^3 — « 5^ — 24 feet per second in the upward 

direction. Hence, after impact the vertical component of the 
particle's velocity is 6*63 feet per second very nearly, and the 
horizontal component is 18 feet per second. If 6 be the 
angle which its direction of motion makes with the horizon, 
we bave 

221 

tan ^ = ^ very nearly, 

and the velocity of the particle is nearly VlS'^ + G'GS*^ feet 
per second. 

If the friction found as above had been more than suffi- 
cient to destroy the particle*s upward velocity, only sufficient 
friction would bave been called into play to destroy this, 
and the particle after impact would move in a direction 
perpendicular to the wall; unless we consider friction to 
possess a property of the nature of elasticity. 

132. Ex. 4. A straight staircase contains anynumberof 
stairs, each onefoot wide and six inches high, A email smooth 
ball is projected from a point on one of the stairs nsar its edge, 
and in the vertical piane perpendicular to the edge ofeach stair, 
Find the velocity and elevation ofprojection in order that it may 
stri/ce each succeeding stair at the same distance from the edge, 

the coefficient of elasticity being ^^ • 
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The given condition is of course that which must be ful- 
filled in order that the particle may bound down an unlimited 
number of stairs, striking each only once. 

Let A be the point of projection, B, C, ... the points 
where the particle strikes the succeeding stairs ; let be the 





* 


\ 


A. 




\ 


''^"\ 






Ji 


ì 






C 



elevation of projection, and v the velocity in feet per second. 
Then the horizontal velocity of the particle is Constant and 
equal to v cos 0. ' Its vertical velocity i& initially v sin 0. Now 
since the width of each stair is one foot, and the horizontal 
velocity Constant and equal to v cos feet per second, the time 

occupied by the particle in passing from ^ to J? is .. 

seconds. But the vertical space through which the particle 

rises in t seconds is v sin ^ . ^ — ^ gf. Hence, in order that the 

particle may reach B we must have 

• /J 1 1 1 1 

V cos ^ 2^ V cos 2 

since each stair is 6 inches high ; 

.-. v'sìn20 + v''cos''0=g (I). 

This is the first condition required. 

Now since the ball is smooth, its horizontal velocity after 
striking B is the same as before, viz. v cos 0. Hence if its 
vertical velocity when leaving B be the same as when pro- 
jected from -4, the direction of the balFs motion on leaving B 
will be the same as when prqjected from A, and its whole 
velocity will be the same. Hence the ball will strike the 
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next stair as required, and everything being the saìne às be- 
fore, it will leave G with the same velocity and in the same 
direction as it left jB, and so on for any number of stairs. We 
see, then, that the only other condition which we have to 
satisfy, besides that given in (I), is, that the vertical compo- 
nent of the ball's velocity on leaving B should be the same 
as on leaving A. 

The vertical velocity of the ball downwards on reaching B 
\'& gt — v sin ^, if ^ be the time of flight from A to B. But t is 

equal to 7, . Hence the vertical component of the ball's 

^ i; cos ^ ^ 

velocity when it reaches B is — ^—^ — v sin 6, But since the. 
•^ v cos ^ 

coefl&cient of elasticity is ^ , its vertical velocity on leaving B 

is numerically equal to one-half of this. Hence we must have 



-zr ( —^—5 — v sin ^ ) = V sin ^, 
2 Vi^ cos ^ / 



or — ^—7, = 3v sin : 

t; cos ^ 

.-. i;'sin2^ = |^ (II). 

This equation, together with equation (I), determines v 
and 0. From (I) and (II) we have 

i?"cos*^=g5r; 

.-. sin 2^ = 2 cos' e ; 
.'. sin^ = cos^; 
/. ^ = 45^ 
Hence sin 20 = 1, 

and we have 



/. V = 
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If we take g equal to 32 we get 

8 

8 
or the velocity of projection must be ~.^ feet per second, and 

the elevation of projection we have seen to be 45°. 

133. Ex. 5. An erigine weighing 40 tonSy and 20 codi- 
trucksy each weighing 15 tons, are at resi oh a horizontal line, 
there heing an interval of one foot between the engine and the 
first truck, and between each truck and the next succeeding. The 
engine starts off and strikes the first truck which then strikes the 
second, and so on down ths train, the trucks being each inelastic. 
Supposing the engine to be constantly impélled by a force equal 
to the weight of one ton, find the velocity with which the last 
truck starts and the whole time occupied in starting the train, 
neglecting frictio7i, and taking g equal to 32. 

Let V be the velocity of the engine when it strikes the 
first truck. Then since the mass of the engine is 40 tons, 
and it is acted upon by a force equal to the weight of 1 ton, 
it moves over the one foot between its initial position and 

the first truck with a Constant acceleration denoted bv ■¥- . 

•^ 40 

Hence we have by Art. (76), 

40 

Now when it strikes the first truck the two will proceed 
with a common velocity. Let v^ denote this velocity. Then 
since the momentum of the engine and truck immediately after 
impact is equal to that of the engine before impact, we have 

(40 + 15) V, = 40i?', 
^ \òoJ -40 
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We bave now a mass of 55 tons impelled by a Constant 
force equal to the weight of one ton, and therefore moving 

vdih Constant acceleration ^ , Hence if v/ denote its velo- 

city when it strikes the second truck, since the space over 
which it has passed under this acceleration is one foot, we have 

' ^ 55 • 



Therefore 



,a_ 2ff. 40 + 2^.55 



DO" 



Lei v^ denote the common velocity immediat^ly after 
striking the second truck, then since the whole momentum 
is unaltered, , 

(55 + 15) i'2= 55v/. 



Therefore 






55» 
„ 40 + 55 



We have now a mass of 70 tons moving under a Constant 
force equal to the weight of one ton. Hence if v^ denote its 
velocity when the third truck is struck, 

„ ^ 40 4-55 4-70 
.'.v,^=2g, :^, . 

When the third truck is struck the mass in motion is 
changed from 70 tons to 85 tons. Hence if v^ denote the 
common velocity immediately after striking, 

70 , 
fo=«5^2, 
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40 + 55 + 70 



••.-©■•^ 



or «'o — 1 ^ ^ I . --V . y^j 



„ 40 + 55 + 70 
= ^5^- 85^ • 

Proceeding in this way we see that the common velocity, 
?;jg, immediately after starting the 19th truck is given by the 
equation 

j ^ 40 + 55 + 70+ ... +310 
^19 = ^9 • 3252 > 

and if v\ be the velocity of the rest of the train at the 
instant when the last truck is struck, 

1» "» 325 ' 

„ _ 40 + 55 + 70 + ... + 310 + 325 
or v\ = ^. 32^, . 

But if v^ denote the common velocity immediately after 
starting the last truck, 

340»^ = 325»',^ 



or 



325\' 40 + 65 + 70+... +325 



. /325\' 



325* 

_„ 40 + 55 + 7 +. ..+325 
- ^ • -34-QS 

3650 



= 2g. 
= 64. 



340' 
3650 



340" 

8.73650 
'• "«>" 340 

= 1-421... 
G. D. 11 
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Hence the last truck starts with a velocity of 1*421 feet per 
second very nearly. 

Slnce the force producing motion is always equal to the 
weight of a ton, if we take a ton for the unit of mass, the 
momentum generated in t seconds will be represented by gt, 
Now since the momentum of the train is uncdtered by the 
successive impacts, the momentum of the train when the last 
truck starts must be that produced by a force equal to the 
weight of a ton in the time t, if t be the time which has 
elapsed since the engine started. Hence since the train 
weighs 340 tons, 

340t'^ = 5r^, 

or t=^ ^ 



^ 873650 
32 

= 15-103..., 

or the time required to start the train is rather more than 
15*1 seconds. 

134. Suppose n equal particles, each of mass m, and 
moving with a velocity v, to impinge directly upon a fixed 
inelastic piane surface during t seconds. The surface will in 
the course of the t seconds receive n impulses, each repre- 
sented by mv, and the whole momentum destroyed by the 
surface in the t seconds is represented by nmv, Now sup- 
pose the intervals between successiive impacts to be equal to 
one another, and, the velocity of each particle remaining the 
same, suppose n to increase while m diminishes in the 
inverse ratio, so that mn remains Constant and equal to M 
say, Then the sum of the impulses upon the surface during 
t seconds is the same as before, and would generate a mo- 
mentum represented by Mv, and this is true however great 
n may be. But if n become indefinitely great, we can no 
longer distinguish any interval between successive impulses ; 
in fact the action upon the surface becomes a continuous and 
uniform pressure, and the momentum destroyed in t seconds 
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by the reaction of the surface, which is always equal to this 
pressure, is Mv. Hence the momentum which would be 

destroyed in one second by this pressure is equal to — , 

which is therefore the measure of the pressure. The reaction 
of the surface is in fact measured at any time by the rate at 
which momentum is being destroyed by iL 

The pressure of the wind, or of a jet of water upon any 
object which it strikes, may be takeu as an illustration of 
continuous pressure produced by a quick succession of im- 
pulses. The air or water, -which comes in contact with the 
obstacle in the course of a second, consists of a very great 
number of particles, each of which strikes the obstacle with 
a certain velocity, and the impacts are in such quick suc- 
cession that they link themselves together into a continuous 
pressure. 

In the case of a jet of water striking a wall, if the area 
of the section of the jet remain always the same, the amount 
of matter which strikes the wall in a second will be pro- 
portional to the velocity, and since the momentum of each 
particle of water is proportional to its velocity, it foUows 
that the change of momentum produced by the reaction of 
the wall in e^ch second is proportional to the square of the 
velocity of the water, supposing this Constant, and hence the 
pressure on the wall is proportional to the square of the 
velocity of the jet. 

For example, suppose a jet of water, the area of whose 
transverse section is one square inch, to impinge directlv 
upon a wall with a velocity of 128 feet per second, the 

1 

coefficient of elasticity being y^ , We proceod to find the 

pressure on the wall. 

Since the area of the section of the jet is one square inch, 
and the velocity of the water 128 feet per second, the volume 
of water which strikes the wall in one second is 128 x 12 
cub. inches, and since one cubie foot of water wei^^hs 1000 

128 X 12 ^00^ 

ozs, the mass of this is ^ - . 1000 ozs. or -^ pounds. 

11—2 
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Now the veloci ty of this before impact is 128 feet per second 

128 
towards the wall, and after impact it is j^ feet per second 

away from the wall, since the modulus of elasticity is :j-^ . 

Hence the change of veloci ty produced by the impact is 136 
feetper second. The change of momentum produced by the 

reaction of the wall in one second is therefore ^ 

units of momentum. But the weight of one pound generates 
in the mass of one po^nd in one second a velocity of 32 
feet per second, or the weight of one pound generates in one 
second 32 units of momentum. The reaction of the wall is 

therefore equivalent to the weight of, — ^ — 09" pounds, and 

since action and reaction are equal and opposite, it follows 
that the pressure of the jet upon the wall is equal to the 

weight of — X — o3— pounds, that is of 236^ Ibs. 

This result afFords an explanation of the great mechanical 
efifect produced by the jet from a fire-engine. The result, 
that the pressure varies as the square of the velocity, is the 
basis of the ordinary theory of fluid resistances. 

135. A perfectly fiexihle uniform string, the mass of each 
unii of length of which is m, hangs verticali^ from its upper 
extremity with the lower end jitst in contact with an inelastic 
table. If the string he allowed to fall^ find the pressure upon 
the table at any instant during the motion. 

If a series of particles are arranged in a vertical line, 
and then ali allowed to fall'freely at the same instant, their 
velocities at any subsequent time will \)e the same, and the 
distance through which they will bave fallen will be the 
same for each. Hence they will always remain in a vertical 
straight line at the same distance apart as when they started, 
although they are perfectly free. Consequently if they be 
so connected together that they are unable to alter their 
distances froni each other, there will be no strain on thq 
connectioDs and the motion will be unaffected thereby. 
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Hence in the case of the falling chain, each particle of the 
chain will fall as if it were free. Therefore at the end òf t 
seeonds, after the motion has commenced, the velocity of 
each particle of the chain will be gt, and the space through 

which the upper part will have fallen will be ^gf. There 

will therefore be a length of chain measured by ^ gf coiled 

up upon the table. Now if the velocity of the chain were 
to remain Constant during one second, and the same as at 
the time t, the length of chain which would be brought to 
rest upon the table during that second would be gt, and its 
mass mgt. Also its velocity being gt, the momentum which 
would be destroyed during the second would be m(f{\ 
Hence mg^f is the expression for the rate at which momen- 
tum is being destroyed at the end of t seconda after the 
commenceraent of the motion. But the rate of change of 
momentum is the measure of the force producing that 
change. Hence at the end of the time t the reaction of the 
table required to destroy the momentum of the falling 
chain is numerically equal to mgH^^ and therefore the pres- 
sure exerted by the falling portion of the chain in coming . 
tò rest upon the table is denoted by mgH^, But at the end 

of the time t there is a length of chain, denoted by ^gff 

coiled up on the table, and the weight of this is 

3 

Hence the whole pressure upon the table is - iti . gH^, that 

is, three times the weight of the portion of chain coiled up. 

If the lower end of the chain had been at a height h 
above the table, the length of chain coiled up at the end of 

t seeonds would have been ^ gt^^ h provided ^ gf be greater 

than h, and the whole pressure upon the table would have 
been 

2'^f^-rngh. 
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136. A perfecUy flexihle uniform chain, the mass of each 
unii of length of which is m, is coiled up in the hand, and 
one end is attached to a fixed point Sudderdy the hand is 
removed; it is required to fnd the strain upon the fixed 
point at any instant hefore the whole of the chain has come 
to rest. 

Each particle of the chain which remains in the coil will 
at any subsequent time be falling freely, but successive por- 
tions of the coil will be brought to rest, and hang vertically 
from the fixed point. The velocity of every particle in the 
coil at the end of the time t after the commencement of the 
inotion will be gt, and the space through which the coil will 

have fallen will be denoted by -^gt^. Hence the weight of 

chain hanging from the fixed point will be ^ wgrV, Also, as 

in the preceding example, the rate of destruction of momen- 
tum will be Tng^f. Hence the whole strain upon the fixed 

8 

point will be ^ m(ff, or three times the weight of chain hang- 
ing vertically from the point. 

The tension at any point of thechain distant h below the 
highest point, will be less than the tension at the highest 
point by the weight of the length h of the chain, and will 

3 

therefore be denoted by ^mgH^ — mgh. 

137. We will give two other examples of falling chains. 

A flesdlle chain is suspervded from a fi^ed point, and 
Jiangs vertically with its lower end just tomking an inéUistio 
horizontal tahle; it is then allowed to fall. Supposing the 
density at any point of the chain to he proportional to the 
distance from the lower end, find the pressure on the tahle ai, 
any svbsequent time, 

As in the preceding example the chain will fall freely, 
and its velocity at the end of t seconds from the commence- 
ment of the motion will be gt, while the length of chain 

coiled upon the table will be ^ gf. 
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Let the density of the chain at a point distant s from the 

s 
lower end be m t • This then would be the mass of a unit 
A 

of length of the chain, supposing its density uniform and the 

same as at the distance s from the lower end. Also the mass 

of a thin section of the chain of thickness k at this point 

8 

is m j-.ky since we may suppose the density uniform through- 

out the section, k being very small. Now if b be the length 
of the base of a triangle and h its altitude, the area of an in- 
definitely narrow strip of breadth k at distance s from the 

a 

vertex is bj-k. Hence the problem of finding the mass of 

any length s of the chain is the same as that of finding the 
area of the triangle cut ofi* from the above-mentioned triangle 
by a line parallel to the base, and distant s from the vertex, 

and the area of this triangle is ^ 5 r.s, or -j s\ Therefore 

the mass of a length s of the chain measured from the lower 

. 1 s* 

end is ^ m j . The weight of the chain upon. the table at 

the end of the time t is therefore 

The density of the chain at the point which is just coming 

to rest is m ^ ^ , and its velocity is gt Now if the velocity 

of the chain remained uniform throughout »one second and 
equal to gt, and if the density of the chain which comes to rest 
during that second were uniform and the same as at the point 
which is just coming to rest at the end of the time t, the 
mass which would be reduced to rest during the second would 
be the mass of a length gt of the chain, the mass of each unit 

of length of which would be ^ m ^ , that is ^ ^ '"X" "^^^^^ of 

mass. Also the velocity of this being gt the momentum 
which would be destroyed during the second wòuld be 
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■X 'f^^j- • Hence the rate at which momentum is being de- 

1 (/V 
stroyed at the end of the time tì^-^m ^ units of momen- 
tum destroyed per second, and the force required to do this 
is measured by ^ ^^ t But the weight of chain upon the 

1 qH^ 
table is -^m~ . Hence the whole pressure upon the table 

is H ^ t y that is, five times the weight of the chain coiled 

upon the table. 

138. Suppose the chain described in the last article to 
he coiled up dose to the edge of a smooth tahle, the end, 
which in the last example was in contact with the table, being 
allowed to hang just over the edge. If the chain is then 
allowed to run off the edge, find the motion, and the tension 
close to the edge o/the table, at any subsequent time. 

Suppose at the end of the time t there is a length s of the 
chain in motion, and let v be its velocity. Then the chain is 
being pulled off the table at the rate of v units of length 

or of m T V units of mass per second, and the velocity with 

which each particle ìs being started is v. Hence the rate at 

which momentum is being generated in the chain just com- 

s 
ing off the table is measured by m v v* units of momentum 

per second. The tension of the chain close to the edge of the 

table is therefore represented by m-j-v*, and this tension is 

acting upwards upon the length s of chain which is hanging 
over the edge and descending vertically. Now the mass of this 

. 1 «* 

length s of the chain is ^ m -7- , and its weight is therefore 

1 8^ 

^mgT^. Hence the resultant force upon this portion of the 

1 a' 8 
chain is a downward force represented by ^^ffj'^^j'^'f 
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and the acceleratìon produced by this force in the mass 

1 5* 2v* 

^ m 7- will therefore be represented by ^ . Therefore, 

when a length s of the string is in motion, if v be its velocity, 
the acceleratìon under which it is moving is ^r . But 

8 

the velocity as well as the space passed over in any time de- 
pends ùpon the acceleration during each instaDt of the 
motion. If then we can determine an expression for the 

1 v^ 

acceleration so that throughout the motion ^^^ may be 

numerically equal to it, the acceleration so determined will 

be that under which the chain is moving. Now if a particle 

be moving under Constant acceleration/, the velocity v at any 

time t will be equal to fty and the space s passed over will be 

1 . . V* 

represented by -^ff. Hence in this case — = 2/ and is con- 

Zà 8 

stant. Hence if the end of the chain were moving with a con- 
stant acceleration f we should have g equal io g — 4/, 

8 

that is, a Constant, whatever be the time which has elapsed 
since the beginning of the motion, and we can obviously de- 
termine / so that this expression may be equal to /. But 
this is the only condition which the motion of the chain has 
to fulfil. Hence if / be so determined, it will be the accele- 
ration under which the chain is descending. To determine 
it we have 

, 1 

or the end of the chain descends with uniform acceleration 
equal- to one-fifth of that produced by gravity in a free 
particle. 

Hence the velocity v at the end of t seconds after the 
commencement of motion is given by 
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and the space 8 through whicli the end of the chain has de* 
Bcended is given by 

The weìght of the portion of chain in motion ìsmg^, 
that is 

^•200A' 

and the tension at the point where it leaves the table is equal 

to m T v\ that is to 
a 

^•250A' 

or the tension at the point where the chain leaves the table is 
four-fifths of the weight of the portion in motion. This 
agrees with the resiilt that the acceleration of thè falling 

portion is ^ ^r, that is, that the resultant force upon it is one- 

fifth of its weight. 

139. Two hallsy whose masses are respectivély M arid m 
respectively, moving in the same straight line impinge directly 
upon one another, It is required to find the change of kinetic 
energy produced by the impact 

Let V, V be their respective velocities before impact, 
Fj, v^ their velocities after impact. Then, by Artide (126), 
we bave 

y __ MV + mv-em {V — v) 

MV+mv + eHKV-v) 
^1" M + m . 

Let E denote the kinetic energy of the two before im- 
pact, JS'j their energy after impact. Then 
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and 

^ M (MV+mv-em{V-v) Y m (MV+mv+eM^V-v) )* 

{M+ m) iMV+ mv)* + (m + M) e^Mm ( V- vf 

{MV+ mvf + e'ifm ( V- v)* 
2 (i/"+ m) 

If e be equal to 1, or the elasticìty perfect, 

_ {MV+ mvf + Mm{V- vY 
' '2. {M+m) 

_ M' F' + fflV + Jfw F' + Mmì^ 
2 {M+m) 

MV^+m^ 
2 
= E. 

Hence if the elasticìty be perfect, the total kinetic energy 
of the two balls is the same after impact as before. 

If e be less than 1 we may put the expression for E^ into 
the forra 

{MV+mv)* + Mm{V-vY _ {1-e^) Mm{V-v)* 
•~ 2{M + m) 2{M+m) 

But the first terni on the right-hand side we bave seen to 
be equal to E ; hence 

{l-e^Mm{V-v)\ 
'~^ 2{M + m) ' 
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and the second term on the right-hand side of this last 
equation is necessarily positive. Hence in the direct 
impact of imperfectly elastic balls an amount of kinetic 

energy denoted by (1 - e') -^rr^ r iV-vY is lost. 

•^ ^ ' 2 ( Jf + w) ^ ' 

This kinetic energy is chiefly transformed into molecular 
vibrations in the balls and becomes sensible to us in the 
f onn of heat. 

140. If the balls considered in the preceding article* 
impinge obliquely upon one another, then resolving theif 
yelocities as in Art. (127) along and perpendicular to the line 
joining their centres, if a, )8 be the angles which their direc- 
tions of motion make with this line before impact, and 6, (f> 
similar quantities after impact, we bave from Art. (127) 



F, sin = Fsin a 
t?j sin = t; sin fi ^ 
Also 
j^ ^ ilf Fcos a -f m V cos i8 — em ( Fcos a — v cos )8) ì 

FC0S^= —Tr ^^ 

. MVcos.a + mvcosB+eM(Vcosoi'-vcosl3) i 



.(I). 



...(II). 



M+m J 

Now the kinetic energy of the two b?tlls before impact is 

^(2IV' + mv% thatis 

1 {MV (cos' a + sin» a) + mif (cos»/3 + sin* fi)}. 

Let US denote this quantity by E. Then if U denote thè 
kinetic energy after thè impact 

^1 = 2 {MV* (cos" e + sin» 0) + mv^ (cos» ^ + sin»^)]. 
Now from equatlons (I) 

|{i!/F.'sin*^ + »<sin*^} = l(Jfr,sin*a+»»»,sin»/8) ....(III), 
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and precisely as in the preceding article we may sliew froni 
equations (II) that 

I (MV^^ cos'(9 + mv^^ cos'cjy) 

since we have only to write Fcos a, v cos /3, V^ cos 0, t;, cos <f> 
for F, Vy Fj and v^ respectively in the equations of that 
article. 

Hence adding equations (III) and (IV) we get 

^=^-(l-eOo7^^(^cosa-i;cos)8)l 

As before, we see that if the elasticity he perfect tho 
kinetic energy is the same after impact as before, but if it 
be imperfect there is a loss of energy by the impact. 

EXAMINATION ON CHAPTER IV. 

1. Describe what takes place when two elastic balls 
impinge on one another, and define the coeflScient of elasticity 
of two bodies. 

2. If a pound weight fall from a height of 50 feet to 
the ground, what is the measure of the impulsive pressure 
which it will exert, supposing it inelastic ? 

3. A smooth ball weighing 2 oz. and moving with a 
velocity of 10 feet per second, strikes a cushion at an angle 

7 
of 45^. If the coeflScient of elasticity be jr, find the impul- 
sive pressure on the cushion and the velocity of the ball after 
impact. 

4. Shew that if two perfectly elastic balls of equal mass 
moving in the same straight line impinge upon one another, 
they will exchange their velocities. 

6. A particle strikes a fixed rough piane at an angle of 

45°, the coeflScient of friction being ^, and the coefficient of 

elasticity — -=. The velocity before impact being 20 feet per 
second, find the velocity and direction of motion after impact. 
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6. Two smooth billiard-balls moving with equal veloci- 

ties V, in directions makiDg an angle of 60** with each other, 

impinge, the line joining their centres at the moment of 

impact being at right angles to the direction of motion of 

one of them, Find the velocity and direction of motion of 

.7 
each after impact, the coefficient of elasticity being - . 

7. In the case of the preceding question find the im- 
pulsive pressure between the two balls. 

8. A particle is projected horizontally with a velocity of 
40 feet per second from a point 30 feet above a fixed hori- 
zontal piane. Find the height to which it will rise, and its 
range after the first rebound, the coefiicient of elasticity 

being 2 • 

9. If a series of perfectly elastic smooth spheres of equal 
mass be at rest with their centres in a straight line, and be 
foUowed by a second series of equal spheres, the mass of each 
of which is twice that of each of the former, and if the 
first sphere of the first series be projected so as to impinge 
directly upon the second, investigate completely the subse- 
quent motion. 

10. A stream of water falls from rest at a height of 30 
feet above a horizontal inelastic piane at the rate of 100 
gallons per minute; find the pressure on the piane sup- 
posing the water to flow freely oflf it. 

11. A ball weighing 12 pounds and movÌDg with a 
velocity of 20 feet per second, impinges directly upon a ball 
weighing 20 pounds moving in the same direction with a 
velocity of 12 feet per second. Find the amount of kinetic 
energy lost by the impact. 

12. An unlimited length of heavy uniform chain is coiled 
upon a smooth table of height h, one end hanging over the 
edge and just touching the floor. If the chain be allowed 
to run down, show that the velocity of the moving portion 
can never be greater than JgK 
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EXAMPLES ON CHAPTER IV. 

^1. An inelastic ball weighing 3 Ibs. and moving with a 
velocity of 30 feet per second, impinges directiy on a second 
inelastic ball weighing 6 Ibs. and moving with a velocity of 
8 feet per second in the same straight line. Find their com- 
mon velocity after impact. 

2. In the case of the preceding question find -the number 
of units of work lost by the impact. 

3. A shot weighing 700 pounds, and moving with a 
velocity of 1200 feet per second, enters the side of a ship 
weighing 6000 tons and remains imbedded in it. Find the 
velocity which it communicates to the ship. 

4. A shot weighing 700 Ibs. is fired with a velocity of 
1600 feet per second from a gun weighing 35 tons. Find 
the velocity with which the gun recoils, neglecting the weight 
of the power. 

If the recoil of the gun be resisted by a steady pressure 
equal to the weight of 10 tons, through what space will it 
recoil ? 

5. A ball weighing 40 Ibs. and moving with a velocity 
of 80 feet per second, impinges directly on a ball weighing 
100 Ibs. and moving in the same direction with a velocity of 

30 feet per second, their coefiicient of elasticity being ^. 

Find their velocities after impact and the measure of the 
impulse between them. 

6. A ball of elasticity e is dropped from a height h on to 
a horizontal piane. Shew that the whole distance through 
which it moves before coming to rest is 

, l + e' 

7. A perfectly elastio billiard-ball impinges on an equal 
perfectly elastic ball at rest Shew that after impact their 
directions of motion will be at right angles. 
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8. One ball impinges on another ball at rest ; find tbe 
condition that after impact their directions of motion may be 
at right angles, the eoefficient of elasticity being e. 

9. A perfectly elastìc ball is projected from the middle 
point of the horizontal base of a vertical square towards one 
of the upper angles, and after being reflected by both the 
sides containing that angle falls at the opposite angle. De- 
termine the.velocity of projection. 

10. A smooth elastic ball is projected horizontally from 
the top of a tower 100 feet high with a velocity of 100 feet 
per second, and after one rebound describes a horizontal 
rango of 40 feet. Find the eoefficient of elasticity. 

11. A particle falls from rest through 16 feet and then 
rlses after impact on a horizontal piane. If the eoefficient of 

elasticity be ^, find its velocity after rising 3 feet and the 

time of ascending through this height. 

12. A perfectly elastic ball falls from a height A on a 
piane inclined 30° to the horizon; shew that it will strike 
the piane again after an interval equal to twice the time of 
its fall, and that its rango on the piane will be 4A. 

13. If two smooth balls impinge on one another, the 
motion of their centro of gravity is unaffected by the impact. 

14. Two particles whose masses are m, m are moving in 
parallel straight lines distant a feet from one another with 
unequal velocities u and v respectively, and are connected by 
an inelastic string of length 3a. Find the impulsive strain 
on the string when it becomes tight. 

15. Two equal scale-pans, each of mass if, are connected 
by a string which passes over a smooth peg, and are at rest. 
A particle of mass m is dropped on one of them from a 

height —, the eoefficient of elasticity between the scale-pan 

and particle being e. Find the velocity of the scale-pan after 
the first impact. • - 
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16. Shewthat, if the string in the preceding example be 
long enough, the velocity of the scale-pan after the n^ impact 

will be equal to (1 + e) ^ . 77-rr, and that the particlo 

^ ^ ^ 1 — e m 4- 2if ^ 

will come to rest relatively to the scale-pan after a time 

17. Two balls, A and By whose*coefl5cient of elasticity 

is ^, are moving with equal velocities in directions whicli 

make angles of 30® with their common tangent at the point 
of impact ; compare their masses when the motion of A after 
impact is in the direction of that common tangent, and finJ 
the distance between the balls 2 seconds after impact. 

18. Find the velocity with which a perfectly elastic ball 
must be projected in a given direction from a point in the 
side AB of the square ABGD^ so that after striking each of 
the sides in succession it may return to the point of projec- 
tfon, BG being vertical. 

19. Two bodies are connected by an inextensible string 
which passes over a smooth fixed pulley, and are in motion. 
Prove that if weights be suddenly attached at the same 
instant to both the bodies they can be so arranged that thero 
shall be no jerk of the string, and that the subsequent accele- 
ration of the system will be in that case the same as before. 

20. Two heavy bodies, P and Q, whose masses are m 
and m respectively, are connected by an inextensible strina*- 
which passes over a smooth fixed pulley. The heavier body 
P is perfectly elastic, and Q is inelastic; they start from 
rest at the same distance a above a fixed horizontal piane, and 
when P impinges on the piane and rebounds with unchanged 
velocity, Q strikes against a fixed obstacle and is reduced to 
instantaneous rest. Determine the subsequent motion, and 
shew that the two bodies are again at instantaneous rest 

when P is at a height ^ -j above the horizontal piane. 

21. A, B, C are three points on the circumference of 
a circular ring fixed on a smooth horizontal table, and is 

G.D. 12 
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the centre. An imperfectly elastic ball is projected from A 
along AB and after rebounding at B and G returns to A, 
Determine the angle A OB, 

22. The sides of a triangle -4j5(7 subtend equal angles at 
a point within it. Prove that if from three perfectly 
elastic balls be projected simultaneously with equal velocities 
in directions AO, BO, CO produced respectively, they will, 
after rebounding from' the sides, ali meet together simul- 
taneously. 

23. A particle is projected from a point at the foot of 
one of two parallel vertical smooth walls, so as after three 
reflections at the walls to return to the point of projection, 
the last incidence being direct: prove that e^+e^ + e = ly 
and that the vertical heights of the three points of impact 
above the point of projection are as e* : 1 — e* : 1. 

24. Two equal smooth balls, A and B, are lying very 
nearly in contact on a smooth horizontal table. A third ball, 
equal to either, impinges directly on A, the three centres 
lying in a straight line : prove that if e be greater than 
3 — 2 V2, 5's final velocity will bear to the initial velocity of 
the striking ball the ratio (1 + e)* : 4. 

25. Two equal, smooth and perfectly elastic balls, moving 
in directions at right angles to each other, impinge, their 
common normal at the instant of impact being inclined at 
any angle to the directions of motion : shew that after impact 
the directions of motion will stili be at right angles. 

26. Two smooth elastic balls, moving in parallel direc- 
tions, impinge on each other ; shew that if they are of equal 
mass their directions of motion will be tumed through a right 
angle, if the inclination of their originai paths to the line of 
impact be tan'^ Ve, where e is the coefficient of elasticity. 

27. A ball A impinges obliquely on a ball B at rest ; if 
the masses of A and -B be m and m respectively, and m be 
greater than em', shew that the maximum deviation of A is 

tan- (^ + ^)"^' 



2 V(m + m) (m — em') 
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28. Two balls, whase masses are 2m and 3m, are moving 
with the same velocity in directions making angles of 45® 
and SO^ respectively with the common tangent at the point 
of impact ; find the direction of motion and the velocity of 
their common centre of gravity after impact. 

29. Two equa! balls of elasticity e impinge, having 
before impact velocities «j, v^ in the direction of the common 
normal at the points of contact, and velocities Wj, v^ perpen* 
dicular to this normal. If their motions after impact are in 
perpendicular directions, prove that 

30. Two equal and perfectly elastic spherical balls are 
projected in the same vertical piane from two points in the 

same horizontal line at a distance ^-^ from each other ; the 

former vertically with a velocity g, and the latter at an eleva- 
tion of 30° with a velocity 2g. Determine the motion of 
each after impact. 

31. A perfectly elastic ball is thrown into a smooth 
cylindrical well from a point in the circumference of the 
circular mouth. Show that if the ball be reflected any 
number of times from the surface of the cylinder, the in- 
tervals between the successive reflections will be equal. 

If the ball be imperfectly elastic aad be projected so as 
to pass through the axis of th« cylinder, shew that the in- 
tervails between the successive reflections form a series in 
Geometrica! Progression. 

32. In the last question, if the perfectly elastic ball be 

projected horizontally in a direction making an angle - 

with the tangent at the point of projection, it wIU reach the 

surface of the water at the instant of the n^ reflection, if the 

velocity of projection be that due to falling freely through a 

r* / 7r\* 

vertical space equal to -jfn sin -) , where r is the radius 

and d the depth of the well, 

12—2 

Digitized by VjOOQIC 



180 EXAMPLES. 

33. There are three equal and perfectly elastic balls 
Ay B and C, A is let fall from a given point, and at the 
moment when it reaches a given horizontal piane B is let 
fall from the same point, and at the moment when A in 
returning meets J5, is let fall. Shew that B will meet C 
for the second time where it first met A. 

34. ABG is an equilateral triangle ; at A lies a ball, an 
equal ball strikes it driving it along A Ó, and itself passing 
throngh the middle point of BC, Shew that the originai 
direction of motion of this ball made with -4(7 an angle 

tan — pr . 

2V3 

35. Ay B, C are three equal smooth balls situated on a 
horizontal table at the angular point of an isosceles triangle 
having an obtuse angle at B, If A be struck so that having 
hit B it shall hit C, shew that B will move in a direction 
inclined to AG dX an angle 0, given by the equation 

sin 26 = sm 2A, 

e being the coefficient of elasticity of the balls. 

36. A heavy ball is thrown horizontally from A so as to 
hit a point B after one rebound from a horizontal piane (7. 
Supposing e to be the coefficient of elasticity and the height 
of B from the piane to be ^ times that of A, the height of 
A being such that a body would drop from it to the piane 
in 1 second, shew that the point C where the ball must hit 
the piane divides the horizontal distance between A and B 
into two parts which are as 1 : e. 

37. A ball is projected from a point A at an elevation 
of 45° against a vertical wall jB(7, and in a vertical piane 
perpendicular to the w^all ; after impact at G it strikes the 
ground between A and By and arrives at A after n rebounds. 
Find the ratio of BG to AB in terms of the coefficient of 
elasticity of the ball. 

38. A parabola is placed with its axis vertical and ver- 
tex downwards. A perfectly elastic ball dropped vertically 
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strikes the parabola with the velocity acquired in falling 
freely from rest through a space equal to one-fourth of the 
latus rectum; find where it must strike the. parabola that 
aftpr retlection it may pass through the vertex. 

39. A particle is dropped from a poiiit in a fixed circular 
hoop whose piane is vertical, the elasticity being perfect 
Shew that after two rebounds it will rise vertically if 

2 sin 4(? = tan 0, 

where ff is the angular distance of the point from the highest 
point of the hoop. 

40. A circular are has its piane vertical. A perfectly 
elastic ball is projected from the are along a horizontal 
diameter, and after' one rebound at the are returns to the 
point of projection. Shew that the latera recta of the two 
parabolas described are as 4 to 1; and determine the velocity 
of projection. 

41. A number of balls whose elasticity is ^ (s/2 — 1) 

are let fall on an inclined piane, and each strikes it the 
sécond timo twice as far down as it did the first time. Shew 
that the points from which they fall lie in a piane perpen- 
dicular to the inclined piane, and intersecting it in a hori- 
zontal straight line. 

42. A smooth sphere stands on a horizontal piane to 
which it is fixed, and from its highest point a perfectly elastic 
ball is projected in a direction .inclined 45" to the vertical. 
Find the velocity of projection in order that the ball may 
strike the sphere once only at an angular distance of 45* 
from the vertex, and prove that in that case the ball will 
strike the piane at a distance from the point of contact of 
the sphere equal to its diameter. 

43. An elastic ball is projected from a point in a smooth 
inclined piane in the vertical piane containing the line of 
greatest slope on the piane. Find the condition that after 
three reflexions it may return to the point of projection. 
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44. Each of two planes is inclined 45* to the horizon, 
and they intersect in a horizontal straight line; from any 
point in one of them it is possible to project a perfectly 
elastic ball in a piane perpendicular to the intersection of 
the planes, so as to return to the point of projection if the 
velocity of projection be not less than that acquired in 
sliding from the point of projection to the intersection of the 
planes. 

45. Two vertical walls are inclined to one another at 
an acute angle a. A perfectly elastic ball projected horizon- 
tally from a point distant e from the ground and Ò from the 
intersection of the walls, comes to the ground, after striking 
both of them, at the same point as if it had fallen from 
rest. Find the direction of projection, and shew that the 
space through which the ball would rise if projected verti- 
cally with the velocity of projection is equal to 

(6 sin a)' 



46. A series of balls of masses M^, M^ ... are arranged 

with their centres in a straight line, and the coefBcient of 

M 
elasticity between the r^ and (r + 1)*^ balls is ~^ . Prove 

that if Mj^ impinge directly upon M^ at rest, and so on, the 
velocity of each ball between its two impacts will be equal 
to the initial velocity oi M^. 

47. A very small heavy pan is supported by three 
strings passing over puUies which are situated in a horizontal 
piane at the angular points of an equilateral triangle, the 
strings sustaining at the other ends equal weights hanging 
freely. If a given weight be dropped into the pan from a 
given height, find the velocity with which the pan will begin 
to descend. 

48. Two equal buckets are connected by a string with- 
out weight passing over a smooth pulley, and over one of 
the buckets a heavy chain is held by its upper end, with its 
lower end just above the bottom of the bucket. If the upper 
end of the chain be let go, prove that the equilibrium may 



Digitized by VjOOQIC 



EXAMPLES. 183 

be maintained by pouring water gently and uniformly into 
the other bucket, provided the weight of water which can be 
poured in is three times the weight of the chain, 

After the chain has entirely fallen in, find the pressure 
on the bottom of the bucket in which it lies, supposing the 
flow of water then to cease. 

49. Two equal perfectly elastic balls are let fall at the 

1 3 

same instant from altitudes ^ g and ^ g respectively above a 

horizontal table, show that at the end of 6n + 1 seconds the 
velocity of their centro of gravity suddenly changes from 
^r to or from to g, 

50. A ball A impinges on an equal ball B at rest; show 
that if the velocities after impact are equal, the change of 
direction in the motion of A is isLuT^Je. 

51. A horizontal circle ABG rests on a smooth table. 
A ball projected from A is reflected at B and G and returns 
to A, shew that the time from -4 to 5 is to that from C7 to ^ 
as e to 1. 

52. A perfectly elastic ball is dropped from a point P 
and impinges on an inclined piane at Q. If FN be perpen- 
dicular to the piane, shew that the rango is equal to QN, 
and hence find the locus of P in order that the particle may 
after one reflexion pass through a fixed point on the piane. 

53. Two weights are connected by a string which passes 
over a smooth fixed puUey, and the heavier rests on the 
ground ; the lighter is raised a given height above its posi- 
tion of rest and then let go : shew that they will make a 
series of jumps decreasing in Geometrical progression, and 
find the common ratios, the lighter weight being supposed 
never to reach the ground. 

54. A rough body whose mass is 2 Ibs., rests on a rough 
piane inclined 30* to the horizon, the coefficient of friction 

3 . . 

being j . * An inelastic smooth body, whose mass is 1 Ib., de- 

scends from a point on the piane distant lOfeetfrom the first 
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body so as to impinge upoD it directly, and the two slide on 
together. Find how far they will go before coming to rest. 

55. Two smooth planes OA^ OB each inclined to the 

horizon at the same angle a, which is less than -r , intersect 

in a horizontal straight line. An ine! astio particle descends 
from rest at -4, show that the time which elapses before it 
is reduced to rest is to the time of descending -40 as 

cot' a : 1. 

56. Two elastic balls are moving in opposite directions 
before impact with velocities inversely proportional to their 
masses ; compare their velocities after impact. 

57. A perfectly elastic ball is projected with a given 
velocity fròm a point between two parallel vertical walls, and 
returns to the point of projection after being once reflected 
at each wall. Shew that the angle of projection may be 
either of two complementary angles. 

58. A series of perfectly elastic balls are arranged in 
the same straight line ; one of them impinges directly on the 
next, and so on ; shew that if their masses form a geometri- 
cai progression of which the common ratio is 2, their velo- 
cities after impact will form a geometrical progression of 

. . 2 
which the common ratio is ^ . 

59. Two equal balls of radius a are in contact, and are 
struck simultaneously by a ball of radius e, moving in the 
direction of the common tangent to the first two balls at 
their point of contact ; if ali the balls be of the same mate- 
rial, the coefficient of elasticity being e, find the velocities of 
the balls after impact, and prove that the impinging ball will 
be reduced to rest if 

a* (2a + e) • 

60. A smooth inelastic ball slides from rest down a 
length (Z) of a piane inclined 30° to the vertical, and im- 
pinges on a horizontal rail, parallel to the piane and at a dis- 
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tance from it equal to one-half the radius of the balL Neglect- 
ing the thickness of the rail, prove that thè ball will afterwards 
strike the piane at a distance 31 from its point of contact 
when striking the rail. 

61. An inelastic ball of mass m lies on a horizontal 
piane ; another inelastic ball of mass m' falls vertically and 
strikes it in such a manner that the line joining their centres 
at the moment of impact makes an angle a with the vertical. 
Shew that the direction of motion of the second ball immedi- 
ately after impact will make an angle with the vertical 
determined by the equation 

tan = , cot a. 

m + m 

62. A ball of elasticity e is projected from a given point 
A, with velocity V, so as to strike a vertical wall distant a 
feet from A, and after impact to strike the horizontal piane 
through ^ at a point B, distant b feet from the wall. If e he 
the perpèndicular distance of A from the line drawn through 
B at right angles to the wall, shew that the least possible 
vaine of V is given by the equation 

F» = |VcV + (6 + ae)^ 

63. A number of particles are let fall from the directrix 
upon the convex are of a parabola whose axis is vertical and 
latus rectum equal to 4a. Shew that the parabolas which 
they describe after impact upon the curve bave a common 
directrix at a distance a (1 — e*) below that of the fixed pa- 
rabola, where e is the coefficient of elasticity between the 
particles and curve. 

64*. Two equal particles are projected simultaneously 
from diiFerent points. If they impinge and after impact 
move vertically, prove that tan — tan (jy is Constant, where 
and (}> are the inclinations to the horizon of the directions of 
motion of the particles at any the same moment previous to 
their impact. 

65. An elastic sphere is at rest on a piane. The piane 
and sphere are simultaneously hit by another smooth sphere, 
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whose coefficients of elasticity with the first sphere and piane 
are the same and equal to e. Determine e when the direc- 
tions of motion of the se^cond sphere, after and before impact, 
are equally inelined to the piane. 

66. An elastic particle is projeeted with a given velo- 
city from one extremity of a diameter of a horizontal cir- 
cular hoop, which rests on a smooth horizontal table,* and 
after reflexion at the curve passes through the other ex- 
tremity of the diameter. Find the coefficient of elasticity 
in order that the whole time occupied in the motion may 
be n times that of describing the diameter with the initial 
velocity, and the greatest and least values n can bave. 
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MISCELLANEOUS. 



141. A paritele falle down a smooth curved tube; it is 
required tofind its velodty at any point ofthe tube. 

Let APB represent the tube. Draw the vertical straight 
line A'B, and let A A' be horizontal. Suppose the pai*ticle 




of mass m to start from A down the tube with velocity v. 
Take any point P in AB and draw PP' horizontal to meet 
A'B' in P. Suppose a second particle projected down the 
vertical straight line A'B' so that its velocity at F may be 
equal to the velocity of the first particle at P. Let Q be a 
point in the tube very near to P, and let QQ be horizontal. 
Then when Q is indefinitely near to P we may suppose the 
element PQ of the tube to be straight. Let é^ be the angle 
which the straight line through P and Q makes with the ver7 
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tical PN. Then the resultant force on the particle through- 
out its fall down FQ is equal to mg cos 0, and its acceleration 
is tìierefore g cos 0, Hence if i; denote its velocity at P, and 
v' its velocity at Q, we have 

v^=^v'-]-2gcos0.PQ. 

PN 

But PQ-^'^a* 

^ cos 5 

hence v^^v'' -\-2g .PN 

=^v'^ + 2g.P'Q\ 

Again, if v' denote the velocity of the second particle 
when at Q\ since it is falling freely under the action of gravity, 
and its velocity at P' is v, we must have 

v" = v'-{-2g.rQ'; 

Hence if the velocities of the two particles be the same 
when at P and P' respectively, they will be the same when 
at Q and Q'. 

Similarly if jB be a point indefinitely near to Q, and BR 
be horizontal, the velocities of the particles will be the same 
at B and B, and so on, the pressure of the tube being always 
in a direction perpendicular to that of the motion of the 
particle. Hence £f the two particles be projected with the 
same velocity from points in the same horizontal piane, their 
velocities will always be the same at the same depth below 
this piane, But if u he the velocity with which the two 
particles are projected from A, A' respectively, and A'P' be 
equal to h, the veloci ty of the second particle at P" will be de- 
noted by ^u* + 2gh. H ence the velocity of the first particle 
at P is also Vm' H- 2gh, and depends only on its initial velocity 
and the vertical height through which it has fallen. 

If the particle start from rest at A its velocity at any point, 
whose vertical depth below A is h, will be ^2gh. 

Similarly if a particle be projected up a smooth tube with 
velocity u, its velocity after rising through a vertical height h 
will be Vw* — 2gL If fi be the greatest height to which it 
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will rise, we must bave w' = 2gh, or A = ^ . Hence tlie par-, 

ticle will rise up the tube to the sanie vertical height to 
which it would rise if it were free and projected vertically 
upwards with velocity w. 

If the tube be bent, as in the subjoined figure, and the 
particle fall down one arm from a height h above the lowest 




point, it will riise up the other ami to the same height, for 
its velocity at the lowest point will be ^/''Igh, and this will 
just carry it to a height h up the other arm. The particle 
will afterwards descend again, and will continue to oscillate 
to a height h on eaoh side of the lowest point of the tube. 

142. As an illustration of the preceding article we will 
take the following example. 

A number of heavy partìcles slide from resi at the vertex 
down a smooth tube in the form of a parabola whose axis is 
vertical, and are allowed to quit the tube at different points. 
Find the hcus of the fod of the trajectortes subsequently de- 
scrib^d by them. 

Let S be the focus of the parabolic tube, ZX iis directrix, 
AL the tangent at the vertex. Suppose a particle to quit 
the tube at any point P. Draw FKH parallel to the axis. 
Let PT be the tangent at P to the curve of the tube. Then, 
since the particle starts from rest at A, its velocity at P is 
that due to falling freely from the point K, ^iTmust there- 
fore be the directrix of the parabola subsequently described 
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by the particle (see Art. 101), and sirice PT is the direction 
of the particle's motion at P, it is a tangent to this parabola. 



J. 


r x: 
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T ^ 
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V... 


' ì ■ \ 



Now, since PK is the perpendicular on the directrix and PT 
the tangent at P, if F be the focus of the parabola, the angle 
FPT is equal to TPK. Hence F lies in 8R Also FP is 
equal to PK and 8P to PH, Hence^ 8F is equal to HK, 
that is to SA. The locus of the foci is therefore a circle 
whose centro is 8 and which passes through A. 

Since SF is equal to 8A, 8 ì& a, point on the trajectory 
described by the particle which leaves the tube at P. Hence 
fif is a point on the parabolas described by each of the parti- 
cles after leaving the tube. These parabolas are in fact the 
sàme as would be described by a series of particles projected 
in different directions frora 8, each with the velocity which it 
would acquire in falling freely from A to 8, and the curve of 
the tube is the envelope of ali these parabolas. (See Art. 111.) 

143. In Art. 141, we bave supposed the particle to be 
constrained to move in a smooth tube, but the proof there 
given will be equally true if the constraint be produced by 
any other means, provided it exert no force upon the particle 
in the direction of its motion or in the opposite direction. 
For example, if a particle slide down a smooth surface of any 
form whatever, or if it be fastened to one end of a string of 
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Constant lengih (and whose mass may be neglected), the 
other end of the string being attached to a fixed point. In 
ali these cases the change of the velocity of the particle -will 
depend only upon the vertical height through which it has 
fallen. 

144j. -We are now in a position to iinderstand the method 
by which Newton arrived at the law of impact, enunciated 
in Art. 119, and the determination of the coefficient of elasti- 
city for different substances from the i*esults of experiment. 

A and B are two spherical balls suspended by stringa 
from fixed points so that the centres of both are free to move 




in the same vertical piane, Let this piane be that of the 
paper. Now, if the diameters of the balls are small compared 
with the lengths of the strings, we may, without introducing 
any considerable error, suppose them to move as particles 
situated at their centres of gravity. The length of each string 
and its point of suspension are carefuUy adjusted, so that 
when at rest the balls may be just in contact and the line 
joining their centres may be horizontal and in the vertical 
piane in which they move. Let a, h denote their centres in 
this position. 
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Let the centre of the ball jB be raised to B\ its stringa 
being kept tight, and then let jB be allowed to fall from rest. 
Let the vertical height of B' above the line ab be h feet. 
Then the velocity of the centre of the ball when it strikes A 
being denoted by u, we bave 

and this is the velocity of B relative to A just before impact. 
Also, since at the instant of impact B is at its lowest position, 
its centre will be moving horizontally, that is, along ha, After 
impact, the centre of the ball A will move along the are of a 
vertical circle. Let A be the extreme point which it reaches, 
and let the vertical height of A above the line ah be denoted 
by h. Then, since the ball comes to rést at A\ the velocity 
V with which it left a must be given by the equation 

tr* = 2,gk, 
or t; = *^'lgh 

Again, after impact the ball B will, on leaving A, either 
return towards B' or continue moving along its circle in the 
same direction as before, but with a diminished velocity ; or 
it may, as a particular case, come to rest at once. Suppose 
it to return towards B and its centre to rise to a vertical 
height K above the line db. Let v' be its velocity immediately 
after impact with A. Then, since the greatest height to 
which it rises above ab is h\ we must bave 

t;" = 2//A', 

or v = *>/tgh'. 

Hence the velocity of the centre of B relative to that of 
A immediatejy after impact, that is, — (v + 1?'), is numerically 
equal to - V 2^ (Vi + slU). 

Now Newton found by measuring the heights A, h and h\ 
that so long as the materials of which the balls were com- 
posed were the same, the ratio 

Vfc + VA' 
VA' 
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was always Constant, whatever were the relative dimensions 
of the baUs or the height h to which B was raised. But this 
ratio, with a negative sign prefixed, is the ratio of the velocity 
of -B relative to A after and before impact. Hence this latter 

tj]^ + Va' 

ratio ìs Constant. We bave called the ratio ;= — - the mo* 

VA 
-duliis of elasticity, and bave denoted it by e, It is always 
less than 1* 

"We bave said that after impact upon A the ball B may 

return towards jB', may come to rest, or may go on in the 

same direction as before, but with diminished velocity. Its 

behaviour in this respect will be determined by the value of 

e, and the ratio of the masses of the balls. If it come at once 

tJk 
to rest, A' is zero and e becomes -^ , If it proceed in thQ 

same direction as before, but with velocity v*\ then its 
velocity relative to A immediately after impact is — (v — v") ; 
and if A" be the height to which it rises, we bave for the 
ratio of the relative^ velocities, after and before impact, the 

expression jr , and this expression will be found to be 

Constant. The modulus of elasticity will in this case be 

ssjh • 

If the balls be inelastic they wiU proceed after impact 
with the same velocity, and will therefore rise to the same 

height. Hence h — h" and - — r^- — becomes zero, as of 

VA 

course it should. No known bodies are, however, perfectly 

inelastic. 

145. "We propose now to investigate the motion of a 
particle constrained to move under the action of gravity upon 
a smooth cycloid whose axis is vertical and vertex downwards, 
Before doing this we must examine some of the properties 
of the cycloid. The proofs given in the foUowing articles 
are due to Mr W. H. Besant, of St John's College, 

a D» 13 
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Def. a cycloid is the curve generateci hy a point in 
the drcumfererhce of a drcle, while the drcle rolla {mithout 
sUpping) along a straight line. * 

Suppose PQK to be the circle, Q tlie point fixed in its 
circumference, and the circle to roU along the under side of 




the straight line AB, starting from the position in "which Q 
is in contact with the line at B. Then Q will generate the 
cycloid BOA. If be the position of Q when the diameter 
through Q is perpendicular to AB, then is called the vertex 
of the cycloid, and OD, the diameter of the generating circle 
which passes through 0, is called its axis. The points A 
and B are the cusps of the curve, and the line AB its base. 
If the diameter of the generating circle be denoted by a, 
then OD is equal to a, and AB to the circumference of the 
circle, that is, to Tra. The length a of the diameter of the 
generating circle is called the parameter of the cycloid. 

146. Let Q be any point on the cycloid, and P the point 



jsr ^^ 







at which the generating circle touches the base when the 
tracing poiut is at Q. Let Q" be the position of the tracing 
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point when the circle has tumed through the indefinitely 
small angle 4> from this position. Then^ as the circle hegins 
to roU, ìt tums about the point P as an instantaneous centre 
of rotation, and ^ being the angle through which it tums, 

<2Q'=PQ.f 

Now if a particle starting from rest at A fall down the 
are of the cycloid, which we suppose smooth, its velocity at 
Q will be given by the equation 

v^\/2g.PK 

If we suppose thìs velocity to remain Constant while the 
particle moves over the indefinitely small are QQ, then 
the time taken to pass from Q to Q' will be denoted by 
QQ 
, - . Cali this time t, then 

s/^g.PN 



^^g,PN ^/2g,FN'^' 
By similar triangles 

PK:PQ::PQ:PN, 
or PQ'^^aPN; 



-Vè*- 



2? 

and this is true for each indefinitely small are into which AO 
may be divided. Hence the time in which the particle will 

descend from -4 to is tt /y/— » since the circle tums through 
two right angles, while the tracing point passes from A to 0. 

147. A particle starts from rest at any point in the aro 
of a smooth cycloid, whose axis is vertical and vertex donm- 
wards; tofind the time ofdescent to the vertex. 

13—2 
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Let T he the point from which the particle starts. 
Through T draw TC parallel to AD, and let a second cycloid 





?». -^I 


Ò 


/ aÌ/- 


t^' 



OA* be drawn, having its vertex at and OC for axis. Let 
OD be denoted by a, OC by a'. 

Let Q be any point on the first cycloid between T and 0, 
Q[ a contiguous point. Draw Qq, Q'q' parallel to AD, meet- 
ing the second cycloid in ql q respectively, and let Qq meet 
PK in N, Draw Q'L perpendicular to Qq, Then QQ' is 
ultimately perpendicular to PQ, that is, QQ coincides with 
QK when Q' is indefinitely near to Q. Hence 

gC' : QL :: iTe^ : KN, 



But 



or 



QQ^KQ 



KN : ^(2 :: ^(J : FK) 
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'SimUarly n.^^ J ±^. 

Now if a particle slide from rest at A' down the are of 
the second cycloid, its velocity at j is the same as the velocity 
at ^ of the particle which slides from T, since the vertical 
height through which each will have fallen is the same. 
Hence the time taken by the second particle to slide down 
q^ is to that taken by the first to slide down Q^ as are qq' 
is to are Q^, that is, as Ja' to Ja: and this is true for each 
pair of corresponding elements into which the arcs A'O, TO 
can be divided. Therefore the time taken by the first particle 
to slide down TO, is to that taken by the second particle to slide 
down A'O BS Ja to Ja\ But the time taken by the second 
particle^ to slide down A'O is, by the preceding article, 

^ A./ ^ • Therefore the time taken by the first to slide 

from Tto is equal to tt >^ g- , or the time from Tto 

is the same as from A to 0. Hence the time taken by a 
particle to fall from rest at awy point of the cycloid to the 
vertex is the same. This property is called the *'i80chromsvi 
of the cycloid" 

The particle after passìng will then ascend the cycloid 
to the same height as the point T from which it has fallen. 
If we denote by T the point at which it comes to rest, the 
time from T to T is 

27rV^,or7ry|?. 

The particle will then return from T through to T, 
and the whole time occupied in a complete oscillation or 
" swing-swang," that is, in passing from T to 2* and back 
acfain is 
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and is Constant however great or small the are of vibration 
may be, provided the particle do not leave the curve. 

148. Let Q be any point on the cycloid, and PK the 
corresponding vertical diameter of the circle. Suppose the 




circle to rpU through the indefinitely small angle 4>) and Q 
thereby to move to Qf, Let P'K' be the diameter which 
then becomes verticaL Then the angle P'CFk equal to ^. 
Join QK'. 

Draw KT parallel tò DB and let FK' meet KT in II. 
Draw HF perpendicular to QK. Then QP is ultimately 
equal to QK\ and KF== QK^ QK\ 

Now when ^ is indefìnitely small; KH is equal to KK*, 
that is, to CK. ^. Henc^ 



Also 



KF^KH.cosQKT 
^KHcosKPQ; 
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À 

or Qq^2{QK^QK'). 

Hence as the circle rolls through any very small angle, the 
increment QQ' of the are of the cycloid is equal to twice the 
decrement of the chord QK\ and this being always tnie up 
to the time when Q coincides with 0, in which case both the 
are QO and the chord QK vanish together, it follo ws that 
the are QOìb equal to twice the chord QK. 

Hence also the are BO is equal to 2PK, that is, to 2a, 
and the length of the whole are of the cycloid is 4a. 

14«9. Let BQOA be' a cycloid whose base is AB and 
vertex (?. Let the axis OD be vertical and be represented 



f Jl 


?" 


ir' "^ 


r 










e 






J3 



by a. Then a is the parameter of the cycloid. Produce 
OD to X making DX equal to OD. Draw two semicycloids 
having their vertices at A and B respectively, and each 
having a ctlsp at X Then the parameter of each of these 
semicycloids is a. DrawXF p?irallel to ABy and £Zper- 
pendicular to it Let PQ-K'be any position of the gene- 

Digitized by VjOOQIC 



200 THE CYCLOIDAL PENDULUMl 

rating circle of the first cycloid, Q the corresponding point 
on the curve. Produce KP to meet XY in K\ On PIC 
describe a circle, and produce QP to meet this circle in B. 
Join K'R. 

Then XY= DjB= ^ a = are PQK. 

Also K'Y=^PB = ^vcPQ, 

and ^'Z = Xr-irT; 

But the triangles PQK, PRK' are equal^ and therefore QK 
is equal to RK\ Therefore 

are ^ir=arcir'5. 

Hence K'X^^rcICE, 

and tt is therefore a point on the cycloid XB, Also by the 
preceding article the are BB is equal to twice the chord RP, 
that is, to BQ, 

Again, since as B traces out the curve XB, K' is the 
instantaneous centro about which K'B is tuming, K'B is the 
normal at B to the cycloid XB, and BP is the tangent to the 
same. Hence if a string be fastened at JT, and wrapped 
tightly round the cycloid XB, and a particle be attached to 
it at B, then if the system be loft free to move, the string 
remaìning tight, the particle will describe the semicycloid 
BO, Then as the string wraps up on the semicycloid X4, 
the particle will describe the semicycloid OA. Hence by 
this means a particle may be made to oscillate in a cycloid. 

If the mass of the string be insensible compared with 
the mass of the particle, the arrangement is called a simple 
pendulum. 

If l be the length of the string, then Z = 2a, and the time 
in which the particle oscillates from its highest position on 
one side of to that on the pther side of is, by Art. 147, 
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and is independent of the amplitude of the vibration. The 
time of a complete oscillation is 



27r 



J\- 



150. When the particle is very near to 0, the string by 
which it is suspended will be very nearly straight. Hence if 
a circle be described having Xfor centro and XOfor radius, 
it will very nearly coincide with the cycloid at points near to 
0. Hence if a particle oscillate in this cifcle through any 
small distances on each side of 0, its motion will be nearly 
the same as if it moved on the cycloid and the time of a semi- 
oscillation, that is, from the extreme point on one side of 
to the extreme point on the other side of will be very 

nearly ir ^t . 

If the are of oscillation be more than 3 or 4 degrees a 
considerable difference exists between the time in the circle 
and in the cycloid, the oscillations in the circle being slower 
the greater the amplitude. 

A simple pendulum as described above is of course a pure 
conception, and can never be realized experimentally. If, 
however, any rigid body be made to oscillate through a very 
small angle in one piane about a fixed point under the action 
of gravity, if the form and dimensions of the body be known 
as well as its density, at every point we can calculate the length 
of a simple pendulum which will oscillate in the same time ; 
but this calculation requires the methods of Eigid Dynamics. 
The simple pendulum which performs its vibrations in the 
same time as any rigid body or compound pendulum is called 
the simple equivcUent pendulum. 

The method of suspension explained in the preceding 
article is sometimes adopted in clocks. The pendulum is 
supported by a short steel spring which, as the pendulum 
oscillates, is made to wrap itself on two cycloidal cheeks, like 
the string in the last article. As the are of vibration of the 
pendulum is never more than a few degrees in amplitude, 
only a very small portion of the cycloid is required for either 
guiding check, 
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Suppose we observe the time in which any known pendu- 
Idm performs a large number (say 200 or 300) of very small 
oscillations. Then, dividing this time by the number of 
oscillations, we can find the time occupied by each. Let t 
seconds be the time occupied in performing a semi-oscillation ; 
then, if l be the length of the simple equivalent pendulUm, 

Hence, l being known, we can calculate the value of g, 
It is from experiments of this description that the most exact 
values of ^ bave been determined. 

151. As an illustration of the precedìng articles we will 
determine the length of a simple pendulum which will per- 
form a semi-oscillation in one second in London, the value of 
g being supposed equa! to 32*19, 

A pendulum which performs a semi-oscillation in one 
second is called a seconds' pendulum. By "beats" of a 
pendulum are always meant semi-oscillations. 

If l be the length of the seconds* pendulum in feet, we 
have 



'4-= 



•• ^-^ 

_ 3219 
" 31416» 

= 3-262... 

or the length of the seconds' pendulum is about 39144 
inches. 

152. Suppose a particle to be describing the curve 
APB, and let t; be its velocity at P ; then, if Pr be the 
tangent at P, the direction of its motion at P is along PT. 
Let Q be a point on the curve very near to P, v the velocity 
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of the paxticle at Q, QT the tangent at Q, and let the normals 
at P and Q intersect in 0. Then, when Q is indefinitely 




near to P, is the centre of curvature of the curve APB at 
JP. Let the angle FOQ he denoted by 0, then TKT is 
equal to 0. 

Now the relocity of the particle when at P is entirely 
along PT ; its velocity parallel to OP is therefore zero. The 
velocity of the particle when at Q is v' along QT', and its 
velocity parallel to OP is therefore v' sin 0. Now the time 
occupied by the particle in moving from P to Q lies between 

—-^ and —7^, and if PQ be indefinitely small, we may take 

PO 
V equal v', and the time from P to ^ becomes — ^. Hence 

PO 
during the time — ^, a velocity represented by vsin^ is 

generated in the particle in a direction parallel to PO. The 

measure of the acceleration which will generate this velocity 

• i.1. X- PQ ' ' n ^ v"sind ^' 

m the time -— ^ is vsmd. -^rr;» or ^^ . Now 
V PQ PQ 



y'sin _ 3 ^ sing 

P(2 ^^'pQ* e • 
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Hence the particle must, "while passing from P to Q, he moving 
with an acceleration whose measure is the limit of the ex- 

pression '^^pQ*—K- > when 6 is indefinitely diminished. But 

the limit of —3- , when 6 is indefinitely small, is unity, and 

TQ . 

the limit of -^ is fO, that is, the radius of curvature at P. 

Let this be denoted by p. Then the acceleration of the 
particle at P in the direction FO is measured by — , 

Hence if the mass of the particle be denoted by m, it 
must be acted upon by a force in the direction FO repre- 

sented by — . 
9 
If the velocity remain Constant, the particle has no 
acceleration in the direction of motion. Hence the resultant 

force upon it is a force acting inwards along the normal 

at P. 

If the curve described be a circle of radius r, then p is 
equal to r, and the particle is always acted upon by a force 

— towards the centro of the circle. 

T 

This method of determining the acceleration of a point 
along the normal to the curve in which it is moving is due 
to Mr Besant. 

153. In the case of a particle being prevented from 
leaving the circle by a string attached to the centro, this 
force is supplied by the tension of the string. Hence the 
string must exert a force upon the particle represented 

by m — , and since action and reaction are equal and opposite, 

it follows that the. particle exerts a force upon the string 
acting from the centro of the circle, and also represented 

by m - , This action of the particle upon the string or other 
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means of constraint is frequently called centrifugai force. 
It should always be bome in mind that the force acting upon 
the particle is towards the centre of the circle, but that the 
action of the particle upon its means of constraint is in the 
opposite direction, and is properly termed centrifugai force. 

154. As an example of the preceding article we may take 
the foUowing. Suppose a particle P, of mass m, attached to 




one end of a string of length l, the other end of which is 
fixed at A. The particle is made to describe a horizontal 
circle with uniform velocity, such that it makes n complete 
revolutions per second. It is required to find the inclination 
6 of the string to the vertical, and the tension of the string. 

Let be the centre of the circle described by the particle, 
V the velocity of the latter. The radius OP of the circle is 
equal to Imi 6. The velocity of the particle is 2n.irlmid 
feet per second. Hence it must bef acted upon by a force 
towards 0, whose measure is 



w- 



4n VPsin'g 
Urne ' 



that is 



m4n*7r'Zsin^. 
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Now the only forces acting upon the particle are the 
tension T of the string and the weight. Hence the horizontaJ 
component of the tension of the string must be equal to 
m 4w* TT^ i sin 0. Therefore 

jrsin^ = m.4n'7r*Zsintf, 

or T^mAr?i^l. 

Again, since the particle has no vertical motlon, tbe 
vertical component of the tension of the string must be equal 
to its weight. Therefore 

Tcos6=mgf 

cos^ 

Therefore, — ^ = w 4n' tt* Z ; 

cos ^ ' 

/. cosg= . /, ' 
M ir l 

and we bave seen that 

whence T and 6 are completely determined. 

For example, suppose l equal to 2 feet and m to be 
20 pounds, and that the system makes 10 revolutions per 
seconda then taking g equal to 32, we bave 

a_ 32 1 

''''^^"" 800^" 25^' 

and r=20.4.100.2.7r* 

. =160007r», 

or tbe tension of tbe string is IGOOOtt* dynamical units of 
force, that is, equal to the weight of SOOtt* pounds. 

If the string in this example be replaced by a rigid rod, 
which can tum about ^ in a ball and socket-joint, we obtain 
the instrument known as a conical pendulum. 
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155. The eartKs equaiorial radius heing taken as 4000 
milesj it Ì8 reqmred to find the force necessari/ to prevent a 
partide ofmass m at the equator from leaving its surface (Wi 
account o/the diumal rotation. 

The time in which the earth makes a complete rotation 

3()5 
about its axis is a sidereal' day, that is about ^r^r^ mean solar 

days, or nearly 14164! seconds. The velocity of a point on 

., , , , ,, w • *!, ^ 27r.4000x5280 
the equator due to the rotation is therefore TTTfil ' 

feet per second. Hence the force which must act towards the 
centro of the earth to prevent a particle of mass m from 
leaving the surface must be 

471^.4000'. 5280* , • i -x rr 

^ 14164-, 4000. 5280 ^T^^^^^l ^^^*« ^^ ^^^^^ 

= '11203771 dynamical units of force very nearly. 

Hence the resultant force upon a particle of mass m at 
the equator must act towards the centro of the earth and be 
equal to '11203771 units of force in order that it may be at 
rest on the surface. 

Now suppose the force with which the earth attracts the 
particle to be denoted by mf, and the pressure of the particle 
on the ground to be mg. Then the pressure of the ground 
on the particle is also mg, and the resultant force upon it is 
mf—mg towards the earth's centro ; 

/. m(/-5r) = -112037n, 

or the apparent weight of the particle, viz, mg, is less than 
the force with which the earth attracts it by '11203771. 

If we suppose the value of g at the equator to be 32, we 
see that the weight of a body in its neighbourhood is di- 

minished by about ^^ of the whole weight on account of the 

earth's rotation. 

The eflfect of the earth's rotation upon bodies at the 
equator is actually to diminish their apparent weight by 
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about ^^ of the whole. The value of g at the equator is 

rather less than 32, but the earth's equatorìal radius is only 
about 3962 miles instead of 4000 miles, as we have taken it. 

156. If a partìcle describe a circle of radius r with 
uniform velocity v, and pass from P to ^ in the time t, theu 
the are PQ is equal to vr. But if be the circular measure 
of the angle subtended at the centro by the are PQ, then J^Q 
is also equal to rd. Therefore 



r^ = 



VT. 



or ^ = - T, 
r 

and since v is Constant, varies as t. If t be equal to one 

second we have = -, or - denotes the circular measure of 
r r 

the angle swept out about the centro by the radius through 

the particle in each second. This is called the angular 

velocity of the particle about the centro, and is frequently 

denoted by ». 

We have seen that if a particle of mass m describe a circle 
of radius r with uniform velocity v, it must be under the 
action of a Constant force towards the centro measured 

by m - , and this is also the measure of the force from the 

centro which the particle exerts against the means of con- 
straint which compel it to move in the circle. Now if © be 
the angular velocity of the particle about the centro, we have 

G) = - . Hence m — = m©' r, or the force acting upon the 

particle towards the centro is numerically equal to mw'r, 
and its acceleration towards the centro is therefore ©'r. 

157. When two or more bodies are so connected that if 
the motion of one of them be given, that of each of the others 
is known, we can, by help of the equations expressing the 
geometrical connections of the system, find the motion of 
each part and the forces between the paxts when the external 
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forces acting on the system are known. We bave seen ex- 
amples of this in the cases of weights connected by a string 
over a pulley. The general method of solution of problems 
of this class is to take the acceleration of one of the parts as 
the unknown quantity, then by help of the geometrical equa- 
tions the aecelerations of ali the other parts can be expressed 
in terms of this. The aecelerations of ali the parts being 
thus expressed in terms of one unknown quantity, the re- 
sultano force upon each can also be so expressed ; hence the 
reactions between the parts can be expressed in terms of this 
one unknown ; and finally, the resultant force on the first part 
of the system being expressed in terms of the external forces 
upon it, and the reactions of the other parts of the system, it 
can be expressed in terms of the unknown acceleration. But 
it is this force which produces that acceleration in the first 
part of the system, and this furnishes us with another 
expression for the same force. Equating these two expres- 
sions we bave an equation to determine the unknown 
acceleration. This process will be best understood by an 
example. 

158. Ex. A smoQth wedge A whase angle is a and 
mass M rests on a smooth piane inclined at the same angle 
a to the horizon, so that one face of the wedge is »horizontal. 
On the upper surface of the wedge is placed a weight B of 
ìnass m. Find the motion of the system and the pressures 
between the parts. 

The upper surface of the wedge being smooth, ali the 
forces upon the weight B are vertical, and therefore this 
weight wiir descend in a vertical straight line. Also since 
the weight remains on the top of the wedge, which is bori- 
zontal, the vertical motion of the wedge must be the same as 
that of the particle, and therefore its vertical acceleration 
must be the same. Also the motion of the wedge is always 
along the inclined piane, and therefore its acceleration must 
be in that direction. 

Let/ denote the acceleration of B, f that of the wedge 
Ay then, since their vertical aecelerations are the same, 

/sina=/; 

G.D. li 
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•^ Sina 

Mf 

Therefore the resultant force on the wedge must be -—'— 

sin a 

alon<:j the piane. Let P denote the pressure of the weight S 

on the wedge. Then resolving along the piane, 

sin* a ^ 

But the resultant force upon B is mg — P, acting vertically 
downwards, and this must therefore be the force required to 
produce an acceleration / in the mass m. Hence 

.(M+mlg^j^^ 

^ l/+msin''a 

this dctermines the acceleration of the weight P. The 
acceleration of the wedge along the piane is 

^ (il!f+m)^sina 

Jf+wsin'a ' 
and tho pressure, P, between the weight B and the wedge is 

mMg cos'a 
Jf + m sin* a ' 

Resolving perpendicularly to the inclined piane we see 
that the pressure between the wedge and piane is 
(P + Mg) cos a, 

that is, M-YF-. H^flroosa, 

159. When the connections between the parts of a 
system are such that the motion of ali can be expressed in 
terms of that of one of them, and there are no sudden changes 
of vclocity in any pari of the system, we may frequently de- 
termino the motion from the consideration that the kinetic 
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energy of the system is equivalent to the work done upon it 
by external forces. We may illustrate this by the foUowing 
example. 

Ex. A weight 0/64 Ibs. ù supported m equilibrium by a 
weight ofés Ibs. in a system of pulleys in which each string is 
vertical, If a half-pound weight le added to the 4 Ib, weight, 
determine the motion o/the system, neglecting thefriction and 
inertia of the pulleys, strings, <bc, 

Since a weight of 4 Ibs. supports in equilibrium a weight 
of 64 Ibs. it foUows from the principle of virtual veloci- 
ties, that if the former fall through a very small space the 
latter will rise through -j^ of that space, and since the strings 
are vertical the system is always similar throughout the 
motion. Hence the geometrical connections must be such 
that in each displacement throughout the motion the 4 Ib. 
weight will move through 16 times the space moved through 
by the 64 Ib. weight, and its velocity and acceleration will 
therefore be 16 times that of the larger weight. Hence since 
the geometrical connections are undisturbed by adding the 
half-pound weight, the same will be true in the motion we 
are considering. Let / be the acceleration of the 4J Ibs. 

Then ^^ is the acceleration of the 64 Ib. weight, and / will 

remain Constant throughout the motion, since the conditions 
are always the same. Hence the kinetic energy of the system 
at the end of time t from the commencement of the motion will 

be o.4J./V + ^.64.'Y77à> or -g-/*^'unitsof kinetic energy. 

Also, the space described by the 4J Ib. weight will be 

-fV units, and that through which the 64 Ib. weight has 

1 f 

ascended will be ««f^^'- Hence the work done on the 

system by gravity will be -^9 -V)/^ units of work. 

Therefore Igfi^^^lff; :. f^^g, 

2 

and the 4J Ibs. will descend with uniform acceleration :^g. 

14-2 
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Or we may proceed thus : — The tension of the string sup- 

porting the "weight" will always be 16 times that of the 

string supporting the " power," whether the system be at rest 

or in motion, since the weights of the stringa and puUeys are 

neglected. Let T denote the latter tension in absolute units, 

then 167^ will represent the former. The acceleration of the 

T 
"power" will therefore ^^ g — Ti downwards, and that of the 

*'weight" -^7 — g upwards. But the acceleration of the 
"power" is always 16 times that of the weight ; 

T ,./16r ' \ ^17x9 

T 2 

and the acceleration of the 4 J Ib. weight is 5^ — tt > ^^ Tq 5^> 

as before. 

160. We purpose now to give a few examples of a class 
of problems not unfrequently proposed, hamely the fol- 
lowing : — 

Suppose a system of particles at rest and in equili- 
brium under given constraints, and let one of these con- 
straints be suddenly removed. It is required to find the 
change instantaneously produced in the action of the other 
constraints. 

The general method to be adopted in order to determine 
the initial actions of the remaining constraints is to find the 
direction and acceleration with which each particle begins to 
move. If we multiply the expression for this acceleration 
by the mass of the particle, the product is the measure of 
the resultant force upon the particle, and this resultant force 
being determined in magnitudo and direction, we bave suflS- 
cient equations for determining ali the forces in the system 
at the commencement of the motion. 

161. Ex. 1. A particle of mass m is suspended from 
two points in the same horizontal line hy two strings of equal 
lengths. One of the strings is svddenly cut, it is required to 
find the initial change of tension ofthe other string. 
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Let P be the particle in its position of rest, AB the 
points of suspension. Let -45= 2a, and let the length of 
each string be l. Let the angle BPA be equal to 2a. If 
T be the tension of each string when there is equilibrium, 
we bave by resolving vertically 




T^ 



mg 
I cos a ' 



where 



cos a = 



l ' 



Now suppose the string AP suddenly cut. Then BP re- 
maining of invariable length, the particle will begin to move 
at right angles to BP. Hence the resultant force upon it 
must be in this direction. Therefore, if T' be the tension of 
the string BP, immediately after cutting -4P, we bave 

and the initial change of tension is 

(2 cos' flt — 1> 



T' ^ / 2cos'g-l >^ 

T-T^mg\^ 2cosa J" 



If a be less than 45^ the tension of BP is suddenly in- 
creased, and if a be greater than 45®, or l less than V2 . a, the 
tension of BP is suddenly diminished, by cutting AP. 

The resultant force upon the particle immediately after 
cutting the string AP is mg sin a, acting in a direction per- 
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pendicular to BP. Hence the initial acceleration of the 
particle is in this direction and is nnmerically eqnal to 
^ sin a. 

162. Ex. 2. A string having its ends fastened to two 
fixed points A and B in the same horizontal straight Une Kos 
four equal particles, each of mass m, attached to it at equal 
intervals. If while the system is at rest the string he cut in 
the middle, it is required to find the instantaneous change of 
tension of the other portions of the string, 

When at rest the portion QR of the string will he hori- 
zontal, and the system will be symmetrical about the vertical 




line throngh the middle point of the string. Let a^ denote 
the inclination of ES to the horizon, a^ that of BS. Then, 
if r„ represent the tension of QE when the system is in 
equilibrium, T^ that of B8, and T^ that of B8, we bave 





T^coaa^^T^cosa^^T^ 


Also 


T,Bma, = mg, or T.^^^l^. 


and 


T^ sin a, - Tj sin a^ = mg. 


or 


* sin a, ' 



If the length of the string be known as well as the 
distance AB, we bave sufficient equations for determining 
ffj and Oj. 

Let jT/ represent the tension of RS, and T/ that of SB 
immediately after cutting the string between Q and R. Then 
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since SB remains of invariable length, the direction in which 
8 moves is always perpendicular to 8B, and hence at the 
heginning of the motion its acceleration along 8B must bo 
zero. 

Therefore T^ — jT/ cos (a^ ~ a^ = mg sin a^ ; 

therefore T^ = mg sin a^ + T/ cos («^ — a^), 

Also the resultant force upon ;S^ perpendicular to B8 is. 
mg cos a, - T^ sin (a^ — a J, 
and its acceleration in this direction is therefore 

T' 
5rcosaj,-^sm(a,-a,), 

I 
and the component of this in the direction B8 is 

\g cos «2 - :^ sin (a. - ajj sin (a, - aj. 

Now since /SK is of invariable length the velocity of R 
in the direction B8 must always be the same as that of 8 
in that direction. Hence the acceleration of B in the direc- 
tion B8 must be equal to that of 8 in the same direction. 
The resultant force upon B in the direction B8 is 

r;- marsina,, 

and its acceleration in this direction is therefore 

m ^ ^ 
Hence we bave 

^-5rsina,=^cosa,sin(af,-.3tJ-^ sin'(a,-aj; 



therefore 



mf sin Qf, -f cos a^ sin (g, - 1^) 

^-'"^ l + sin»(a,-a,) 



But TI = mg sin a^ + T/ cos (a^ — a^) ; 
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therefore 

T'-^mni^mfl \ ^'" «i^Qs(««^«ì) +^QS«, sin (g,~g,) COS («,-«,) ] 

Hence we have found.the tensions of the parts of the 
string immediately before and immediately after the section. 
The diflference between the corresponding tensions will of 
course be the instantaneous changes required. 

By proceeding in precisely the same way we might find 
the tensions of the diflferent portions of the string, imme- 
diately after cutting it at any point, whatever be the number 
of weights suspended from it. 

163. We will conclude this chapter with the foUowing 
example, illustrating the application of the equation t;* = 2fs 
to problems connected with uniformly accelerated motion. 

Ex. A Nasmyth hammer, moving in a vertical direction, 
ù driven by steam pressure on a drcular piston 40 inches in 
diameter. The hammer and piston together weigh 25 tons, 
and the pressure of steam on the upper side of the piston is 
50 Ihs, per square inch more than on the hwer side, Sup- 
posing the hammer after falling through 59 inches to strike a 
mxiss of iron, compress it vertically through one inch, and then 
come to rest, find the pressure exerted hy the hammer upon the 
iron, supposing it uniform thronghout the compression. 

The whole force acting upon the hammer before striking 
the iron is equal to the weight of 

^^^7r.20».50, 
^^•^ 2240 ^^^^> 

and tlie whole mass moved being 25 tons, it will fall with 
Uttiform acceleration represented by 

/, ^•7r.20».2N /, , 57r\ 

^l^+^2Ì0-j*^^^(l+14J- 

Digitized by VjOOQIC 



PBESSUBE EXEBTED BT A STEAM HAMMEB. 217 

The velocity, v, which the hammer will acquire in falling 
through 59 inches, is given by the equation 

67rN69 



, - /, , 67rN69 



and this velocity is destroyed by a Constant force, while the 
hammer moves over one inch. Hence if /denote the uniform 
acceleration with which the hammer moves throughout that 
inch, we have 



1 ^ o /i . 5t\ 59 
or/=595r(l+^). 



Therefore the resultant force on the hammer, while com- 
pressing the iron, is equal to the weight of 



25 X 59 (l + ^) tons. 



But the downward force upon it due to its weight, and 
the pressure of the steam, is equal to the weight of 

25 (l + ^1 tons. 



(>-n) 



Hence the vertical pressure of the iron on the hammer, and 
therefore of the hammer on the iron, is equal to the weight 

of 60 X 25 ^1 + ^) tons, or about 3183 tons. 

164. We might have obtained the result of the pre- 
ceding article from the consideration that if a mass move 
under uniform acceleration, the change of its kinetic energy 
in any time is always numerically equal to the work done 
upon it duiing the interval. If the acceleration under which 
the body is moving be suddenly changed during the motion, 
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this principle is true for each portiòn of the motion, and 
therefore throughout the whole. 

Now the hammer starts from rest, and finally comes to 
rest. Hence the whole Work done upon it must be zero. 
But it falls altogether through 5 feet under a Constant force 

equa! to the weight of 25 ^1 + -^j tons. Hence the work 

done upon it by this downward force is 123 (l + '^j foot 
tons. Therefore the work which the hammer must do upon 
the iron is 125 (l +tì) ^^^* *^^^- ^^^ ^^ compresses the 

iron through t^ of a foot. Hence the pressure which it exerts 
upon the iron must be equal to the weight of 

1500^1+^) tons. 



EXAMINATION ON CHAPTER V. 

1. A particle is projected from the vertex of a smooth 
parabolic tube, whose axis is vertical, and latus rectum equal 
to 4a, along the tube with a veloci ty represented by J2ag. 
Find the velocity of the particle at any point in the tube in 
terms of the focal distance of the point. 

2. Assuming that on descending a mine, g varies directly 
as the distance from the earth's centre, find the number of 
beats lost in a day by a pendulum which beats seconds at the 
sea-level, when carried down a mine to a depth of 400 
fathoms, supposing the earth a sphere of 4000 miles radius. 

3. Shew that the time of oscillation of a particle under 
the action of gravity about the lowest point of a vertical 
circle of radius 2a, is greater than tbe time of oscillation 
on a cycloid the diameter of whose generating circle is a, 
if the are of oscillation in the circle be. of finite length. 
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4. A particle slides down the surface of a right circular 
cylinder whose axis is horizontal from rest on the highest 
generating line. Find the pressure on the cylinder in any 
subsequent position of the particle, and the point where the 
particle will leave the surface. 

5. Supposing the bob of a conical pendulum to weigh 
20 Ibs., and the length of the string to be 3 feet, find the 
inclination of the string to the vertical when the bob is 
making 3 revolutions per second, and its tension. 

6. A heavy particle is attached to a string 5 feet long, 
and swung round in a vertical circle. Find its velocity at 
the highest point in order that the string may just remain 
tight. 

7. Explain the action of the conical pendulum as a 
regulator or "governor" for a steara-engine. 

8. In the case proposed in question 1, find the pressure 
of the particle upon the tube at any point of its path. 

9. A train goes round a curve whose radius {i. e. the 
radius of the curve lying midway between the two metals) 
is 150 yards, at the rate of 50 miles per hour. Find the 
height to which one of the metals must be raised above 
the other in order that the whole pressure of each carriage 
on the metals may be perpendicular to the floor of the 
carriage, the breadth of the gauge being 4 ft. 8| ins. 

10. A heavy particle is suspended from the angular 
points of an equilateral triangle whose piane is horizontal, 
by means of three strings each equal in length to one side 
of the triangle. If one of the strings be cut, find the initial 
change of tension of the other two. 

11. A uniform string, of length 27ra, is rotating in its 
own piane with uniform velocity cd, under the action of no 
external forces. Find the tension of the string, the mass of 
each unit of length being m. 

12. A smooth wedge whose angle is 30^ weighs 10 Ibs., 
and rests on a smooth piane inclined 30^ to the horizon, so 
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that the upper surface of the wedge is horizontal. A weight 
of 2 Ibs. is placed on the top of the wedge. Find its accelera- 
tion and the pressure of the weight on the wedge. 



EXAMPLES ON CHAPTER V. 

1. The value of g at Greenwich being 32'1912 and at 
Trinidad 32-0913, find how many beats a Greenwich seconds 
pendulum would lese in a day at Trinidad. 

2. Shew that the acceleration of a particle oscillating in 
a smooth cycloidal tube whose axis is vertical, is at any poiut 
proportional to its distance from the vertex measured along 
the curve. 

3. Find the inclination to the vertical of a conical 
pendulum 20 inches long, and making 200 rotations per 
minute. 

4. A body weighing 10 Ibs. is suspended by a string 
from a point in the roof of a railway carriage, which is 
describing a curve of 509 feet radius at the rate of 45 miles 
an hour. Find the inclination of the string to the vertical 
when it is in relative equilibrium, and the tension of the 
string, 

5. Find the difference in the pressures exerted on the 
metals by a train weighing 200 tons when going due East, 
and when going due West, along a horizontal rail at 60 miles 
an hour in latitude 60*^. 

6. A pendulum which at A beats seconds, gains 2 beats 
an hour at B. Compare the weights of the same substance 
at the diflferent places. 

7. Two very small imperfectly elastic balls are let fall 
simultaneously from diflferent points, their centres moving 
on the same cycloid whose axis is vertical and vertex down- 
wards. Shew that ali their impacts will take place at the 
vertex, and find the ultimate rango of vibration when the 
impacts bave ceased. 
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8. The length of a pendulum which vibrates 30 tiraes 
iij a minute is 156'8 inches, find the space through which 
a particle will fall from rest in one second under the action 
of gravity. 

9. A free body falls from rest through nearly 301| 
yards in one-eighth of a minute in the latitude of Greenwich. 
How far would a body fall from rest in a quarter of a minute 
at a place where the length of the seconds' pendulum is '999 
of its length at Greenwich ? 

10. The attraction of a piane t of mass m on a given 

body at a point distant r from its centre, r being greater 

tifh 
than the radius of the planet, varies as -^ . The mass of 

the earth is 49 f imes that of a certain planet, while its radius 
is 4 times that of the planet. Prove that a seconds' pen- 

dulum carried to the planet would oscillate in about 7 

4 

seconds. 

11. If a simple pendulum 39J inches long oscillate in 
one second, what is the length of a pendulum which makes 
3540 beats in an hour ? 

12. The horizontal attraction of a mountain on a par- 
ticle at a certain place is such as would produce in it an 

acceleration denoted by - g. Shew that a seconds' pendulum 
at that place will gain — r^^ — beats in a day, very nearly. 

13. Shew that a pendulum one mile long would oscillate 
in about = V22 minutes. 

14. A seconds' pendulum is carried to the top of a 
mountain 3000 feet high ; assuming that the force of gravity 
varies inversely as the square of the distance from the earth's 
centre, and that the earth's radius is 4000 miles, find the 



Digitized by VjOOQIC 



222 EXAMPLES. 

number of oscillations lost in a day, neglecting the attraction 
of the mountain. 

15. A railway train is moving uniformly along a curve 
at the rate of 60 miles per hour, and in one of the carriages 
a pendulura which would ordinarily beat seconds, is observed 
to oscillate 121 times in two minutes. Shew that the radius 
of the curve is very nearly a quarter of a mile. 

Supposing a stone dropped from the window of one of 
the carriages, find how much farther from the centro of the 
curve is the point at which it strikes the ground than the 
point vertically beneath that from which it falls, the height 
of the latter point above the ground being 6 feet. 

16. A particle is projected horizontally with a given 
velocity from the highest point of a smooth sphere. Find 
the point where it leaves the sphere. 

17. Find the greatest velocity with which a particle 
may be projected horizontally from the highest point of a 
sphere, so as to move on the surface of a sphere. 

18. A smooth straight tube is made to describe a right 
circular cene whose axis is vertical and semivertical angle 
equal to a, with uniform velocity, the vertical piane through 
the tube tuming about the axis of the cone with uniform 
velocity G). Fina where a particle will be in relative equili- 
brium in the tube, 

19. Shew that if a heavy particle fall from a cusp down 
the are of a smooth cycloid whose axis is vertical and vertex 
downwards, its pressure on the curve at its lowest point will 
be equal to twice its weight. 

20. Supposing the earth's orbit about the sun to be a 
circle of 86,000,000 miles radius, and the earth to describe 
this orbit with uniform velocity in 365J days, express the 
force exerted by the sun on a pound of matter at the earth's 
surface in British absolute units, neglecting the magnitudo of 
the earth in comparison with the sun's distance. 
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21. If difiFerent points be describing different circles 
Tiniformly with accelerations proportional to their radii, their 
periodic times will be the same. 

22. A heavy particle is placed very near the highest 
point of a smooth vertical circle ; shew that the latus rectum 
of the parabola which it describes after leaving the circle 
is to the radius of the circle as 16 : 27. 

If retaining the same highest point the circle vary in 
size, shew that the locus of the focus of the parabolic path of 
a particle so flyiag off is a straight line. 

23. A lamina in the form of a regular hexagon of side 
a is placed fiat on a smooth horizontal piane and fastened 
to the piane. A string of length equal to the perimeter of 
the polygon is wonnd round it, one end being attached to an 
angular point, and the other end carrying a particle of mass 
m, If the particle be projected horizontally at right angles 
to the string with velocity cd, find the timo after which the 
string will be wound up again, and its greatest and least 
tensions. 

24. A skater, whose weight is 12 stono, cuts on the 
outside edge a circle of 3 yards radius, with uniformly de- 
creasing velocity, just coming to rest after completing the 
circle in 6 seconds. Find the direction and magnitudo, 
when he is half way round, of his pressure on the ice. 

25. A particle suspended from a point by a string of 
length a is projected from its lowest position with velocity 

/Oli 

— — — Jga ; shew that it will pass through the point of sus- 
pension, and that the direction of its motion at that point 
will make an angle oos~* ^ with the horizon. 

26. If a wheel of radius a roll on the lower side of a 
horizontal piane so that its centre moves in a straight line 
with uniform acceleration Jga^ any point on its circum- 
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ference will move in the same manner as a heavy particle 
starting from the cusp of a smooth cycloidal are whose axis 
is vertical, and sliding down it. 

27. A particle starts from the extremity of a smooth 
cycloidal are whose axis is vertical ; shew that when it has 
fallen through half the distance measured along the are to 
the vertex, it will have accomplished f of its vertical descent, 
and two-thirds of the time of descent will have elapsed. 

28. Three equal smooth spheres are placed in contact 
on a horizontal piane, and are connected where they touch. 
A fourth equal smooth sphere is placed so as to be supported 
by the other three. If the connections between the lower 
spheres be simultaneously broken, shew that the pressure 
between each and the upper sphere is instantaneously di- 
minished by one-seventh. 

29. A heavy uniform string rests on a smooth horizontal 

table with one end pinned to the table and - of its length 

hanging over the edge of the table; if the pin be removed 
the whole pressure on the table will be instantaneously di- 

minished by -g ^f ^^^ weight of the string. 

30. A smooth wedge whose vertical angle is 30° weighs 
10 Ibs., and is placed on a smooth piane inclined 45® to the 
horizon^ the edge of the wedge being horizontal and directed 
upwards. On the top of the wedge (which is inclined at an 
angle of 15* to the horizon) is placed a smooth weight of 
5 Ibs. Determine the motion, and the pressures between 
the weight and wedge, and between the wedge and the 
piane. 

31. In a system of pulleys in which ali the strings are 
vertical, a weight of one pound can support a weight of 32 Ibs. 
If a weight of one ounce be added to the one-pound weight, 
determine the motion of the system and the space through 
which the 32 Ib. weight will be raised in one minute, 
neglecting the friction and inertia of the pulleys, and the 
rigidity and inertia of the ropes. 
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CHAPTER VI. 



APPENDIX ON THE DYNA]VIICAL THEORY OF GASES. 



165. A SIMPLE gas may be considered to be a coUection 
of equal, free, material particles moving about in ali direc- 
tions. When two of these particles approach one another 
they behave like perfectly elastic balls impinging on each 
other, that is to say, the velocity of either relative to the 
other becomes reversed in direction but is iinaltered in 
magnitude. We do not say that the particles are perfectly 
elastic, because we cannot conceive of a particle suflfering 
compression and subsequently regaining its originai form. 
It is probable that when the particles approach very near 
one another a repulsive force acts between the two, which 
increases as the distance between the particles diminishes, 




so as to prevent their ever coming into actual contact, and 
this force depending only on the distance between the par- 
ticles, and not on the direction of their motion, will generate 
as much momentum in each as they recede from one another 

G. D, 15 
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as it destroyed during their approach. If tlie particles are 
not moving in the same straight line, since the force between 
them does not act in the direction of the motion of either, 
the path of each will be curved thronghout that portion 
during the description of which the force is sensible. Thus 
the paths of two particles in the neìghbourhood of the least 
distance between them will be represented by the lines 
ABCD, EFOH, where -45, EF are the directions of motion 
before coming sufl&ciently near together to act sensibly on 
one another, and CD, GH the directions in which they are 
moving after getting beyond the reach of each other s re- 
pulsion. 

When the particles of a gas meet with any obstacle, 
whose mass is very great compared with their own, they be- 
have like elastic balls projected against a fixed surface, and 
rebound, their velocity relative to the obstacle remaining 
unaltered in magnitudo but reversed in direction. 

166. If a unit of volume of a gas contain n particles, 
each of mass m, then the mass of the unit of volume will 
be nm, Now it may be shewn that if a quantity of gas 
of mass M be contained within a closed vessel, the resultant 
pressure upon the vessel is Mg, that is the weight of the 
gas. Hence this can be determined by weighing, and then 
M will become known. Hence if the volume of the vessel 
be known the mass of unit volume can be found. Thus 
nm can be found for any particular gas under given circum- 
stances (i.e. given pressure and temperature). 

AH we know about n is that it lies between certain limits, 
which are however so very far apart as to be of little value. 
It may be assumed that if the unit of volume be a cubie 
foot, n is many trillions at least. " Since we are unable to 
determine n, we are equally unable to determine m. Hence 
ali questions relating to the pressure of gases upon STirfaces, 
and the like, must be treated in the same mannei as the 
example in Art. (134). 

In fact, as we are unable to isolate particular particles (or 
molecules as they are called) of a gas and trace out their 
personal history, the collisions with other particles which they 
experience, and the like, we bave to adopt a statistical method. 
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and fixing oiir attention iipon some particular condition, we 
determine what proportion of the whole number of particles 
under our consideration fulfil that condition. Thus we may 
consider what proportion of the whole number of particles 
in a unit of volume impinges upon a given surface during 
a second, or what proportion impinges upon a given surface 
the angles of incidence upon it lying between given limits. 

The quantity of matter in the unit of volume of a sub- 
stance is the measure of its density. Hence we may cali nm 
the density of the gas, and we shall use this term for nm in 
the following articles, aud denote it by p. 

167. Before considering the pressure exerted by a gas 
on any area, the particles of the gas moving in directions 
uniformly distributed throughout space, we shall consider 
the pressure exerted on the unit of area by an imaginary gas 
of density p, ali the particles of which are running in a 
direction perpendicular to the surface and with the same 
velocity. 

Each cubie foot of the gas contains a mass represented by 
p or nw, a foot being the unit of length. Now of the n 
particles in the unit of volume one half are moving towards 
the piane and one half away from the piane. Let v be the 
velocity of each particle in feet per second. Then since each 

cubie foot of gas contains ^ particles moving towards the 

piane with velocity r, the number of particles which strike 

a square foot of the piane in a second will be -^ and their 

mass -^r- V, Now after impact they each move from, the 

piane with yelocity v, Hence the change of momentum of 
each particle produced by the action of the piane is 2mv, 
and therefore the whole change of momentum produced in 
one second by the pressure of the piane on the gas is 

^ . 2mv, that is nmi^, and this is therefore the measure of 

that pressure. Hence the pressure exerted by the gas on 
each square foot of the piane is nmv^, or since nm is equal 
to p, the measure of the pressure is pv\ 

15—2 
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168. Next imagine an unlimited volume of gas, of 
density />, to consist of particles ali of whicli are moving in 
directions making the same angle, and with the normal to 
a fixed piane, and with the same velocity. We propose to find 
the pressure exerted by such an imaginary gas upon each 
unit of area of the piane. 

As in the previous case, of the nm particles contained in 
each cubie foot one half will be moving towards the piane, 
and one half away from the piane. At points very dose to 
the piane the particles moving towards it are those just 
about to impinge upon it, while those moving from it are 
those which have just impìnged. These latter, meeting with 
others of equal mass coming towards the piane, and each 
acting like a perfectly elastic ball, will exchange the com- 
ponents of their velocities perpendicular to the piane, and so 
on throughout the gas, so that while in every portion of gas 
one half of the particles are moving from the piane, it does 
not foUow that these have just, or ever, impinged upon the 
piane. In fact each particle without moving to any sensible 
distance from its originai position may have the àirection of 
its motion changed any number of times. 

In each cubie foot the number of particles moving towards 

the piane is ^ and their aggregate mass — -, also the resolved 

part of the velocity of each perpendicular to the piane is 
vcosa, hence the number of particles which strike each 

square foot of the piane in one second is ^ v cos a, and their 

aggregate mass — v cos a. Now the change produced in 

the velocity of each by impact is denoted by 2y cos a. Hence 
the whole change of momentum produced in one second by 
the pressure of a square foot of the piane is nirvì? cos^a or 
piP^ cos^a, which therefore is the measure of the pressure of 
the gas on the piane. 

169. If an unlimited number of lines be drawn from 
the centro of a sphere in directions uniformly distributed 
throughout space, the number of such lines passing through 
any given area of the spherical surface will be proportional 
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,to tliat area, and will therefore bear to tlie whole number of 
lines the same ratio as the given area bears to the whole 
area of the sphere. This must be considered the funda- 
mental notion of uniform distribution of directions in space. 

We bave seen that if the directions of motion of ali the 
particles of a gas were to make the same angle a with the 
normal to a piane, and the velocities of ali the particles 
were the same, the pressure on each unit of area of the piane 
would be represented by pv^ cos^o. Now in ali actual gases 
the directions of motion of the several particles are uniformly 
distributed in space, and in order to determine the pressure 
of such a gas on a piane area exposed to it, we bave to 
determine the average value of the expression pv^ cos*a under 
this hypothesis. This we proceed to do, and in the first 
place we shall suppose the velocities of ali the particles to 
be the same. 

170. Let he the centro of a sphere whose radius we 
will suppose for simplicity numerically equa! to v, Let AB 
be the diameter of the sphere which is perpendicular to the 




piane, the pressure on which we desire to measure. Let P 
be any point on the sphere, Q a point very near to P. Let 
the angle A OP be denoted by a, and POQ by 6 when is 
very small. Suppose planes perpendicular to AB to pass 
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through P and Q. They will each cut the spbere in a small 
circle, and comprisé between them a zone whicb we shall 
cali the zone PQ. Let CD be the diameter in the piane of 
the paper perpendicular to AB. Draw PN, ^3f perpendicular 
to CD and PK perpendicular to QM, ThenPQ being very 
small indeed, we may treat it as a straight line coincident 
with the tangent at P to the circle APD. Also the angle 
QPK is equal to a, and therefore PK= PQ cos a. 

Now in a cubie foot of the gas, the number of particles 
moving towards the piane, and the direction^ of whose motion 
make with A angles comprised between a and a — O is to 
the whole number n of particles in the cubie foot as the 
area of the zone PQ is to the whole area of the sphere. If 
we denote this number by N,^ we bave 

,,. area of zone PQ 

N=n -. — i . 

The velocity of each of these particles perpendicular to 
the piane that is in the direction DA lies between vcosa 
and t; cos a — /^ ; hence the number of particles which strike 
each square ifoot of the piane with angles of incidence lying 
between a and a — will lie between Nv cos a and Nv cos a —6^, 
and when 6 is indefinitely small, we may say that this number 
is equal to Nv cos a, that is, to 

area of zone PQ 

n.v, -, — r. cos a. 

éirv 

Now PQ cos a = PK, Hence the area of the zone PQ is 
to the area of the ring generated by the revolution of PIC 
about -4 as 1 is to cos a. The ring generated by PK is 
in fact the projection of the zone PQ upon the piane through 
P perpendicular to A 0. We shall cali this ring the ring PK, 

mi >r area of ring PK 

Then Nv cos a = nv, -. — ~ . 

47nr 

Now the velocity of each of these particles perpendicular 
to the piane lies between v cos a and v cos a — 6, and when 
is' indefinitely small, we may suppose it to be v cos a for each. 
After impact this velocity is reversed. Hence the change 
of momentum of each particle produced by the impact is 
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mv cos a. Therefore the whole change of momentum pro- 
duced in one second by the pressure exerted by one sqiiare foot 
of the piane upon particles whose directions of motion make 
with OA angles lying between a and a — ^ is represented by 

area of rine: FK « 

nv . -. — 5r^ . 2mv cos a 

4:7rv 

area of rins: PK 
= znm . V . ] — ò^ . V cos a. 

Let this be denoted by Fa. Now t? cos a = PiV". Hence 
(area of ring FK) x v cos a is equal to the volume of the 
cylindrical shell generated by the revolution of the rectangle 
PJf about AO. We shall cali this the shell FM, and we bave 

^ ^ volume of shell FM 

i^a = 2 « . m . v -. — T. . 

47rv 

This is therefore the measurò of the pressure exerted upon 
each square foot of the piane by particles which impinge 
upon it at angles of incidence between a and a — 0, 

Hence the whole pressure upon a square foot of the piane 
is the sum of ali such quantities for values of a lying between 

zero and ^ . But when their breadth is indefinitely small, 

the sum of the volumeS of ali the cylindrical shells similar to 

the shell FM is equal io the volume of the hemisphere, since 

these shells make up the hemisphere. Hence the whole 

pressure tt of the gas on each square foot of the piane is 

given by 

TT ^ volume of hemisphere 

n = znmv . -, — ;ì 

47ri; 

2 . 

3 
= 2nmv , 

1 , 

= .^ 7imv 
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171. Now m being the mass of one of the particles, and 
V its velocity, ^ mv^ is its kinetic energy, and therefore 

1 1 

^ nmv^, or ^ pv^, is the aggregate kinetic energy of ali the 

particles in a cubie foot of the gas. Hence we see that if 
the velocities of ali the particles were the same, the pressure 
of the gas upon a unit of area of a piane exposed to its 
action would be numerically equal to two-thirds the kinetic 
energy of a unit of volume of the gas. 

Now the particles of any actual gas are not only moving 
in difFerent directions, but they are also moving with different 
velocities. Suppose a cubie foot of the gas to contain w^ 
particles, each moving with a velocity equal to v^, n^ each 
moving with a velocity Vj, and so on, where n^ + n^ H- &c. = n. 
Thus the mass of each particle being wi, and the kinetic 
energy of a cubie foot of the gas being denoted by E^ we bave 



2 

n 



If we make v equal to -*-' ^^ , we may write 



The quantity v' is the mean of the squares of the velo- 
cities of the particles : v is sometimes called " the velocity 
of mean square." 

The pressure produced by the gas upon any area will be 
the sum of the pressures produced by the systems of parti- 
cles moving with the velocities v^^v^^ &c. respectively. Now 
the pressure exerted on a square foot by the particles moving 

with velocity v^ we bave seen to be ^ n^mv^y where n^ is the 

number of such particles in each cubie foot of gas, and similar 
expressions hold for the pressures exerted on a square foot 
by each of the other systems of particles. Hence the whole 
pressure, P, exerted on a square foot by the gas is given by 



Digitized by VjOOQIC 



PRESSURE ON ANY SURFACE. 233 

P = 5 {n^mv* + «jWit»,* +. . . &c.) 

1 
3 

and this is true however many quantities similar to v^ we 
may consider. Hence the pressure exerted by any gas on 
eaeh unit of area of a piane is numerically equal to two- 
thirds the kinetic energy of a unit of volume of the gas. 

It will be observed that the energy possessed, as well as 
the pressure exerted, by any gas is the same as if each 
particle were moving "with the " velocity of mean square." 

172. In the preceding Artide we have found the pres- 
sure exerted by a gas upon each unit of area of a piane. 
If a curved surface be exposed to the action of a gas, the 
pressure upon any very small portion of the surface will be 
the same as if it \vere piane, and hence if 8 denote the area 
of the whole surface, the whole pressure upon it will be 

The whole pressure which a gas exerts upon any unit of 
area of a surface exposed to its action is cali ed the pressure 
of the gas. The pressure of a gas may, under certain circum- 
stances, vary from point to point. In such case the pressure 
at any point is measured by the pressure which would be 
exerted on the unit of area if the pressure of the gas were 
uniform o.ver that area, and the same as at the proposed 
point. 

173. If the densities of two gases be difFerent, but their 
pressures the same, we have pv* the same for each. Hence, 
the pressures being the same for each, v* is inversely propor- 
tional to the density of the gas. Also the kinetic energy 
possessed by a given volume of ali gases at the same pres- 
sure is the same, for the pressure is numerically equal to 
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two-thirds of the kinetic energy possessed by a unit of 
volume of the gas. 

If V remain Constant for any particiilar gas, then P, ita 
pressure, varies directly as p. Now if V he the volume of 

a given mass M of gas, M = pV, Hence p oc ^, and there- 
fore P oc vr> or P F is Constant. 
Again, the equation 



p=|p/ 



may be put in the form 

or PV= \ Mv\ 

Therefore the product of the pressure and the volume of 
a given mass of gas varies directly as its kinetic energy. 
But (see Besant's Hydrostatics, page 73) the product of the 
pressure and the volume of a given mass of gas increases 
uniformly with the temperature. Hence the kinetic energy 
of a given mass of gas increases uniformly with its tempera- 
ture. But the kinetic energy of a mass M varies as Mv^. 
Therefore v^ increases uniformly with the temperature. Hence 
the value of v for any particular kind of gas depends only 
on its temperature. Let T denote this temperature ; then 
if the zero of temperature be so chosen that T and v vanish 
together, T will always be proportional to v^, and if V be the 
volume occupied by a Constant mass M of the gas, we bave 
PF oc T. The temperature is then called the absolute tem- 
perature of the gas. But if E denote the kinetic energy 
of a mass M of the gas, PV oz E. Therefore E oc T, or the 
kinetic energy of a given mass of gas varies as its absolute 
temperature. 

Again, since for a given mass of gas PFoc T, if P be 
kept Constant, Foc T, the principle of the air-thermometer. 
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174. Before proceeding farther with this subject we will 
find the value of v for some of the principal simple gases at 
a given temperature. We commence with Hydrogen. The 
weight of a cubie foot of hydrogen, which, at the tempera- 
ture of melting ice, exerts a pressure equal to the weight of 
2116*4 pounds upon each square foot of surface exposed to 
its action, in a place ^where ^ = 32*2, is known frora experi- 
ment to be "005592 pounds. The pressure upon a square 
foot of the surface is 2116*4 x 32*2 absolute units of force. 
Hence P= 2116*4 x 32*2. Also the mass of a cubie foot of 
the gas being *005592 pounds, we bave p = '005592. Hence, 
since v* is determined from the equation 

, , ^ 2116*4x32-2 
we bave v' = 3 . t^k^tit^^ — ■ 

= 36593916; 

therefore v = 6097 ; 

or the velocity of mean square for particles of hydrogen at 
this temperature is a velocity of 6097 feet per second. 

The velocity of some of the particles may be considerably 
greater than this, and that of others less, but the velocity of 
the majority of the particles will be not verj'- widely diflferent 
from this quantity. 

The pressure of any gas we bave seen to be proportional 
to the kinetic energy of the unit of volume of the gas. 
Hence, if the pressures of two different gases be the same, 
the value of v^ for each will vary inversely as its density. 
New the density of oxygen is found by experiment to be 
always 16 times that of hydrogen at the same temperature 
and pressure. Hence the value of v for oxygen is one-fourth 
that for hydrogen ; that is, the velocity of mean square for 
oxygen at the temperature of melting ice is 1524*25 feet per 
second. 

The density of nitrogen is 14 times that of hydrogen at 
the same temperature and pressure. Hence, at the tempera- 
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ture of melting ice, the velocity of mean square for nitrogen ìs 
——^ feet per second. 

175. We bave seen that if P represents the pressure and 
V the volume of a givea mass M of gas, then PF increases 
uniformly with the temperature. Now it is found from ex- 
periment that thè increàse of PV for an increase of tempera- 

1 

ture of one degree centigrade is ^=^ of its value at the 

temperature of melting ice, and is the same for ali gases. 
Hence tlie zero of absolute temperature is the same for ali 
gases, and is 273** centigrade below the temperature of melt- 
ing ice. 

From this it foUows that if Te represents the temperature 
of a gas in degrees centigrade reckoned from the zero of the 
centigrade scale, that is, the temperature of melting ice, the 
absolute temperature T oi the gas will be equal to 273^+ 2^. 

We bave seen that the value of v^ for any particular gas 
is proportional to the absolute temperature. Hence if the 
value of V for any gas at the temperature of melting ice be 
known, its value at any temperature Te can be found by 
multiplying this value of v by Jtl'ó -f 2\. 

176. Suppose a mass M of gas in a cylinder of trans- 
verse section A, and closed by a piston which is made to 
move with a small uniform velocity u awaj^ from the gas. 
Suppose the piston at a distance x from the bottom of the 
cylinder. 

When the piston is at a distance x from the bottom of 
the cylinder, the volume occupied by the gas is Ax, and its 

density p is therefore equal to — . 

Suppose a cubie foot of the gas to contain n^ particles 
moving with velocity t?^, in directions making an angle a^ 

with the axis of the cylinder. Then of these particles ^ n^ 

are moving towards the piston. The velocity of each of these 
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relative to the piston is v^ cos «^ — v, Hence the number of 
these particles which strike each square foot of the area of the 

piston in a second is ^ n^ {v^ cos a^ — u). Now by the impact 

the velocity of each relative to the piston is reversed. The 
chaDge of the velocity of each is therefore 2 (y^ cos a^ — u)] 
and if m be the mass of each the pressure exerted on each 
unit of area of the piston by particles moving with velocity 
Vj in directions making an angle a, with the axis of the 
cylinder will be n^m {v^ cos a — uy. Now during any small 
time T the piston will move over a space ut in the direction 
of this pressure, and u and t being both small we may sup- 
pose the pressure to remain uniform during this displace- 
ment. Hence the work done duriug the time t upon the 
piston by the pressure exerted by the particular set of parti- 
cles under our consideration is A , n^m {v^ cos a — uy. ut. 

Agaiu, the component of the velocity of each particle 
perpendicular to the axis of the cylinder is unaltered by im- 
pact on the piston while the component parallel to this 
axis is changed from v^ cos ol^ to v^ cos a^ — 2u. Hence the 
kinetic energy lost by each particle on account of the 
collision is 

-rr {(vj COS aj' — {v^ cos afj — 2u)'} = 2mu {v^ cos a^ — u). 

Also, the rate at which these particles strike the piston is 

ti 

-~ (Vj cos «j — u) per second on each unit of area ; and there- 
fore the number which strike the piston in the small time t 
is -^ (v^cosa^ — u)AT; and since the kinetic energy lost by 

each particle is 2mu{v^co8 a^ — u)y the kinetic energy lost by 
the system of particles we are considering is numericaliy 
equal to n^m {v^ cos a^— uYAut, that is, to the work done 
upon the piston by this particular set of particles. 

Similarly, if we consider the set of particles moving with 
any other velocity, and whose directions of motion make any 
other angle with the axis of the cylinder, we obtain the same 
result ; and, this being true for each set of particles, is true 
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for the whole gas. Hence the loss of kinetic energy of the 
gas within the cylinder durÌDg any small time t is equal to 
the work done upon the piston by its pressure. 

Also, this being true for each small interval of • time t, it 
foUows that the whole work done upon the piston during any 
finite time is numerically equal to the whole loss of kinetic 
energy sustained by the gas. 

If the gas were contained within any other form of en- 
velope, and this were alloNved to expand in any way, it might 
be shewn that the whole work done upon the envelope by 
the pressure of the gas is numerically equal to the kinetic 
energy lost by the gas. 

177. Since the temperature of a gìven mass of gas is 
proportional to its kinetic energy, it follo \vs that if a gas be 
allowed to expand and do work upon the vessel which con- 
tains it, the temperature of the gas will be diminished, and 
the fall of temperature will be proportional to the work 
done by the gas. 

If in the case considered in the precedine Artide u be 
very small compared with v, the pressure upon the piston 
during any very small interval of time t may be considered 
uniform, and the same as if the piston were at rest. The 

pressure upon the piston will therefore be - pv^A, and the 

work done upon it in time t will be -pv^Aur; this will 
therefore be the measure of the kinetic energy lost by the 
gas. But the whole kinetic energy of the gas is ^ Mìf or 

-pv^Ax; and, since the absolute temperature of a gas is prò- 

portional to the kinetic energy of a given mass, it foUows 
that if T were the absolute temperature when its volume 
was Vy and T' the loss of temperature in expanding to the 
volume V+ V where F' is very small compared with V, 

T : T:: ut : x :: V : F, or r' = -^r, where V and T 

aro each indefinitely small. 
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In exactly the same way it may be shewn that if a given 
mass of gas be compressed its temperature will be raised ; 
and if the change of volume be very small, the increase of 
temperature will be approximately proportional to the de- 
erease of volume. 

Also, "whatever be the change of volume of the gas, it 
may be shewn, as in the case of expansion, that the increase 
of temperature of a given mass of the gas is proportional to 
the work done upon it by the agent compressing it, and that 
the increase of its kinetic energy is numerically equal to this 
amount of work. 

178. If we make the piston in the case investigated in 
Art. (175) niove through a given space with a velocity greater 
than that of any of the particles of the gas, and then sud- 
denly come to rest, it is obvious that none of the particles of 
gas will impinge upon it during its motion, since they will be 
unable to overtake it, and when they do impinge upon it the 
piston will be at rest ; and in this case the numerical mea- 
sure of the velocity of each particle will be unaltered by im- 
pact, and therefore the kinetic energy of the gas will be 
unchanged, Hence also its temperature will be unchanged, 

Of course we cannot experimentally make a piston riiove 
with a velocity greater than that of any of the particles of 
a gas, but if two chambers be separated by a diaphragm, one 
of them containing gas and the other a vacuum, and if the 
diaphragm be suddenly removed, the eflFect will be the same 
as if it were moved with infinite velocity to the extremity of 
the vacuum chamber. For the diaphragm substitute a tap 
or valve closing a pipe which connects the two otherwise 
closed chambers, and we bave an experimental realization of 
the hypothesis ; and we infer that if by such a contrivance a 
gas be allowed to expand into vacuum, its temperature will 
be unaltered by the expansion. This result is fuUy borne 
out by experiment. 

179. The mode in which we bave treated this subject in 
the preceding Articles is not that which we should bave 
adopted had our object been to develope its relations to the 
dynamical theory of beat We bave indeed only introduced 
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the notion of temperature because it enables us to define in 
a few words the condition of the gas we are considering. 
The definition given of temperature in treatises on heat is of 
course different from that which we have given, though the 
connection between the two is intimate. The subject of 
gases has been introduced bere simply because it afifbrds an 
example of some of the methods adopted in treating pro- 
blems on elementary dynamics, the mode of investigation 
being merely an extension of that followed in the chain 
problems of Chapter iv. The student who desires a fiirther 
acquaintance with the subject is referred to the articles upon 
it in the last chapter of Professor Clerk Maxwell's Theory of 
Ileat 

MISCELLANEOUS EXAMPLES. 

1. Each of two hammers weighs 30 tons, and is moved 
through 3 ft. 6 in. by a Constant force equal to half the weight 
of the hammer, the two moving in opposite directions towards 
one another. An inelastic mass of iron placed between the 
two is thus compressed so that its thickness is diminished 
by one inch. Supposing the pressure exerted upon the iron 
by each hammer to be Constant throughout the compression, 
find its measure in pounds weight, and the time during 
which the pressure acts. 

Shew that the diminution of thickness of the iron pro- 
duced by the blow of the two hammers is twice that which 
either hammer would produce if the mass of iron were placed 
against a fixed anvil. 

2. Two particles A and jB, of masses Sm and m respec- 
tively, lie together at a point on a smooth horizontal piane, 
connected by a string of insensible mass which lies loose on 
the piane : JB is projected at an elevation of 30^ with a velo- 
city equal to g ; if the string become tight the instant before 
B reaches the piane again, and break when it has produced 
half the impulse it would have produced if it had not broken, 
and if the particle rebound at an elevation of 30°, shew that 

the coefficient of elasticity between it and the piane is — . 



Digitized by VjOOQIC 



1 



EXAMPLES. • 241 

3. A number of heavy particles are projected from the 
same point, (1) with the same vertical velocity, (2) with the 
same horizontal velocity. Shew that in each case the locus of 
the foci of their paths is a parabola with its focus at the point 
of projection and axis vertical, but in (1) the vertex is up- 
wards, and in (2) downwards. 

4. Prove that the angular velocity of a projectile about 
the focus of its path varies inversely as its distance from the 
focus. 

5. Three equal particles are projected from the angular 
points of a triangle along the sides taken in order with veloci- 
ties proportional to the sides along which they move. Prove 
that their centro of gravity remains at rest. 

Hence shew that if P, Q, li he points in the sides 
BG, GAy and AB respectively of the triangle ABG, such 

BP CO AR 
that -7yp= -j-À = -jTn > ^hon the centro of gravity of the tri- 
angle FQB coincides with that of ABG. 

6. A parabola is placed with its axis vertical and vertex 
upwards. Prove that the square of the timo of quickest 
descent from a given point in the axis along a chord to the 
curve varies as the sum of the latus rectum and the hori- 
zontal chord through that point. 

7. A solid smooth cylinder of radius r lies on a smooth 
horizontal piane, to which it is fastened, and an inelastic 
sphere of radius 2r moves along the piane in a direction at 
right angles to the axis of the cylinder. Find the condition 
that it may pass over the cylinder. 

If the sphere be elastic and the modulus of elasticity 

be greater than ^r , prove that it cannot in any case pass over 

the cylinder, and if e be less than -, find the condition that 

the sphere may, after its first ascent, fall on the top of the 
cylinder. 

8. A particle is oscillating on the are of a smooth cycloid 
whose axis is vertical. Shew that the sum of its kinetic 
energies at any two points where the directions of motion are 
at right angles to each other is Constant. 

G. D. 16 
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9. There are three aooeleratioQS in Arithmetical prò-' 
gression, which wben referred to three different units of 
time are represented by numbers in increasing Geometrica! 
progression, and wben referred to the 6ame units in inverse 
order form a decreasing Geometrica! progression, of which 
the common ratio is four times that of the former. If the 
space described from rest by a particle movÌDg with the third 
acce!eration in the third unit of timo be two feet, determine 
the accelerations and the three units of time. 

10. In the case of a sing!e moveable puiley, with the 
severa! portions of tlie string vertical, if the free end of the 
«tring pass over a fixed puiley, and if a weight be attaohed 
4io the free end equal to three-fourths of the weight at- 
tached to the moveable puliey, prove that tlie acceleration 

of the !atter is ^ ^ and find the tension of the string. 

If at the end of one second after the commencement of 
the rootion the ascending weight be suddeniy increased by 
one-half of itseif, prove that its veiocity wi!l be instan- 

taneously changed into ^ , and find the impulsive tension of 

the string round the moveable puUey. 

11. In a system of pulleys in which al! the strings are 
parailel, a weight of 641bs. is supported by a weight of 
4 Ibs. Suppose half a pound added to the 4 Ib. weight, and 
the system allowed to move, find the acceleration of the 
64 Ib. weight, neglecting the masses of the pulleys, strings, 
&c. 

What will be the measure of the momentum of the 
whole system at the end of 10 seconds, if a minute be the 
unit of time, 40 inches the unit of length, and 2 J Ibs. the 
unit of mass ? 

12. In a single moveable puUey, wben there is equi- 
librium, the weights bang by vertical strings : — one weight 
being doubled and the other halved, motion ensues. Prove 
that if the friction and inertia of the pulley be neglected the 
tension of the string will remain xmaltered. 
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13. If a ball A move in the same direction as B, with 
five, times its velocìty, find the ratio of the masses of the balls 
that A may be reduced to rest by the impact, the modulus of 

... 2 

elasticity being ^ . 

14. To one end of a string which passes over a fixed 
puUey is fastened a weight nW: to points-d^, A^,,,,A^m 
the string, distant a apart, are fastened n weights each 
equal io FT; the latter are placed dose together on a hori- 
zontal piane, and motion is allowed to take place : find the 
velocity of the system when the last of the weights W is 
raised from the piane, and the time required to stai-t the 
whole. 

15. A smooth parabolic tube whose latus rectum is 4a 
revolves about its axis, which is vertical, with uniform angu- 
lar velocity cd. Shew that a heavy particle will rest in the 

tube in any position if e» = ^ ^ . 

16. Two particles are projected from the same point at 
the same time with different velocities and in different di- 
rections ; find the curve described by their centre of gravity. 

17. Two given weights, whose masses are M and m 
respectively, are connected by an inextensible string which 
passes over a smooth fixed pulley. The system being initi- 
ally at rest, determine the weight which let fall at the 
beginning of the motion from a point vertically above the 
ascending weight so as to impinge upon it will instanta- 
neously reduce the system to rest. 

18. A ball is projected from the middle point of one 
side of a billiard-table so as tó strike in succession one of the 
sides adjacent to it, the' side opposite to it, and a ball placed 
in the centre of the table. Shew that if a and b be the 
lengths of the sides of the table, and e the coeflScient of elasti- 
city of the ball and cushion, the inclination of the direction of 
projection to the side a of the table from which it is projected 
must be 



ja' l + ej 



tan- 
ica 1 + e j 

16—2 
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19. A string charged with n + m + 1 equal weights fixed 
at equal intervals along it, and which would just rest on a 
smooth inclined piane with m of the weights hanging over 
the top, is placed on the piane with the (m+ 1)*** weight just 
over the top ; shew that if a be the distance between each 
two ^,dj acent weights, the velocity which the string will have 
acquired, at the instant the last weight slips off the piane, will 
be *^nag, 

20. Shew that if a particle start from rest at one ex- 
tremity of the base of a cycloidal tube, whose axis is vertical 
and vertex downwards, the velocity at any point is propor- 
tional to the radius of curvature at that point. 

21. The tangents of the angles of a triangle ABC are in 
geometrical progression, tan B being the mean proportional : 
a ball is projected in a direction parallel to the side BG so as 
to strike in succession the sides AB, BG. Shew that, if its 
course after the first impact be parallel to AC, its course 
after the second will be parallel io AB ; and that if e be the 
coefficient of elasticity, 

e* + e"*i = sec B, 

22. The barrel of a rifle sighted to hit the centro of the 
buU's-eye, which is at the same height as the muzzle, and 
distant a yards from it, would be inclined at an elevationato 
the horizon. ProA^e that if the rifle be wrongly sighted so 
that the elevation is a + ^, ^ being small compared with a, 

the target will be hit at a height ^^ — . above the centre 

° ® cos'* a 

of the bull's-eye. 

If the rango be 960 yards, the timo of flight 2 seconds, 
and the error of elevation 1", the height above the centre of 
the bull's-eye at which the target will be hit will be nearly 
^th of an inch. 

23. If the weight attached to the free end of the string 
in the system of puUeys in which the same string passes 
round each of the puUeys be m times that which is neces- 
sary to maintain equilibrium, shew that the acceleration of 

the ascendine weight is -g, where n is the number of 
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strings at the lower block, and the grooves of the pulleys are 
supposed perfectly smooth. 

24. Two spherical balls, of elasticity e, moving in paral- 
lel directions with equal momenta, impinge ; prove that if 
their directions of motion be opposite they will move after 
impact in parallel directions with equal momenta ; and that 
these directions will be perpendicular to the originai direc- 
tions if their common normal at the point of impact is in- 
clined at an angle sec"* (1 + e) to that direction. 

25. A hoUow spherical shell has a small hole at its 
lowest point, and any number of particles start down chords 
from the interior surface at the same instant, pass through 
the hole and then move freely. Shew that before and after 
passing through the hole they He on the surface of a sphere; 
and determine its radius and position at any instant. 

26. A string, passing over a puUey at the top of an in- 
clined piane, connects two equal particles, one of which is 
placed on the piane and the other hangs freely ; below the 
descending particle is a perfectly elastic horizontal piane; 
prove that if the string become stretched when this particle 
has reached its greatest height after the w*^ rebound, the 

inclination of the piane is sin"* j^ —^ . 

^ {zn — 1)* 

27. A sphere is fixed upon a horizontal piane ; find 
from what point in the piane a particle must be projected, 
with a velocity due to falling down a vertical space equal to 
the diameter of the sphere, so that the focus of its path may 
be in the centre : shew that after reflexion at the sphere, it 
will strike the horizontal piane at a distance from the point 
of prqjection equal'^to the diameter of the sphere, if the 
elasticity be perfect; 

28. Two projectiles start from the same point at the 
same instant with equal velocities in the same vertical piane; 
prove that they will both be moving in a common tangent to 
their paths at the same instant after an interval of time 
which is the mean between the times in the two paths from 
the point of projection to the point where the paths meet 
again. 
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29. If n equal masses are placed in contact in a Iìdg ori 

a smooth table, each being connected with the next by an 

inelastic string of length a, and another equal mass is at- 

tached to the foremost of the n masses by a string which 

passes over a pulley at the edge of the table, supposing 

none of the n masses to leave the table before the last is set 

in motion, shew that of the kinetic energy generated before 

vt 
the last is set in motion the fraction ^, -r is lost. 

2(n+l) 

30. If for one of the weights in Atwood's machine a 
pulley is substituted, round which passes a string connecting 
two masses P, Q, which hang freely, shew that if the ratio 

of P to ^ He between 8 and ^ , certain values of the other 

o 

weight may be found which will keep either Por Q station- 

ary, and that these values are to one another respectively as 

SP-QtoSQ-P 

31. AB CD is a quadrilateral inscribed in a circi e : if an 
imperfectly elastic particle reflected at the circumference can 
describe the Bides in order, the quadrilateral must have two 
of its angles right angles. 

32. ,Particles slide from rest from a given point down 
straight lines to a given vertical straight line; prove that the 
locus of the vertices of the parabolas subsequently described 
is an ellipse. 

33. If T be the time of descent to the vertex of a 
cycloid whose axis is vertical, and two particles start from 
one extremity of the base at an interval t, their vertical 
distance when either of them is at the vertex is equal to 
the vertical distance when the second started, and their 

T-T 

vertical distance is greatest after a time — ^ — . 

34. An elastic ball lying at a point -4 on a smooth 
horizontal piane is driven perpendicularly against a vertical 
Wall by the direct impact of a similar and equal ball ; after 
rebounding from the wall at a point (7, it is brought to rest 
by a second impact at B: shew that BG=eAC, where e is 
the coefficient of elasticity between the balls. 
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Prove that if the stationary ball bad nat been in theway, 
the other ball would bave rebounded to A in the time that 
was occupied in bringing the former to rest. 

35. Find the latns rectum of a parabola so that when 
placed in a vertical piane with its axis horizontal, the least 
time of a parti ole falling from rest down a normal to the 
curve may be one second. 

36. An inelastic particle falls from rest to a fixed in- 
clined piane, and slides down the piane to a fìxed point in ìt: 
show that the locus of the starting point is a straight line 
when the time to the fixed point is Constant. 

37. A series of smooth vertical circles touch at their 

highest point and particles slide down the arcs, starting from 

rest at the highest point: prove that the foci of the free paths 

of the particles lie on a straight line whose inclination to the 

. , . ,5V5 

vertical is tan -^— . 
o 

38. According to the theory of gravitation, the attraction 
of a sphere of radius r and density p, on a particle of mass 

.4 

m at its surface, is ^ Trprm. Shew that if the mean density of 
ti 

the earth be 5*5 times that of water^ the density of water 

in terms of the standard with reference to which p is mea- 

sured is '000000067. 

If 1 foot be the unit of length, find the unit of mass. 

39. A string having weights m, m' attached to its 
extremities, passes over two smooth fixed puUeys very dose 
together. If a third puUey carrying a weight w be sus- 
pended by the string between the two fixed puUeys, so that 
ali the portions of the string are vertical, and the system 
be left to itself, the weight w will descend with acceleration 

40. Free particles, projected simultaneously from points 
on the circumference of a vertical circle towards the highest 
point of the circle with the velocities which would be ac- 
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quired by sllding down to those points from the highest point, 
ali reach the circumference again in the same time; and 
in doublé that time they are ali in another circle of three 
times the radius of the former. 

41. Prove that in order to produce the greatest de- 
viation in the direction of a smooth billiard-ball of diameter 
a, by impact on another equal ball at rest, the former must 

be projected in a direction making an angle sin"^ - a/ ^--- 

with the line (of length e) joining the two centres ; e being 
the coeflScient of elasticity. 

42. If a heavy particle be projected with given velocity 
in vacuo, and a point be supposed to begin moving with an 
acceleration equal and opposite to that of gravity from the 
point of projection at the instant of projection, prove that 
at any subsequent time the particle will be moving directly 
away from the point, and with a velocity which in the time 
elapsed would have carried it over the distance between 
them. 

43. Prove that, if the velocity of a particle be resolved 
into several componenis in onè piane, its angular velocity 
about any fixed point in the piane is the sum of the angular 
velocities due to the several components. 

44. If a particle move from rest with an acceleration 
in the direction of motion which is at first zero and increases 
uniformly with the time, the space described from rest in t 

units of time is -nfl^l /being the measure of the accelera- 
tion at the end of the first unit of time. 

45. A string is loaded with n equal particles A^, A^y,..A^ 
and stretched on a smooth horizontal table in a direction 
perpendicular to the edge ; the first particle A^ being drawn 
just over the edge, the system is left to the action of gravity. 
If the distances c^, e,,... between the particles be such that 
successive particles pass over the edge at equal intervals 
of time, and if v^ be the velocity of the system when the r^ 
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partìcle, A^y is passing over the edge, and c^ be the distance 
between A^ and -4^+^, shew that 



. = r^Cj and v^ = r (r — 1) a/'- 



2n' 



46. The axis of a rough helix is vertical, and a small 
ring slides down the helix with uniform velocity. If the 
coefficient of friction be //., find this velocity. 

47. A perfectly elastic ball is projected against one side 
of a smooth piane polygon, and is reflected at the other sides 
in succession, the polygon being such that the angle of 
incidence on each side is the same; find the impulse on 
the particle at each impact, and deduce the expression for 

the normal pressure, ( — j , on a particle moving freely on a 

curve under the action of no other impressed forces. 

48. If a heavy particle move on a smooth curve of such 
form that the resultant force on the particle is equal to its 
weight, the radius of curvature at any point will be twixje the 
intercept of the normal cut off by the horizontal line through 
the point where the velocity will be zero. 

49. A thin chain is placed on a smooth horizontal table 
in the form of the curve in which it would bang under the 
action of gravity if its ends were supported, and two im- 
pulsive tensions are applied at its extremities, which are 
to each other as the tensions at the same points in the 
hanging chain. Prove that the whole will move without 
change of form parallel to the straight line which was ver- 
tical in the hanging chain. 
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CHAPTER VII. 

APPENDIX ON THE DIMENSIONS OF UNITS. 

180. A LINE, whether straight or curved, being "length 
without breadth/' possesses only one degree of extension in 
space. In the neighbourhood of any point, not being a 
singular point on a curve, the line extends in only one 
direction and its opposite, and is the simplest form of ex- 
tension of which we can conceive. A line is therefore said 
to be of one dimension in space, a point being that which 
has no dimensions bnt position only. 

The magnitudo of a Udo is completely known when we 
know its length, and is expres^ed in terms of the unit of 
length. Thus, if we say that the length of a straight line 
is l, we mean that it contains l units of length, and if [i] 
denote the unit of length, the complete expression for the 
length of the line is l [i], Now if the unit of length [i] vary 
while the line considered remains invariable, the expression 
l [L] must remain Constant, while [L] varies, and therefore 
l must vary inversely as [L] ; in other words thè numerical 
measure of a given line varies inversely as the unit of length 
in terms of which the line is measured, and therefore in- 
versely as the number expressiog the unit of length in terms 
of some invariable unit. 

181. A superficies, whether piane or curved, possesses 
" only length and breadth," and is therefore extended in two 
directions. A superficies is consequently said to be of two 
dimensions in space, and its magnitudo is completely known 
when we know its area. AH areas are measured in terms of 
the unit of area which is the unit of two dimensions in space. 
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Thus when we say that the area of a superficies is a, we 
mean that the figure contains a units of area, and if [A] 
denote the unit of area, the complete expression for the 
magnitudo of the superficies is a [A], and, as in the case of 
a line, we see that if [A] varies while the figure considered 
remains unchanged, a must vary inversely as [A]y or the nu- 
merical measure of an area varies inversely as the unit of area. 

Now, invariably in mathematical investigations, and 
generally in practical measurement, the unit of area adopted 
is the area of a square the length of whose side is the unit 
of length : and this may be represented by [L]\ It must 
be berne in mind that the symbol [i]* does not represent 
an Algebraical product, since [L] is not a number, but it 
represents a physical quantity of a totally different nature 
from that eocpresaed by [L], which is defined as the area of 
a square whose side is equal to the quantity [L]. 

Now it may be proved geometrically that the number 
of units of area in any rectangle, when the unit of area 
is defined as above, is equal to the product of the numbers 
of units of length in two adj acent sides, and therefore the 
number of units of area in any square is equal to the 
algebraical square of the number of units of length in its 
side. The areas of different squares are therefore to each 
other in the duplicate ratio of the number of units of length 
in their respective sides, and therefore different units of 
area are to one another in the ratio of the squares of the 
numbers expressing the measures of the corresponding units 
of length in terms of one and the same unit The words 
placed in Italics are very important ; from them it foUows, 
since the numerical measure of an area varies inversely as 
the unit of area, that the numerical measure of an area 
varies inversely as the square of the number eccpressing the 
unit of length in term^ of some invariabU unit For the 
sake of brevity it is frequently stated that the numerical 
measure of an area varies inversely as the square of the 
unit of length, but the two latter terms of the proportion 
must be reduced to numerical measures before they can 
be Algebraically compared. With this understanding we 
shall in future generally use the abbreviated form of ex- 
pression. 
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182. A solid is extended in three directions in space, 
f5Ìnce it possesses lengtli, breadth, and thickness, and is 
said to be of three dimensions in space. Its magnitudo is 
known when we know its volume, and is expressed in terms 
of the unit of volume. Thus when we say that the volume 
of a solid is e, we mean that it contains e units of volume, 
and denoting the unit of volume by [G] the complete ex- 
pression for this is c[G]j and as in the other cases con- 
sidered, the ;numerical measure of a given volume varies 
inversely as the unit of volume. 

The unit of volume generally adopted is the volume of a 
cube, whose edge is equal to the unit of length, and this may 
be represented by [Lf, this symbol representing a physical 
quantity of a totally different nature from those considered 
in the preceding article, and not capable of being measured in 
terms of them. By reasoning similàr to that of the preceding 
article it may be shewn that, when the unit of length 
varies, the volume of this cube varies directly as the cube of 
the number expressing the unit of length in terms of some 
Constant unit, and we therefore infer that the numerical mea- 
sure of a volume varies inversely as the cube of the number 
expressing the unit of length in terms of a Constant unit, or, as 
it is generally expressed, inversely as the cube of the unit of 
length. 

We have thus seen that the numericarmeasures of quan- 
tities of one, two, and three dimensions in space vary in- 
versely as the first, second, and third powers of the unit of 
length respectively, We shall not proceed to consider higher 
dimensions in space because most persons are unable to form 
a distinct conception of space of more than three dimensions, 
but shall now turn our attention to physical quantities of 
a different nature. 

183. The magnitudo or duration of an interval of time is 
measured in terms of the unit of time, and if we say that its 
measure is t we mean that it consists of t units of time, and 
the complete expression for the interval is t[T]y where [T] 
denotes the unit of time. The numerical measure of a given 
interval will therefore vary inversely as the unit of time in 
terms of which it is measured. By analogy an interval of 
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time may be said to be of one dimension in time, At pre- 
sent we know of nothing of more than one dimension in time, 
though we shall presently meet with quantities of negative 
dimensions in time. 

184. The quantity of matter in a body, that is, its mass, 
is measured in terms of the unit of mass, and if its numerical 
measure be m, the complete expression for the mass of the 
body is m [M], where [M] represents the unit of mass. The 
numerical measure of a quantity of matter varies inversely as 
the unit of mass, while mass, like time, being a primary con- 
ception, its unit is compi etely arbitrary. A quantity of 
matter may be said to be of OTie dimension in mass. 

185. Having thus considered the primary units we pro- 
ceed to the consideration of complex or derived units, that is, 
of units derived from the three fundamental units of time, 
length, and mass. 

The unit of velocity is the velocity of a point which 
passes over the unit of space in the unit of time. If v denote 
the measure of the velocity of a point and [F^ the unit of 
velocity, the complete expression for the velocity will be 
viy], where v represents a number only, and [F] a physical 
quantity. Now the space passed over in the time ^ by a 
point moving with uniform velocity v is equal to vt units 
of length, and is therefore completely represented by vt [i], 
or by l [i], where Z is a number equal to vt. But the com- 
plete representation of the product of the velocity i; [F] in 
the time t [T\ is t; [F] ^ [T]. Hence we bave the equation 

vt\y]iT]=vt[Ll 
[F][T] = [i]. 

Therefore t^H = [§,]- • (i), 

'■ \ _ =iL-\\Tr (II), 

or the, unit of velocity is of the nature of the line of unit 
length, divided by the unit of time. This is expressed by 
saying that the unit of velocity is of one dimension in 
length, and of minus one dimension in time, as shewn by 
in (II). 
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The unit of velocity therefore varies directly as the unit of 
length, and inversely as the unit of time, and since the 
numerical measure of a given velocity varies inversely as the 
unit of velocity, the numerical measure of a velocity varies 
inversely as the unit of length, and directly as the unit of 
time. 

186. The unit of acceleration is that which generatea 
the unit of velocity in the unit of time. If \_F'\ denote the 
unit of acceleration, the complete representation of an alicele- 
ration whose measure is/is f\F]y and /varies inversely as 
[F] if the acceleration remain Constant. Also the velocity 
generated in t units of time is ft units of velocity, and the 
complete representation of the product of an acceleration 

f[F] acting for a time^[r] is the product /[^ t[T[. 
Hence we have the equation 

ftmm=ft\yh 

therefore t^ = [3> 

or an acceleration may be said to be of one dimension in 
velocity and of minus one dimension in time. But by the 
preceding article 

[F]=[X][rr; 

therefore W\=[L] [T]"^. 

The unit of acceleration is therefore of one dimension in 
length, and of minus two dimensione in time, and varies 
directly as the unit of length, and inversely as the square of 
the unit of time. Hence since the measure of any accelera- 
tion varies inversely as the unit of acceleration, it foUows that 
the numerical measure of a given acceleration varies inversely 
as the unit of length, and directly as the square of the unit 
of time. 

187. We may remark that whenever in the definition of 
of a quantity the word per is introduced, it implies that the 
quantity is of minus one dimension in the element immedi- 
ately succeeding the per, and if the word per is introduced 
twice in the definition, each time it is introduced it implies 
minus one dimension in the quantity immediately succeed- 
ing. Thus velocity is space passed over per unit of time, and 
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is of minus one dimension in time, while the unit of accelera- 
tion is that which generates per unit of time a velocity of 
unit length per unit of time, and is of minus two dimensions 
in time. Similarly, if the price of oranges be so much per 
dozen oranges, the price is of minus one dimension in oranges, 
and the product of the price into a number of oranges is an 
amount of money shewing that the price is also of one di-i 
mension in money, and the price will vary directly as the 
number of oranges per which it is quoted. 

188. The unit of momentum is the momentum possessed 
by the unit of mass moving with the unit of velocity. K [K] 
represent the unit of momentum, a momentum whose mea- 
suro is k will be represented by k [K], and if this momentum 
remain Constant k must vary inversely as [K]. Also the 
momentum of a mass m moving with velocity v is mv units 
of momentum, that is mv [K], But the momentum of a 
particle is possessed by it in virtue of the two factors, its 
mass and velocity, and is completely represented by this pro- 
duct, that is, by m [M] v[V]; hence 

mv[K]=mv[M] [F], 
therefore [^] = M[n 

The unit of momentum is therefore of one dimension 
in mass, one in length, and minus one in time, and the 
measure of a given momentum will therefore vary inversely 
as the unit of mass, inversely as the unit of length, and 
directly as the unit of time, 

189. The unit of force is that force which generates the 
unit of momentum in the unit of time, and the product of 
the numerical measure of a force into the number of units of 
time during which it acts is the number of units of momen- 
tum generated thereby. If p be the numerical measure of a 
force, and [P] represent the unit of force, the complete repre- 
sentation of the force is p [P], and while the force remains 
Constant p varies inversely as [P]. But the effect of a force 
p acting for a time t is to generate pt units of momentum, 
and the complete representation of the product of a force 
p [P] during a time t[T]ìsp[P]t [T]. Hence 

pt[P][T]:=pt[Kì: 
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Therefore [^][y] = [^ 

= [if][i][r]-\ 

and [P]=[M] [L][1V' 

Hence the unii of force is of one dimension in mass, one 
in length, and minus two in time, and the measure of a given 
force will therefore vary inversely as the unit of mass, in- 
versely as the unit of length, and directly as the square of the 
unit of time. 

These conclusions might have been deduced from the 
consideration that a force is that which produces acceleration 
in mass, and is measured by the product of the mass and 
of the acceleration produced therein. 

190. The unit of work [TF] is that which is performed by 
the unit of force when its point of application moves over the 
unit of length in the direction of the force. The work done 
by any force measured in terms of this unit of work is eqiial 
to the product of the measure of the force and the number of 
units of length passed over by its point of application in the 
direction of the force. Hence if the point of application of a 
force p [P] move over a space l [L] in the direction of the 
force, the work done is completely represented by pi [TF]. 
But the product of a force p [P] working through a distance 
l [L] is completely represented hj p[P] l [i]. Hence 

or \.W] = [P][L] 

= \M1[LY{Tr. 

The unit of work is therefore of one dimension in mass, 
two in length, and minus two in time, and the numerical 
measure of a given amount of work will therefore vary in- 
verseli/ as the unit of mass, inversely as the square of the 
unit of length, and directly as the square of the unit of 
time. 

191. The unit of kinetic energy \E^ is the energy pos- 
sessed by a particle moving with unit momentum and unit 
velocity, or in other words, by a particle of unit mass moving 
with the unit of velocity. The kinetic energy of any 
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moving particle is measured in terms of this unit by one 
half the product of its momentum and velocity. Hence if 
its momentum be Ic[K], and its velocity v [F], its energy is 

- kv [E], But one-half the product of the momentum and 

velocity is represented completely by 

lk[K]viV]. 

Hence lkv[l!] = lkv[K][Vl 

therefore [E] = [K][V] = [M] [ F]' 

= [if][i]«[rr. 
The unit of energy is therefore of one dimension in mass, 
two in space, and minus two in time. It is therefore of pre- 
cisely the same nature as the unit of work, and we bave seen 
(Art. 77) that when work is done on a free particle, an equi- 
valent amount of energy is always given to it ; this could not 
be the case were work and euergy of different natures, that is, 
of different dimensions in the three fundamental mechanical 
units. The numerical measure of the kinetic energy of a 
moving particle will of course vary inversély as the unit of 
mass, inversély as the square of the unit of length, and 
directly as the square of the unit of time. 

192. The unit of density [U] is the density of a body 
the unit of volume of which contains the unit of mass. The 
density of any homogeneous body is measured in terms of 
this unit by the number of units of mass^er unit of volume, 
and we therefore infer that while'the unit of density is of 
one dimension in mass it is of minus one dimension in 
volume, that is, of minus three dimensions in space, since 
volume is of three dimensions in space. The same conclusion 
might bave been arrived at from the consideration that the 
mass of any homogeneous body is the product of its volume 
and density, or if v' [Lf be its volume, d [U] its density, its 
mass is v'd [M\ whence, as in other cases, we get 

[B]i;ir=[jif], 

G. D. 17 
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The numerical measure of the density of a given body will 
therefore vary inversely as the unit of mass^ and direcUtf as 
the cube of the unit of length. 

If the body considered be of the nature of a string, then 
its linear density, that is, its mass 'per unit of length, is of 
one dimension in mass, and of minus one in length, as shewn 
by the per, and its measure will vary directly as the unit 
of length, and inversely as the unit of mass. 

If the body be a thìn lamina, its surface density, that is, 
its mass per unit of area, is of one dimension in mass and 
of minus one in area, that is, of minus' two in space, and the 
numerical measure of its density will therefore vary inversely 
as the unit of mass, and directly as the square of the unit 
of length. 

193. The unit of Impulse is the impulse which gene- 
rates the unit of momentum. An impulse is measured by 
the number of units of momentum generated by it. Hence, 
if [7] denote the unit of impulse, and i tlie measure of a 
given impulse, the momentum generated by the impulse 
«[/] is * units of momentum, and this is denoted by i[K\ 
where \K^ represents the unit of momentum, and we bave 
therefore 

i[I]^i[Kl 

= [^][^][^r- (Art. 188.) 

The unit of impulse is therefore of one dimension in 
mass, one in length, and minus one in time, and the 
numerical measure of an impulse varies inversely as the unit 
of mass, inversely as the unit of length, and directly as the 
unit of time. 

Impulse is of the same dimensions and therefore of the 
same nature as momentum, just as kinetic energy is of the 
same dimensions and nature as work. 

194. As another example we will consider the dimen- 
sions of the Astronomical unit of mass in terms of the funda- 
mental units. The Astronomical unit of mass is defined as 
that quantity of matter which acting upon an equal quantity 
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of matter at unit distance, (each mass being supposed con- 
densed at a point,) attracts it with the unit of force. The 
law of gravitation is, that the attraction between two ma- 
terial particles varies directly as the product of their masses, 
and invei-sely as the square of the distance between them. 
Hence, ì£m^,m^ denote the masses of two particles expressed 
in terms of the Astronomical unit, and r the measure of the 
distance between them, the number of units of force with 

which each attracts the other is — %-*• Hence, if [N] de- 
note the unit of mass, we bave 

where [P] represents the unit of force. 

But the unit of force being that force which acting on 
the unit of mass produces in it the unit of acceleration, 
is of one dimension in mass, one in length, and minus 
two in time, and is therefore represented by [N] [L] [T]"*, 
(Art. 189), 

[P] = [.v][i][rr, 

therefore ^^^^^^1^=^ 

therefore ' rTl = [^] [^""^ 

therefore [N]=^[LY[Tr* 

The Astronomical unit of mass is therefore of three 
dimensions in space and of minus two in time. 

The unit of densi ty is of one dimension in mass and 
of minus three in length. Hence the Astronomical unit 
of density is of miniLS two dimensions in time only. The 
Astronomical unit of density therefore depends solely on the 
unit of time and is independent of the unit of length. 

195. Each of the above units might of course be ex- 
pressed in terms of any of the others instead of the funda- 
mental units; for example, the unit of mass might besaid 
to be of one dimension in force, minus one in length^ and 

17—2 
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of two in time; the unit of acceleration, of one dimen- 
sion in work or energy, minus one in length, and minus one 
in mass; the unit of time, of one dimension in velocity, 
and of minus one in acceleration, and so on; but it is very 
seldom indeed that such expressions are of service. It is 
highly important to remember the dimensions of ali the 
units in terms of the fundamental units of mass, length, 
and time, since then we can immediately find the measure 
of any quantity in terms of any given system of units. 

For example, suppose it required to find how many units 
ofwork of the metric system are equivalent to a foot pound^ 
the unit of mass heing the gramme, that is, 15*432 grains, 
and the unit of length the centimetre, that isy '03281 feet, 
the value of g in British measure heing 321 91 2. 

The unit of work is of one dimension in mass, two in 
length, and minus two in time. Hence the measure of a 
quantity of work varies inversely as the unit of mass, in- 
versely as the square of the unit of length, and directly as 
the square of the unit of time. In the present example the 
unit of time remains unaltered. The foot pound is equal to 
32'] 912 British absolute units of work. Hence the measulre 
of a foot pound, referred to the above metric units, is 

32-191->x ^^^^ xr M' 

= 13,564,400 nearly. 

We shall not work any more examples of the change of 
units, but recommend the student to solve ali the Examples 
on units given in Chapter I. and elsewhere by the methods 
given in this Chapter. 

196. The units recommended for general use by the 
Committee of the British Association are those belonging 
to the centimetre-gramme-second system, in which the unit 
of length is the centimetre or '03281 feet, and the unit of 
mass the grammo or 15*432 grains, the unit of time being 
one second. 

The c.G.s. unit of force is that force which acting on a 
grammo of matter for a second generates in it a velocity of 
one centimetre per second, and is called a dyne. 
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The C.G.s. unit of work is the work done by the dyne 
in working through a centimetre, and is called ao erg, or ergon. 
The unit of energy being mechanically equivalent to the unit 
of work the same name is applied to it. 

The C.G.s. unit of power is the power of doing work at 
the rate of one erg per seconda 

For multiplication or division by a million the prefixes 
mega-y or megal-, and micro-, may be employed; thus, a 
megadyne is a million of dynes and a microdyne the millionth 
of a dyne. 

The prefixes hilo-, hecto-, deca-, deci-y centi-, milli-, may 
also be employed in their usuai senses, that is to say, the pre- 
fixes kilo-, hecto-, deca-, deci-, centi-, milli-, imply respectively 

multiplication by 1000, 100, 10, ^ , — > . , so that a 

Jdlo-gramme is a thousand grammes while a centi-gramme is 
the one-hundredth of a gramme. 

For the expression of high decimai multiples and sub- 
multiples the exponent of the power of ten which serves as 
multiplier is denoted, when positive, by an appended cardinal 
number, and when negative, by a prefixed ordinai number. 

Thus 10* grammes constitute a gramme-nine, while 

zrjTQ of a gramme constitutes a ninth-gramme* A megalerg 

is equivalent to an erg-six, while a microdyne is a sixtk-dyne. 

The weight of a gramme is about 980 dynes or rather 
less than a kilodyne. 

The weight of a hilogramme is rather less than a 
megndyne. 

The dyne is about 1*02 of the weight of a nàilligramme 
at any point of the earth's surface ; and the megadyne about 
1*02 of the weight of a kilogramme. 

The kilogrammetre, or work done against gravity in 
lifting a kilogramme one metro in height, is rather less than 
the ergon-eight, being about 98,000,000 erga. 

The gramme-centimetre is rather less than the kilerg, 
being about 980 ergs. 

The value of g in the above statements is taken as 980 
CG.s, units of acceleration. 
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The weight of a pound is abotit 445,048 dynes. 

A foot'pound is equivalent to about 13,564,400 ergSy or 
rather more than 13^ megalergs. 

One horse-power is about 7*46 erg-nìnes per second. 

Nearly the whole of this article has been taken almost 
verbatim from the report of the British Association for the 
Advancement of Science for 1873. 

NOTE ON NEWTON'S THIRD LAW OF MOTION. 

197. The first law of motion states the property of force 
and gives us, so to speak, a qualitative test of its presence, 
for from it we infer that when a body changes its state 
of rest or of uniform motion in a straight line it is under the 
action of force. 

The second law of motion raìses force to the dignity of 
a mathematical quantity and explains how it is to be 
measured. Combining this law with a purely geometrical 
theorem, viz. the parallelogram of accelerations, we learn 
how to find the resultant of any number of forces, and bave 
at once the whole subject of statics. 

The third law of motion is a brief summary of a number 
of phenomena having a general resemblance but differing 
in their details, and is intended rather to be a conventional 
mode of expressing in as few words as possible a series of 
experimental results, than to connote the several physical 
phenomena which it includes. 

198. If one body attract or repel another, the second at- 
tracts or repels the first with an equal and opposite force. 
This is true not only of the attractions of the heavenly bodies 
but of molecular forces between the particles of matter consti- 
tuting any solid, liquid or gas. (Were this not the case we 
might bave a body A attracting another body B with a force 
greater than that with which B attracts A, Then consider- 
ing A and B together as forming one system there will be a 
resultant force upon the system acting from B towards A and 
making its centre of inertia move with an acceleration from 
B to A, while no force is applied by extemal agency, and this 
is contrary to experience.) • .. 
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If a body A press against another body B both bodies 
being at rest, then every one will at once admit that B 
presses A with a force equal and opposite to that which ' 
A exerts upon B. Thus if a pound weight rest on a 
horizontal table we know that the table exerts a vertical 
pressure on the weight equal to the weight of a pound, 
because it supports it, and no one will doubt that the 
pressure of the weight on the table is equal to the weight of 
a pound, (in fact some persons will consider the latter state- 
ment more obvious than the former,) so that in this case 
action. and reaction are equal and opposite. 

Suppose the finger pressed against a piece of soft putty or 
other material so as to penetrate it; the question may be 
asked — '^ Is the pressure of the putty on the finger in this 
case equal to the pressure of the finger on the putty, and 
if so why does the finger penetrate the putty ?" Consider 
a very thin section of the tìnger which includes ali the portion 
in contact with the putty; let m denote the mass of the 
section and / its acceleration towards the interior of the 
putty. Then the resultant force on the section is m/* towards 
the putty, and the pressure exerted on the section by the rest 
of the finger must be greater tban the pressure of the putty 
upon it by the quantity mf. But by taking the section of 
the finger sufiìciently thin we can make m as small as we 
please. Hence the pressure exerted by the putty upon an 
indefinitely thin section of the finger in contact with it is 
indefìnitely nearly equal to the pressure exerted by the rest 
of the finger upon that section, and this latter pressure difFers 
by the indefinitely small quantity, mf, from the pressure 
exerted by the finger on the putty. In this case, then, the 
action and reaction between the finger and the putty are 
equal and opposite. 

If the pressure of the Kand on the knuckle end of the 
finger be greater than that which the putty can exert upon 
the other end, there will be a resultant force upon the finger 
towards the putty, and this force will produce acceleration 
in the finger which will therefore penetrate the putty with 
an accelérated motion, and the pressure of the finger upon 
the putty will be equal only to the pressure exerted by the 
pujty on the finger, and not equal to that exerted by the band 
on the knuckle end of the finger, the diflference being that 
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force required to produce acceleration in the finger, so that 
action and reaction between the end of the finger and the 
putty are equal and opposite. If the pressure exerted by the 
hand on the finger be equal to that exerted by the putty upon 
it the finger will remain at rest or penetrate the putty with 
uniform velocity. 

199. Suppose two particles whose masses are respectively 
m and m to be connected, and the particle of mass m to be 
acted on by a force P in the direction of the line joining the 
two. The acceleration of the two particles will be the same 
as that of one particle of mass m + m', and will therefore be 

p 
denoted by — - — , . Now the force required to produce this 

p ' 

acceleration in the particle of mass m is > , and thjs is 

therefore the force with which the first particle acts on the 
second and is in the same direction as P. Also the force re- 

P 

(inired to produce the acceleration , in the first particle 

is ,, and this therefore represents the resultant force 

upon it. But one of the forces applied to the particle is P, 
and the other is the reaction of the second particle; this 
latter is therefore in the direction opposite to that of P and 

equal to P ,, that is, to >, and is therefore 

equal and. opposite to the action of the first particle upon 
the second. Hence in this case action and reaction between 
the particles are equal and opposite. 

We see then that in ali cases in which force is exerted 
between portions of maiter, whether at rest or in motion, 
action and reaction are equal and opposite, and this is as 
true for the molecular forces which act between the ultimate 
molecules of matter as for the forces of gravitation between 
the heavenly bodies. 

200. If m denote the mass of a particle, and/its acce- 
leration, the force mf required to produce this acceleration 
is called the efective force on the particle. 
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Imagine any connected system and let m denote the 
mass of one of its particles and / its acceleration, Then the 
effective force on the partiele will be dcnoted by m/, and this 
must be equivalent to the resultant of ali the forces aeting 
on the partiele and will therefore if reversed maintain equi- 
librium with them, and this is true for ali the particles in 
the system. Therefore the reversed efifective forces of ali the 
particles will balance ali the other forces aeting throughout 
the system. But the forces applied to any partiele consist in 
the most general case of two classes, viz. : — ^those impressed 
upon it by external agency, and the forces exerted by the 
other parts of the system which we may cali internai forces, 
But to each force between the parts of the system there is 
(by the third law of motion) an equal and opposite reaction, 
so that the internai forces taken throughout the system are in 
equilibrium amongst themselves. Hence the effective forces 
of ali the particles when reversed will maintain equilibrium 
with the forces impressed from without. This is D'Alem- 
bert's principio and it foUows at once from Newton's laws 
of motion. 

AH that has been said above is true however great the 
forces may be, or however small the time during which they 
act, and will therefore apply equally well to impulses as to 
finite forces. 

201. It must be remembered that the action and reaction 
contemplated in the third. law of motion are action and 
reaction between portions of matter. There is nothing in 
nature correspondìng to a " force of resistance against accele- 
ration " which is supposed by many writers to be exerted by 
matter, and it cannot be too strongly urged that reversed 
effective forces bave no real existence. But Newton*s third 
law of motion admits of a wider interpretatibn than this. In 
the scholium to this law Newton says: — 

If the action of an agent be measured hy its force and 
velocity conjointly ; and if similarly the reaction of the 
resistance be measured by the velocities and amounts of its 
several constituents conjointly, whether these arise from fric- 
tion, cohesion, weight, or a^celeration ; — action and reaction 
in ali oombinaiions ofmachines will be equal and opposite. 
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Now it has been shewn that the product of a force into 
the velocity of its point of application in the direction of the 
force, is the rate at which it works. Newton then in this 
scholium measures the action of an agent by the rate at 
which it Works, and similarly he measures the reaction of 
the resistances by the rate at which work ù done agaÌTist 
them. The work done against the resistance aiising from 
acceleration mentioned in the scholium is the work done by 
the efective forces of the system on account of their prodzicing 
acceleration and is expended in generating kinetic energy in 
the system. Hence the measure of the reaction arising from 
acceleration is the rate at which kinetic energy is being 
generated in the system, and the scholium when interpreted 
into modem phraseology will stand thus : — 

If the action of an agent he measured hy the rate at which 
it Works, and similarly the reaction of the resistances arising 
from frictiony cohesion, and weight by the rate at which work 
is done against ihem, and if we include amongst the measures 
of these reactions the rate at which kinetic energy is being 
generated in the system; — action and reaction in aU comòi- 
nations of muchines will be equal and opposite. 

202. The statement thus interpreted is nothing more nor 
less than the enunciation of the great principio of the con- 
servation of energy. If an agent work upon a system and there 
be no opposing forces such as friction, &c., then the rate of 
change of the kinetic energy of the system is precisely 
equivalent to the rate at which the agent works, and 
therefore the whole change of kinetic energy produced in 
the system in any timo is equivalent to the work done on 
the system by the agent. 

If, however, the action of the agent be opposed by forces 
of the nature of friction, &c., the rate of change of kinetic 
energy in the system is less than the rate at which the agent 
works by the rate at which work is being done against these 
opposing forces, and the whole change of the kinetic energy 
of the system produced in any timo is less than the work 
done by the agent in that timo by the work done against 
friction, &c., and converted into heat or other forms of energy. 
Together with friction must be classed ali forces whose action 
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does not remain Constant in magnitude and direction whether 
the system be at rest or moving in any way whatever. 

When the agent Works against forces of the nature of 
weight, with which we include ali those which are indepen- 
dent of the time, and of the velocity of the system, depending 
only on its position and configuration, and which are some- 
times called conservative forces, then the rate of change of 
kinetic energy in the system is less than the rate at which 
the agent works by the rate at which work is done against 
these other forces, and the work done against these forces in 
any time becomes potential energy in the system, and can be 
converted into kinetic energy by leaving the system free to 
return to its originai position and configuration, 

If friction, or other forces of like nature, act on a system, 
then when the motion of the system is reversed these forces 
are also reversed, and the work done against them is not 
converted into kinetic energy on leaving the system free to 
return to its originai configuration, but is at once converted 
into beat, sound, electric currents, or other forms of energy. 

We see then that Newton*s third law of motion consists 
of two distinctly dififerent principles. The *first states the 
equality of the action and reaction between portions of 
matter (and is equally true of electrified and magnetized 
matter), in which case both action and reaction are of the 
nature of forces such as those considered in statics, or as a 
particular case of these, of great forces acting for a short 
time which we find convenient to treat under the name 
of impulses. The second consists of the great principio 
of conservation of energy and asserts the equality of action 
and reaction when these terms do not imply statical forces 
but rates of doing work; that being called action by which 
work is done and that against which work is done being 
treated as a reaction, the rate of increase of kinetic energy 
being included amongst the latter in the statement that 
action and reaction are equal and opposite. 

The endeavour to make tlie law apply in its first senso 
to the action of a force on a particle, free to move, was the 
origin of the introduction of a force of resistance to accelera- 
tion equivalent to the efFective force reversed, to which there 
is nothing in nature at ali corresponding. 
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ANSWERS. 

CHAPTER I. 

EXAMINATION. 

In these resulta tv is taken to be 3*1416. 



2. 


1 3 22 
1. 3. ^. 


5. 


2317. . .knots per lioiir. 


6. 


16-4:9...kiiots per hour. 


8. 


16874. 




j^ of fi pound weiglit. 


12. 


3 min. 3^ sec. 


14. 


•5025...-^ /^. '^. 


15. 


151-2 Ibs. weight. 


IG. 


•306...second. 


17. 


107,712,000; -85 H.P. 



12 1 

18. 396 ft. ; 6 seconds. 19. - Ib. ^ il. j^ sec. 

20. 6-5U...ins. 21. 30237... ins. -0112. ..secs. 

22. 25 Ibs. 12-8 ft. per second. 23. Hjjft. •339,..secs. 
2L 2036A-H.P. 

EXAMPLES. 

1. 17-338...; 1525-7.... 2. 66; 60. 

3. 1479-31. 4. 20 knots per hour. 

5. 40 miles per liour. 6. 7:8. 

7. 480 ft. per second. 96,000 units of momentum. 

1 12 

8. Y^ or, 9. r-^é^oot-second units. 
14"^ l^5 
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10. Ihr. 23 min. SOsec. 

11.. 25,980-7... foot-pounds. -787... h. p. . 

12. 1,542,883 foot-tons nearlj. 15. 384 h. p. 

16. 252^1bs. weightpersquareinch.. 17. 55001 Jf H. P. 

19. 44 ft. per secoùd. 22. grtana. 

24. 9-68 feet. 25. 1,228,800 Ibs. 

26. 192,000. 27. -65 ft. -1375 860. 

28. $^'ft. ^'secs. 29. 60 : 1. 12 : 1. 

ot ut 

30. 11 seconds, 31. 53^ Ibs. 

32. 40 ft. per second. 20 ; 72,000. 33. -^^{t ^^ seconds. 

37. 90,000,000. 38. 1592f. 

39. 6,055,723,745-2$ tons. 1294 ft. nearly. 1190-2...days. 

CHAPTER IL 

EXAMINATION. 

(1) 88 ft. (2) 256 feet. 4/^ secs. 
(3) 2560. (4) 8^1^ ft. per second. 

(5) 5 seconds. (6) 8^5 ft. per second. ~Jo seconds. 

(7) 1-424... seconds. 28-08 ft. per second nearly. 

(9) -9463 860. (10) ^y_A_.sec. 

(11) 160m foot-second units. . (12) 8. 

EXAMPLES. 

(2) -^seconds. 2<r^ feet. (4) 5192-3... feet. 
(5) 28it miles. (6) 4656| feet. 
(7) 1^. 10038itft. 706-4.. .ft. 
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(8) 19i\ ft. per second. 22*326... ft. along the plana 

(9) 5 : 416. (10) 1-085... pounds weight. 

(12) 2 seca, or 8 secs. ; 3^. 

(13) They meet — , seconda after projecting the seóond 

ball, and at a height above the point of projectìon equal to 

t;* 5 + 2/2 

— . — T^^- (1^) 2 seconda. 3 feet. (15) 4 1 seconda. 

(16) Equal to the weightof 19 cwtlOflbs. (19) 32 : ^; 21t»i. 

(20) The restUtant force on the particle must in the first case 
be 4 times its weight, and in the second case 2560 times its 
weight. 

(21) -^^econds. ^/feet. (22) ^gti^W. W^ . 

(23) 2 : 1. (24) 3600 m. 

/9U7 

(27) 2t F. fj ^ seconds, where l is the length of the 

piane. 

(28) w*/ units of length per second. nfì o^* + 9^ + of ^^^^t. 



CHAPTER III. 

EXAMINATION. 

1. 25 feet. 3. 900 ^yy feet. 

4. 625 feet. 312-5 feet. 

^ m, , .. i. .X. .X ^,20± J3II 

6. The elevation of projectìon is tan ^ . 

7. Nearly 66 feet from the point of projectìon. 

8. The direction makes an angle of 45® with the linea of 
slope. 9. 121 feet. 

10. •218... cosX inches to the East of the foot of the mast> 
where X is the latitude of the place. 
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EXAMPLES. 

1. 618-01 feet per second; tan"^-^. 2. 1 : 2. 

1125 

3. Inclined 45** to the horizon. 158*6, ..feet òr 372-3. ..feet. 

5. Inclined 45** to the horizon. Inclined at an anffle tan"* —r=. 
to the horizon. 

6. Between 15** and 15** 42' 43" nearly, or betweèn 75** and 
74**56'36"nearly. 

13. The (iV'+ 1)^ Btair from the top where iV is the greatest 

integer in -^ . 16. 30**. 

e 

23. 8^10 feet per second. 

28. Yelocity = Jg{2c+{a'-b)}. Elevation = tan"' ^^ , • and 

we must have e = ,- . 

a'^b 

35. Time after projection = — ; — : velocity = w cot a : where 
*^ •' g sin a ' "^ ' 

a is the elevation and u the velocity of projection. 
CHAPTER lY. 

EXAMIWATION. 

2. 4072: 

3. 1 • 657 . . . nnits of force. 9 -6834 . . . feet per second. 

2 

5. The direction of motion makes an ande tan"* — y- — 

'^ 2^3-1 

with the piane, and the velocity is 6*478... feet per second. 

6. The directions of motion after impact make with the line 

32 
joining the centres at the instant of impact the angles tan"^ — 



1 /» 

and tan"^ — ,^ respectively. The velocities are l'2SS...v and 



l5jS 
yéìj. The velocities are l*288...i 
6029 . . .V r^pectively. 
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7. •8398...mi; absolute units, 

8. 7-5 feet 54-772... feet. 

10. 22-82... pounds weight. 

11. 240 (1 — e') Tinits of energy. 

EXAMPLES. 

1. 15J, the balls moving at first in the same direction. 

2. 484 absolute units, 

1200 

3. feet per second. 

4. 14^ feet per second ; 11^ feet. 

5. 26^ and 51 J ft. per second; 2142f absolute units of impulse. 

8. The mass of the moving ball must be e times that of the 
ball at rest. 

9. The velocity is equal to j slhga^ where a represents the 
side of the square. 

2 1 

10. ^. 11. 8 feet per second; V second, 

14. ^ — ,-^ . jr—j^ . 15. j.-.f (1 + e). 

17. 2:1. V feet, where v represents the velocitj of each 
before impact. 

18. \i 6 denote the elevation of projection and a the length 

of a side of the square, v= ./ ^ ^-7-. — ^ ^. 

^ ' V 2 cos ^ (sin ^ - cos ^) 

21. 'jr-2tan~'(5./, — ,. 

V 1 + e + e' 

28. The direction makes an angle tan"* — j=r-^ — ^ with the 

^ 3y3+2V2 

common tangent, and the velocity is '80... times the velocity of 
either ball before impact. 
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30. The first ball wìU fall at a o^stance g -jr- from* itB point 
of projection, and the second at the point of projection of the first. 

37. l-e-e' + e"-"' : l-e". 

3& At one extremity of the latus-reetiun. 

42. V = ^ -^ , where a is the radiu» of the sphere. 

45. It makes an angle -^-a with the piane through the point 
of projection and the intersection of the walls. 

48. If m be the mass of the chain, and M that of each bucket, 

. M+3m 
the pressure is -^ — ^ mg. 

52. The range is equal to S^iT. The locus is a straight line 
through the fixed point inclined to the piane at an angle whose tan- 
gent is one-ninth of the cotangent of the- inclìnation of the piane. 

54. They will continue to descend with an acceleration 

2 — /3 

— -^ g, 56. Inversely as their masses. 

65. e = -^ — ^ , where M is the mass of the moving sphere, 
and m that of the sphere initially at rést. 

66. e= — »— : n must lie between v 2 and 2. 

nr 



CHAFTER Y. 

EXAMINATION. 

1. v = J2g8, if « be the focal distance of the point. 

2. 4j J nearly. 

a. D. ' 18 
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4. It leaves the surface after slidìng through a vertical 
distance equal to one-third the radìus of the cylinder. 

5. The inclination of the strìng to the vertical is cos~* ^ , , 
and the tension is equal to 2160ir' absolute units of force. 

6. 4>/l0 feet per second. 8. Zero. 9. 19*77... inches. 

10. Change of tension = = . 11. ma'tJ, 

2 
12. ^g. l^lbs. weight. 



EXAMPLES. 

1. 1341.... 2. co8^j2g^.. 4. tan^j^^^. 

5. 179*18... pounds weight, the earth's radius being taken to 
be 4000 miles. 

6. 1 : 1-00111... 8. 16-12... feet. 
9. 1206-2925 yards. 11. 40^? inches. 

14. 12^*-nearly. 15. 1-1 feet nearly. 17. Jgr. 

18. • Distance from vertex = -^ . ^^ . 20. -018... 

0) sin a 

Q« 187ra ww* mai* 
0) oa a 

24. Inclination to the vertical = tan"^ ^^ . Magnitudo 

= 198 08 Ibs. weight nearly. 

o^ * ì .. .. j 4^2 + 2cosl5'* 
30. Acceleration oi wedge =g g • 

Pressure between weight and wedge = g Ibs. 

weight. 
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Pressure between wedge and piane = — ^ ^^-^ ~ y 

Ibs. weight. 

2 
31. Acceleration of weight = -^r^ . 

00 

Spaoe = 102f feet 



THE END. 
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EDUCATIONAL BOOKS. 
iBttltotlieca Classica. 

A Series of Greek and Latin authors, with English notes ; edited 
by eminent scholars, under the direction of G. Long, Esq., M. A., 
formerly fellow of Trinity College, Cambridge ; and the late Rev. 
A. J. Macleane, M. a., Head Master of King Edward's School, 
Bath. 8vo. 

AESCHYLUS. By F. A. Paley, M. A. New editton 
' revised, i&r. 

CICERO^S ORATIONS. By G. Long, M. A. 4 vols. 

3/. 4f. Voi. I. i6j. ; Voi. II. 14J. ; Voi. III. i6j. ; Voi. IV. 
i8j. • 

DEMOSTHENES. By R. Whiston, M. A., Head Master 
of Rochester Grammar School. Voi. I. i6s. ; Voi. II. \6s, 

EURIPIDES. ByF.A.Paley, M.A. 3 vols. lój-.each. 

HOMER. Voi. I. Iliad i— 12, with Introduction. By 

F. A. Paley, M. A. I2s. Voi. II. 14J. 
HERODOTUS. By Rev. J. W. Blakesley, B.D. 

2 vols. 32^-. 

HESIOD. By F. A. Paley, M. A. los. 6d. 

HORACE. By Rev. A. J. Macleane, M. A. New edition. 

revised by George Long. i8j. 
JUVENAL AND PERSIUS. By Rev. A. J, Macleane, 

M.A., Trinity College, Cambridge. New edition^ revised by 

George Long. \2s. 

PLATO. By W. H. Thompson, D.D., Master of Trinity 
College, Cambridge. 
Voi. I., " Phàedrus," 7^. 6^. Voi. IL, "Gorglas," yj. dd. 

SOPHOCLES. ByRev.F.H. Blaydes,M.A. Voi. I. 18^. 
CoNTENTS: — CEdipus Tyiannns. CEdipus Coloneus. Anti- 
gone. 

TACITUS : The Annals. By the Rev. P. Frost. Price 

15^. 
TERENCE. By E. St. J. Parry, M.A. 18^. 
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68 George Bell and Sons' 

VERGIL. By the late J. Conington, M.A. Corpus, Pro- 

fessor of Latin at Oxford. Voi. I , The Bucolics and Georgics. 
Third edition, I2J. Voi. II., The itneìd, Books I. to VI. 
Second edition, 14J'. VoL III., Second editìcn, 14J'. 
Uniform vnth above. 

A COMPLETE LATIN GRAMMAR. By J. W 

Donaldson, D. D.' Third edition, 1^, 

A COMPLETE GRBEK GRAMMAR. By J. W, 

Donaldson, D. D. Third edition, idr. 
For other Criticai and Annotated Editions see pages 72-73. 



<?5rammar»^cbool Classic». 

A Series of Greek and Latin authors, with English notes, edited 
by eminent scholars ; especially adapted for use in public and gram- 
mar schools- Foolscap 8vo. 

C^SAR DE BELLO GALLICO. Edited by George 
Long, M. A. New ediiicn, $s. 6d, 

CiESAR DE BELLO GALLICO. Books L— III. V^^ith 
English notes for junior classes. By George Long, M.A. 
JVinju ediiion. 2s. 6d. 

CATULLUS, TIBULLUS, AND PROPERTIUS. Se- 
lected Poems. Edited by the Rev. A. H. Wratislaw, of Bury 
St. Edmunds School, and F. N. Sutton, B.A. With short 
biographical notices of the Poets. 3J. 6d, 

CICERO : De Senectute, De Amicitia, and Select Epis- 
tles. Edited by George Long, M. A. New ediiion, 4S. 6d, 

CORNELIUS NEPOS. Edited by the late Rev. J. F. 
Màcmichael, Head Master of the Grammar School, Ripon. 
2s. 6d. 

HOMER : Iliad. Books I.— XII. Edited by F. A. 
Paley, M.A. 6j. 6d, 

HORACE. Edited by A. J. Macleane, M. A„ late Head 
Master of King Edward's School, Bath. With a short Life. 
JVfw edition^ revised. 6s. od» 

JUVENAL : Sìxteen Satires (expurgated). By Herman 
Prior, M.A., late Scholar of Trinity College, Oxford. 4J. 6d, 

MARTIAL : Select Epigrams. Edited by F. A. Paley, 
M. A., and the late W. H. Stone, Scholar of Trinity College, 
Cambridge. With a Life of the Poet. 6x. 6^. 
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OVID : The Six Books of the^Fasti. Edited by F. A. 

Paley, M. A. New edition, $s. 

SAÈLUST: Catilina and Jugurtha. WithàLife. Edited 
by Geojge Long, M.A. 5J. 

TACITUS: Germania and Agricola. Edited by the 
Rev. P. Frost, late Fellow of St John's College, Cambridge. 

VIRGIL : Bucolics, Georgics, and ^Eneid, Books I. — IV. 
By the Rev. J. G. Sheppard, D.C.L. Abridged from Profes- 
sor Conington's edition. 55. 6d. 

-^neid, Books V. — ^XII. Abridged from Professor 

Connington*s edition, by H. Nettleship, Fellow of Lincoln 
College, Oxford, and W. Wagner, Ph. D. 5j. od. 

XENOPHON: The Anabasis. With Life, Itinerary, 
Index, and Three Maps. Edited by the late J. F. Macmichael, 
Head Master of the Grammar School, Ripon. New edition^ re- 
vised, corrected and enlarged. 5^. 

The Cyropaedia. Edited byG. M. Gorham, M.A, 

late Fellow of Trinity College, Cambridge. New edition. 6s, 

Memorabilia. Edited by Percival Frost, M. A., late 

Fellow of St. John's College, Cambridge. 4J. 6d, 

Uniform with the Series, 

THE NEW TESTAMENT, in Greek. With English 
Notes and Preface, Synopsis, and Chronological Tables. By 
J. F. Macmichael, B. A. Fcap. 8vo. (730 pp.>. 'js, 6d. 



Camtjringe (©reeft ano latin Certi»» 

AESCHYLUS. Ex novissima recensione F. A. Paley, 
A.M. 3x. 

CiESAR DE BELLO GALLICO. RecognovitG. Long, 
A. M. 2J. 

CICERO de Senectute et de Amicitia, et Epistolae 
Selectae. Recensuit G. Long, A. M. i j. (>d, 

CICERONIS Orationes, Voi. I. (in Veirem). Ex recen- 
sione G. Long, A. M. 3 x. 6d^ 
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EURIPIDES. Ex receoBione F. A. Paley, A.M. 3 vols. 
3^. 6d, each. 

CoNTENTS OF VoL. I.— Rhesus. Medea, Hippolytus. 
Alcestis, Heraclidae. Supplices. Troades. Index. 

CoNTENTS OF VoL. II. — lon. Hclcna. Andromache. 
Electra. Bacchae. Hecuba. Index. 

CONTENTS OF VoL. III. — Hercules Furens. Phoenissae. 
Orestes. Iphigenia in Tauris. Iphigenia in Aulide. Cyclops. 
Index. 

HERODOTUS. Recensuit J. G. Blakesley, S. T. B. 

2 vols. *JS. 

HOMERI ILIAS I. — XII. Ex novissima recensione 
F. A Paley, A. M. 2s. od. 

HORATIUS. Ex recensione A. J.Macleane,A.M. 2s,6d. 

JUVENAL ET PERSIUS. Ex recensione A. J. Mac- 
leane, A. M. u. 6d, 

LUCRETIUS. Recognovit H. A. J. Munro, A.M. 2s, 6d. 

SALLUSTI CRISPI CATILINA ET JUGURTHA, 

Recognovit G. Long, A. M. is, 6d, 

TERENTI COMOEDIAE. Gul. Wagner relegit et 
emendavit 3^. 

THUCYDIDES. Recensuit J. G. Donaldson, S. T. P. 

2 vols. *JS. 

VERGILIUS. ExrecensioneJ. Conington, A.M. ^s,6d, 

XENOPHONTIS EXPEDITIO CYRI. Recensuit J. 
F. Macmichael, A. B. 2s. 6d. 

NOVUM TESTAMENTUM GRAECUM, Textus Ste^ 
phanici, 1550. Accedunt variae lectiones editionum Bezae, 
Elzeviri, Lachmanni, Tischendorfii, Tregellesii, curante F. H. 
Scrivener, A.M. New edition, 41. (ìd. An Edition with 
Wide margin for notes, 7j. 6^. 



CamfiriUge Certs toitb iSoteis. 

A Series of the most usually read of the Greek and Latin Authors, 
with Introduction and Notes by eminent Scholars. The texts will 
be mainly those of the " Bibliotheca Classica," and the "Grammar 
School Classics." 

EURIPIDES. Alcestis. By E. A. Paley, M.A. 
Fcap. 8vo. \s. (>d. 
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AESCHYLUS. Prometheus Vinctus. By F. A. Paley, 
M.A. Fcap. 8vo. is, od. 

OVID. Selections from the Amores, Tristìa, Heroides, 
Metamorphoses. By the Rev. A. J. Macleane, M.A. is, 6dl 

EURIPIDES' MEDEA. By F. A. Paley, M.A. 

\^Preparing. 

pufillc ^cbool ^eries. 

A Series of Classical Texts, annotateci by well-known scholars, 
with a special view to the requirements of upper forms in Public 
Schools, or of University Students. 

ARISTOPHANES. The Peace. A Revised Text 
with English Notes and a Preface. By F. A. Paley, M. A. 
4$". 6d. 

CICERO. The Letters of Cicero to Atticus, Bk. I. 
With Notes, and an Essay on the Character of the Writer. 
Edited by A. Pretor, M.A., late of Trinity College, FcUow of 
St. Catharine's College, Cambridge. Crown 8vo. 4?. 6d. 

DEMOSTHENES de Falsa Legatione. Fourth edition, 
carefully revised, By R. Shilleto, M. A., Fellow of St. Peter's 
College, Cambridge. Crown 8vo. 6j. 

The Oration Against the Law of Leptines. With 

English Notes and a Translation of Wojf's Prolegomena. By 
W. B. Beatson, M. A., Fellow of Pembroke College. SmaU 
8vo. 6j. 

PLATO. The Apology of Socrates and Crito, with Notes, 
criticai and exegetical, by Wilhelm Wagner, Ph. D. Smidl 
8vo. 4^. 6</. 

The Phaedo. With Notes, criticai and exegetical, 

and an Analysis, by Wilhelm Wagner, Ph. D. SmaU 8vo. 
5j. (>d. 

■The Protagoras. The Greek Text revised, with 



an Analysis and English Notes. By W. Wayte, M. A., Fellow 
of King's College, Cambridge, and Assistant Master at Eton. 
8vo. Second edition, 4J. 6^. 

PLAUTUS. Trinuramus. With Notes, criticai and exe- 
getical. By Wilhelm Wagner, Ph. D. Small 8vo. 

\N&w edition, in tìu press. 
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SOPHOCLIS TRACHINI-^. With Notes and Pro- 
legomena. By Alfred Pretor, M. A., Fellow of St Catherine'» 
College, Cambridge. . [Preparing. 

TERENCE. With Notes, criticai and explanatory. By 
Wilhelm Wagner, Ph. D. Post 8vo. lor. 6d. 

THEOCRITUS. With Short Criticai and Explanatory 
Latin Notes. By F. A. Paley, M. A. Second editiony cor- 
rected and enlarged, and containing the newly discoYered IdylL 
Crown Svo. 41. 6d, 

Others in preparation. 



Criticai anD annotateti (ZEDitiontf. 

AETNA. Revised, emended and explained by H. 
A. J. Munro, M.A., Fellow of Tiinity College, Cam- 
bridge. Svo. 3J. 6</. 

ARISTOPHANIS Comoediae quae supersunt cum perdi- 
tarum frs^mentis tertiis curis recognovìt additis adnotatione critica 
summarìis descriptione metrica onomastico lexico Hubertus 
A. Holden, LL. D. [ Head-Master of Ipswich School ; Classical 
Examiner, University of London.] Svo, 

Voi. I. containing the Text expurgated with Summaries and 
criticai notes, iSj. 

The Plays sold separately ; Achamenses, 7s, Equites, is, 6d» 
Nubes, IJ. td, Vespae, 2j. Pax, u. td. Aves, ir. Lysis- 
trata, et Thesmophorìazusae, ^. Ranae, 25* Ecclesiazusae et 
Plutus, y. 

Voi. II. Onomasticon Arìstophaneum continens indicem 
geographicum et historìcum. 5^. 6^. 

— Pax, with an Introduction and English Notes. By 

F. A. Paley, M. A. Fcap. Svo. 4r. dd, 
EURIPIDES. Fabulae Quatuor. Scilicet, Hippolytus 

Coronifer, Alcestis, Iphigenia in Aulide, Iphigenia in Tauris. 

Ad fìdem Manuscriptonim ac veterum Editionum emendavit et 

Annotationibus instruxit J. H. Monk, S.T.P. Edilio nova. 

Svo. Crown Svo. \2s, 
SeparcUc'y — Hippolytus, Cloth, 5j. Alcestis, Sewed, 4f. 6d 

HORACE. Quinti Horatii Flacci Opera. The text re- 
vised, with an Introduction, by H. A. J. Munro, M.A., 
Fellow of Trinity College, Cambridge, Editor of "Lucretius." 
Illustrated from antique gems, by C. W. King, M. A., Fellow 
of Trinity College, Cambridge. Large Svo. i/. i j. 
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LIVY. Titi Livii Historiae. The first five Books, with 
English Notes. By J. Prendeville. Eighth ediiion. i2mo. 
roan, 5j. Or Books I. to III. 3J. 6d, IV. and V. y. 6d. 

LUCRETIUS. Titi Lucrati Cari de Rerum Natura 
Libri Sex. With a Translation and Notes. By H. A. J. 
Munro, M.A., Fellow of Trinity Collie, Cambridge. Third 
edition reinsed throughout 2 vols. 8vo. VoL I. Text, l6f. 
Voi. II. Translation, 6j. Sold separately. 

OVID. P. Ovidii Nasonis Heroides XIV. Edited,with 
Introductoiy Prefece and English Notes, by Arthur Palmer, M. A., 
Fellow of Trinity College, Dublin. Demy 8vo. 6f. 

PLAUTUS. Aulularia. With Notes, criticai and exe- 
getical, and an Introduction on Plautian Prosody. By Wilhelm 
Wagner, Ph.D. 8vo. qj. 

PROPERTIUS. Sex. Aurelii Propertii Carmina. The 
Elegies of Propertius, with English Notes. By F. A. Paley, 
M.A., Editorof"Ovid's Fasti,'* "SelectEpigramsofMartial," 
&c. Second ediiion, Svo. cloth. 9^*. 

THUCYDIDES. The History of the Peloponnesian 
War. With Notes and a carefùl Collation of the two Cam- 
bridge Manuscripts, and of the Aldine and Juntine Editions. 
By Richard ShiUeto, M. A., Fellow of S. Peter's College, 
Cambridge. Book I. Svo. dr. dd, Book II. in the press. 

GREEK TESTAMENT. With a Critically revised Text ; 
a digest of Various Readings ; Marginai references to 
verbal and idiomatic usage ; Prolegomena ; and a criticai 
and ex^etical commentaiy. For the use of theological 
students and ministers. By Henry Alford, D. D., late Dean of 
Canterbury. 4 vols. Svo. Sold separately. 

Voi. I., Sevenih Ediiion, the Four Gospels. i/. Sr. Voi. II., 
Sixth EdiHoA, the Acts of the Apostles,Epistles to the Romans 
and Corinthians. i/. 4J* — Voi. III., Ftfth Edition, the Epistles 
to the Galatians, Ephesians, Philippians, Colossians, Tnessa- 
lonians,~to Timotheus, Titus, and Philemon. i&r. — Voi. IV. 
Part I., Eourtk ediiion. The Epistle to the Hebrews : The 
Catholic Epistles of St James and St. Peter. iSj.—VoL IV. 
Part II. , Fourth ediiion. The Epistles of St John and St Jude, 
and the Revelation. J4f. Or Voi. IV. in one VoL 32J. 



Digitized by VjOOQIC 



74 George Bell and San^ 

A lATIN GRAMMAR. By T. Hewitt Key, M.A., 
F. R. S., Professor of Comparative Granunar, and Head Master 
of the Junior School, in University Collie. Sixth Thousandy 
wiih new corrections and culditions, Postovo. &f. 



Latin ann ^reeft Class OBooIs* 

BADDELEY. Auxilia Latina. A Series of Progres- 
sive Latin Exercises. By the Rev. J. B. Baddeley, M.A. 

[In the Press. 

CHURCH (A. J.) Latin Prose Lessons. By Alifred J. 
Chnrcb, M. A., Head Master of thc^Granunar School, Retfoid. 
A fuw edition, Fcap. 8vo. 2s, 6d, 

DAVIS and BADDELEY. Scala Graeca: a Series of 
Elementary Greek Exercises. By the Rev. J. W. Davis, 
M. A., Head Master of Tamworth Grammar School, and R. W. 
Baddeley, M. A. Second edition, Fcap. 8vo. cloth^ 2J. 6d, 

FROST (P.) Eclogae Latinae : or First Latin Reading 
Book, with English Notes and a Dictionary. By the Rev. 
P. Frost, M.A., St John's College, Cambriche. New edition. 
Fcap. 8vo. 2s, ()d, 

Materials for Latin Prose Composition, Ifem 

edition. Fcap. 8vo. 2s. 6d* 

Key. 4J. 

A Latin Verse Book. An Introductory Work' on 

Hexameters and Pentameters. Fcap. 8vo. $s. New edition^ 
revised and eniarged, 

Key. SJ- 



— Analecta Graeca Minora, with Introductory Sen- 
tences, English Notes, and a Dictionary. New ediUon, revised 
and eiUar^. Fcap. 8vo. 3^. (ìd. 

— Materials for Greek Prose Composition. Con- 
stnicted on the same pian as the ** Materials for Latm Prose 
Composition." Fcap. 8vo. 3j. 6rf. 

Key. 5x. 



GRETTON (F. E.) A First Cheque Book for Latin 
Verse Makers. By the Rev. F. E. Gretton, Head Master 
of Stamford Free Grammar School, sometime Fdlow of St. 
John's College, Cambridge. \s. (>d. 

A Latin Version for Masters. 2s. 6d. 



Digitized by VjOOQIC 



Educational Bcoks, 75 

GRETTON (F. E.) Reddenda ; or Passages with Paral- 
lel Hints for Tnutslation into Latin Prose and Verse. Crown 
8vo. 4f. 6dy 

r Reddenda Reddita; or Passages from Englisk 

Poetry with a Latin Verse Translation. Crown 8vo. 6f. 

HOLDEN (H. A.) Folioram Silvula. Part I. Being 
Passages for TranJlation ìnto Latin Elegiac and Heroic Verse, 
edited by Hubert A. Holden, LL.D., late FeUow pf Trinitjr 
College, Head Master of Queen Elizabeth's School, Ipswicn. 
Sixth edition. Post 8vo. 7 j. 6^. 

Foliomm Silvula. Part II. Being Seleet Passages 

for Translation into Latin Lyric and Comic lambic Verse. By 
Hubert A. Holden, LL.D. Third edition. Post Sto. 5j. 

Folionim Silvula. PiartlII. Being Seleet Passages 

for Translation into Greek Verse, edited with Notes by 
Hubert A. Holden, LL. D. Third edition. Post 8vo. 8j. 

-H — Folia Silvuiae, sive Edogae Poetaarum Anglicomm 
in Latinum et Graecum conyersse quas disposuit Hubertus A. 
Holden, LL.I>. Volumen Prius continens Fasciculos I. IL 
8vo. los, 6d. Volumen Alterum continens Fasciculos IH. ' 
IV. 8vo. 12^. 

Foliomm Centoiise. Sefections for Translation 

into Latin and Greek Prose, chiefly from the University and 
College Eseamination Papers. By Hubert A. Holden, LL. D. 
Fifth edUion. Post 8vo. 8s. 

KEY (T. H.) A Short Latin Grammar, for Schools. 
By T. H. Key, M. A, F. S. A., Professor of Comparative 
Grammar in University College, London, and Head Master of 
tìie School. EighthedUìon. Post 8vo. 3^. 6</. 

MASON (C. P.) Anal3rtical Latin Exereises; Aeei- 
dence and Simple Sentences, Composition and Derivation of 
Words and Compound Sentences, By C. P. Mason, B.A., 
Fellow of University College, London. Post 8vo. 3;. 6^ 

PRESTON (G.) Greek Verse Composition, for the use 
of Public Schools and Private Students. Being a revised 
editìon of the " Cbreek Verses of Shrewsbury SchooL" By Geor^ 
P):e9toa, M.A., Fellow of Magdale&e CoUege; Crown 8vo. 
4r. 6^ 
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Cla00ical Ca&les. 

GREEK VERBS. A Catalogue of Verbs, Irregular 
and Defective ; their leading formations, tenses in use, and 
dialectic inflexions, with a copious Appendix, contaìning 
P aradigms for conjugation, Rules for formation of tenses, &c. 
&c. By J. S. Baird, T. C. D. New edition, revised, 2s. 6d. 

GREEK ACCENTS (Notes on). On Card, 6d. 

HOMERIC DIALECT. Its Leading Forms and Peculi- 

arities. By J. S. Baird, T. C. D. is. 6d. 
GREEK ACCIDENCE. By the Rev. P. Frost, M.A. is. 
LATIN ACCIDENCE. By the Rev. P. Frost, M.A. is. 
LATIN VERSIFICATION. is. 

NOTABILIA QUIDAM : or the Principal Tenses of 
most of the Irregular Greek Verbs and Elementary Greek, 
Latin, and French Constructions. JVew edition. is, 6d. 

RICHMOND RULES TO FORM THE OVIDIAN 
DISTJCHy &C. By J. Tate, M. A. New edition, \s. 6d. 

THE PRINCIPLES OF LATIN SYNTAX. is. 



Crani$latton0, ^electton0, ann %\\m^- 
traten (ZEDttton0. 

%• Many of the following books are well adapted for school 
prizes. See also pages 87-90. 

AESCHYLUS. Translated into English Prose, by F. A. 
Paley, M. A., Editor of the Greek Text. Second edUion^ 
revised, 8vo. 7^. 6^. 

Translated by Anna Swanwick. With Introductions 

and Notes. New edition, Crown 8vo. 2 vols. I2J. 

- Folio Edition with Thirty-three Illus- 



trations from Flaxman's designs. Price;^2 2j. 

ANTHOLOGIAGR-^CA. A Sclection of Choice Greek 
Poetry, with Notes. By Rev. F. St John Thackeray, 
Assistant Master, Eton College. New edition^ correcUd. 
Fcap. 8vo. ^s, (>d, 

ANTHOLOGI A LATINA. A Selection of Choice Latin 
Poetry, from Naevius to Boèthius, with Notes. By Rev. F. St 
John Thackeray, Assistant Master, Eton College. New 
ediHon^ enlarged» Fcap. 8vo. ts, 6d, . 
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ARISTOPHANES, The Peace. The Greek text, and a 
metrìcal translation on opposite pages, wìth notes and intro- 
duction, &c. By Beni*. Bickley Rogers, M.A., late fellow of 
Wadham College, Oxford. Fcap. 4to. 7j. 6d. 

The Wasps. Text and metrical translation, with 

notes and introduction. By Benj. B. Rogers, M.A. Fcap. 8vo. 
'js.ed. [InthePreu, 

CORPUS POETARUM LATINORUM. Edited by 
Walker. i thick voL Sto. Cloth, !&•. 

Containing : — Catullus, Lucretius, Virgilius, Tl- 
BULLUS, Propertius, Ovidius, Horatius, Phaedrus, 
LucANus, Persius, Juvenalis, Martialis, Sulpicia« 
Statius, Silius Italicus, Valerius Flaccus, Calpurnius 
SicuLUS, AusoNius and Claudianus. 

HORACE. The Odes and Carmen Saeculare. Trans- 
lated into English Verse by the late John Conington, M. A., 
Corpus Professor of Latin in the University of O^ord. Mfth 
ediiion. Fcap. Sto. 5^. 6d, 

The Satires and Epistles. Translated in English 

Verse by John Conington, M. A. Third eUtion, df . 6tìf. 

Illustrated from Antique Gems by C. W. King, 

M.A., Fellow of Trinity College, Cambridge. The text 
revised with an Introduction by H. A. J. Munro, M.A., 
Fellow of Trinity College, Cambridge, Editor of Lucretius. 
Large 8vo. £\ is, 

MVS^ ETONENSES sive Carminvm Etonae Condi- 
torvm Delectvs. Serìes Nova, Tomos Dvos complectens. 
Edidit Ricardvs Okes, S. T. P. Coli Regal. apvd Cantabri- 
gienses Praepositvs. 8vo. 15J. 

Voi. II., to complete Sets, may be had separately, prìce 5j. 

PROPERTIUS. Verse translations from Book V. with a 
revised Latin Text and brìef English notes. By F. A. Paley, 
M. A. Fcap. Svo. y, 

PLATO. Gorgias, literally translated, with an Intro- 
ductory Essay containing a summary of the argument By the 
late E. M. Cope, M. A., Fellow of Trinity College. Svo. p. 

Philebus. Translated with short Explanatoiy Notes 

by F. A. Paley, M. A. Small Svo. 4J. 

-^— Theaetetus. Translated with an Introduction on 
the subject-matter, and short explanatory notes. By F. A. Paley, 
M.A Small Svo. 4/. 
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i^LATO. An Analysis and Index of the Dìalogues. Wi^ 
References to the Tianslation in £ahn's Classìcal libraiy. B7 
Dr. Day. Post 8vo. 5j. 

REDDENDA REDDITA; or, Passages from English 
Poctry with a Latin Verse Translation. By F. E. Gretton, 
Head Master of Stamford Free Grammar School. Crown Svo, 
^. 

SABRINiE COROLLA in hortulis Regiae Scholae 
Salopiensis contexuenmt ties viri floribus legendis. EdiHo 
tertìa, Svo. %s, 6d. 

SERTUM CARTHUSIANUM Floribus trium Seculo- 
rum Contextum. Cura Gulìelmi Haig Brown, Schoke Carthu- 
sianse Ardddidascali. Svo. 14J. 

THEOCRITUS. Translated into English Verse by C 
S. Calverley, M. A., late Fellow of Christ's College, Cambridge. 
Crown Svo. 7/. (xi, 

TRANSLATIONS into English and Latin. By C. S. 
Calverley, M. A., late Fellow of Christ*s College, Cambridge. 
Post Svo. 7J. od, 

Into Greek and Latin Verse. By R. C. Jebb, 

Fellow of Trinity College and Public Orator in the University 
of Cambridge. 4to. cloth gilt. lar. 6d, 

VIRGIL in English Rhythm. With lUustrations from 
the British Poets, from Chaucer to Cowper. By the Rev. Robert 
Corbet Singleton, first Warden of S. Peter's College, Radley. 
A maiuial for master and scholar. Second ediiion^ re-wriiien 
and enlarged, Large crown Svo. 7j. 6^. 

A HISTORY or ROMAN LITERATURE. By W. S. 

. Teuffel, Professor at the University of Tubingen. Translated, 
with the Author*s sanction, by Wilhelm Wagner, Ph. D., ofthe 
Johanneam, Hamburg. Two vols. Demy Svo. 21^. 

"Professor Teuffel skilfully groups thevarious departments 
of Roman literature according to perioda and according to sub- 
jects, and he well brings out the leading characteristics of each.*' 
— Saturday Review, 

THE THEATRE OF THE GREEKS. A Treatise 
<» The History and Exhibition of the Greek Brama, with a 
Supplementary Treatise on the Language, Metres, and Prosody 
of the Greek Dramatists, by John William Donaldson, D.D., 
formerly Fellow of Trinity College, Cambridge. With numerose 
lUustrations from the best ancient authorìties. Eighih edition. 
Post Svo. 5j. 



Digitizedby Google 



Educational Books. 79 

MATHEMATICAL AND OTHER CLASS 
• BOOKS. 

Camtitt00e dc^ool ano College Cert 

IBOOfelB!» 

A Series of Elementary Treatises adapted for the use of students 
in the Universities, Schools, and candidates for the Public Examina- 
tions. Unifonnly printed in Foolscap 8vo. 

ARITHMETIC. By Rev. C. Elsee, M. A., late FèUow 
of St John's College, Cambridge ; Assistant Master at 
Rugby. Intended for the use of Rugby SchooL Fcap. 
8vo.. litfth ecUtion, 35. dd» 

ELEMENTS OF ALGEBRA. By the Rev. C Elsee, 
M. A. Second editiony enlarged. 4; . 

ARITHMETIC. For the Use of CoUeges and Schools. 
By A. Wrigley, M. A. 3j. (>d. 

A Progressive Course of Examples. With Answers. 

By James Watson, M. A. , Corpus Christi Collie, Cambridge, 
and formerly Senior Mathematical Master of the Ordnance 
School, Carshalton. Third ediiion. 2s. 6d. 

AN INTRODUCTION TO PLANE ASTRONOMY. 
For the Use of Colleges and Schools. By P. T. Main, M. A, 
Fellow of St John's College. Second ediiion. 4r. 

ELEMENTARY CONIC SECTIONS treated Geome- 
trically. By W. H. Besant, M. A., Lecturer and late Fellow of 
St John's College. 4^. td, 

ELEMENTARY STATICS. By the Rev. Harvey Good- 
wìn, D. D., Bishop of Carlisle. New editiony revised» 3^. 

ELEMENTARY DYNAMICS. By the Rev. Harvey 
(joodwin, D. D., Bishop of Carlisle. Secona edition, y, 

ELEMENTARY H YDROSTATICS. By W. H. Besant, 
M. A., late Fellow of St John's College. Sixth edìHon. 4f. 

AN ELEMENTARY TREATISE ON MENSURA- 
TION. By B. T. Moore, M. A., Fellow of Pembrok* College. 
With numerous Examples. V. 
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THE FIRST THREE SECTIONS OF NEWTON'S 
PRINCIPIA, with an Appendix ; and the Ninthand Eleventh 
Sections. By John H. Evans, M.A. The Fifth Edition, 
edited by P. T. Main, M. A. 4r. 

ELEMENTARY TRIGONOMETRY. With a CoUec- 
tion of Examples. By T. P. Hudson, M. A., Fellow of Trinity 
CoUege. 3J. 6^. 

GEOMETRICAL OPTICS. By W. S. Aldis, M. A., 
Trinity College, y, 6d, 

ANALYTICAL GEOMETRY for Schools. By T. G. 
Vyvyan, Fellow of Gonville and Caius College, and Mathema- 
tica! Master of Charterhouse. Third tditìony revised, With a 
chapter on Abridged Notation. 

COMPANION TO THE GREEK TESTAMENT. 

Designed for the Use ot Theological Students and the Upper 
Forms in Schools. By A. C. Barrett, A. M., Caius Coll4:e. 
TTiird edìHonf revised and erUarged. Fcap. 8vo. 55. 

AN HISTORICAL AND EXPLANATORY TREA- 
TISE ON THE BOOK OF COMMON PRAYER. By W. 
G. Humphiy, B. D. Fifth edition revised, Fcap. 8vo. 4r. 6^ 

MUSIC. By H. C. Banister, Professor of Harmony 
and Composition at the Royal Academy of Music. Third 
editioftf reifised, $s. 

Others in Preparation, 



H 



aritìimctic anu aigetira* 

IND (J.) Principles and Practice of Arithmetic. 
Comprising the Nature and Use ofLogarithms, with the 
Coinputations employed by Artifìcers, Gaugers, and Land 
Surveyors. Designed for the Use of Students, by J. Hind, M. A., 
formerly Fellow and Tutor of Sidney Sussex College. Ninth 
ódition^ with Questions. 4f. 6d, 

A Second Appendix of Miscellaneous Questions (many of 
which have been taken from the Examination Papers given in 
the University during the last few years) has been added to the 
present edition of this work, which the Author considers will 
conduce greatly to its practical utility, especially for those who 
are intended for mercantile pursuits. 

,% Key, with Questions for Examination. Second edition, 5^. 
- Elements of Algebra. Designed for the Use of 
Students in Schools and in the Universities. By J. Hind, 
M.A. Sixth edition, revised, 540 pp. 8vo. los, ed. 
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ALDIS (T. S.) Text Book of Geometry. Bf T. S. 
Aldis, M. A., Trinity College, Cambridge. Small 3vo. 
4f. 6d, Parti. — Angles— Parallels — Triangles — Eqaira- 
lent Figures — Circles. 2s. 6J, Part II. Proportion. ^ust puh- 
lished, 2s, Sold separatel/. 

The object of the work is to present the subject $imply and 
concisely, leaving illustration and explanation to the teacher, 
whose freedom text-books too often hamper. Without a teacher, 
however, this work will possibly be found no harder to master 
than others. 

As far as practicable, exercises, largely numerica!, are giren 
on the different Theorems, that the pupil may learn at once the 
value and use of what he studies. 

Hypothetical constructions are throughout employed. Im- 
portant Theorems are proved in more than one way, lest the 
pupil rest in words rather than things. Problems are regarded 
chiefly as exercises on the theorems. 

Short Appendices are added on the Analysis of Reasonìng 
and the Application of Arithmetic and Algebra to Geometry. 

EUCLID. The Elemeats of Euclid. A new.TexJt 

based on that of Simson, with Exercises. Edited by H. J. 

Hose, formerly Mathematical Master of Westminster SchooL 

Fcap. 8vo. 4J. 6d. Exercises separately, is. 

CONTENTS :— Books I.— VI. ; XI. i— 21 ; XII. i, 2. 
The Eleraents of Euclid. The First Six Books, with 

a Commentary by Dr. Lardner. Ten/à edition, 8vo. 6/. 

The First Two Books Explained to Beginners ; by 

C. P. Mason, B. A. Second edition, Fcap. 8vo. 2j. 6</. 

The Enunciations and Figùres belonging to the 

Propositions in the First Six and part of the Eleventh Books of 
Euclid's Elements (usually read in the Universities), prepared 
for Students in Geometry. By the Rev. J. Brasse, D. D. New 
edìHon. Fcap. 8vo. u. On cards, in case, $s, 6d. 
Without the Figures, 6d. 

McDowell (J.) Exercises on Euclid and in Modem 
Geometry, containing Applications of the Principles and Pro- 
cesses of Modem Pure Geometry, By J. McDowell, B.A., 
Pembroke College. Crown 8vo; 8j. 6d, 

BESANT (W. H.) Elementary Geometrica] Conio 
Sections. By W. H. Besant, M. A. 4j. 6d. • 
A3 
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TAYLOR (C.) The Geometry of Conics. Second edition 
revised and enlarged. By C. Taylor, M.A., Fellow of St. 
John's College. 8vo. 4f. 6d, 

Pages 80 to 112 to complete the First ediiion may be had 
separately, price is, 

GASKIN (T.) Solutions of the Geometrical Problems, 
consisting chiefly of Examples, proposed at St. John*s Collie, 
from 1830 to 1846. With an Appendìx on the General Equa- 
tion of the SecoHd Degree. By T. Gaskin, M.A. 8vo. I2s. 



Crigonometrp* 

ALDOUS (J. C. P.) The Shrewsbury Trigonometry. 
A Step to the Study of a more complete treatise. By 
J. C. P. Aldous, Jesus Collie, Cambridge, Senior Ma- 
thematical Master of Shrewsbury School. 2J. 

HUDSON (T. P.) Elementary Trigonometry. With 
a CoUection of Examples. By T. P. Hudson, M. A., Fellow 
and Assistant Tutor 01 Trinity College. 3J. 6e/. 

HIND (J.) Elements of Piane and Spherical Trigo- 
nometry. With the Nature and Properties of Logarìthms 
and Construction and Use of Mathematiod Tables. Designed 
for the use of Students in the University. By J. Hind, M.A. 
Fifth edition, i2mo. dr. 

MOORE (B. T.) An Elementary Treatise on Mensura- 
tion. By B. T. Moore, M. A., Fellow of Pembroke College. 
With numerous Examples. 5^. " 



analptical (Seometrp anD Differcntial 
Calculu0* 

TURNBULL (W. P.) An Inlroduction to Analytical 
Piane Geometry. By W. P. Tumbull, M.A. Fellow of 
Trinity College. 8vo. I2s, 

O'BRIEN (M.) Treatise on Piane Co-ordinate Geome- 
try. Or the Application of the method of Co-ordinates to 
the Solutions of problems in Piane Geometry. By M. O'Brien, 
M.A. 8vo. 9J. • 
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WALTON (W.) Problems in illustration of the Principles 
of Piane Co-ordinate Geometry. By W. Walton, M.A. 8vo. i6j. 

WHITWORTH (W. A.) Trilinear Co-ordinates, and 
other methods of Modem Analytìcal Geometry of Two Di- 
mensions. An Elementary Treatise. By W. Alien Whit- 
worth, M. A., Professor of Mathematics in Queen's College, 
Liverpool, and late Scholar of St. John's College, Cambridge. 
8vo. i6j. 

ALDIS (W. S.) An Elementary Treatise on Solid 
Geometry. Revised, By W. S. Aldis, M.A. Second ediHon, 
revised, 8vo. 8j. 

PELL (M. B.) Geometrical Illustrations of the Diffe- 
rential Calculus. By M. B. Peli. 8vo. zs, dd. 

O'BRIEN (M.) Elementary Treatise on the Biffe- 
rential Calculus, in which the method of Limits is exclusively 
made use of. By M. O'Brien, M. A. 8vo. loj. dd, 

BESANT (W. H.) Notes on Roulettes and GUssettes. 
By W. H. Besant, M. A. 8vo. 3^. 6^. 



^ec|)anic0 arni Batucal Pf^ilosopi)?. 

EARNSHAW (S.) Treatise on Statics : Containing 
the Theory of the Equilibrium of Forces, and nmnerous 
Examples illustrative of the General Principles of the 
Science. By*S. Eamshaw, M.A. Fourth ediiion, 8vo. los, 6d. 

WHEWELL (Dr.) Mechanical Euclid. Containing the 
Elements of Mechanics and Hydrostatics. By the late W. 
Wbewell, D. D. JFiJìh edition. Ss. 

JFENWICK (S.) The Mechanics of Construction ; in- 
cluding the Theorìes of the Strength of Materials, R00&, 
Arches, and Suspension Bridges. With numerous Examples. 
By Stephen Fenwick, F. R. A. S., of the Royal Military 
Academy, Woolwich. 8vo. I2s, 

GARNETT (W.) A Treatise on Elementary Dynamics 
for the use of Colleges and Schools. By William Gamett, B. A. 
(late Whitworth Scholar), Fellow of St. John's Coll^je, and 
Demonstrator of Physics in the University of Cambridge. 
Crown 8vo. 6j. 

GOODWIN (Bp.) Elementary Statics. By H. Good- 
win, D. D., Bp. of Carlisle. Fcap. 8vo. New edition, y, cloth. 
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GOODWIN (Bp.) Eleroentary Dynamics. By H. Good- 
will, DD., Bishop of Carlisle. Fcap. Sto. secondedition. 3^. doth. 

WALTON (W.) Elementary Problems in Statics anà 
Dynamics. Designed for Candidates for Honours, first three 
days. By W. Walton, M. A. Sto. lOf. od. 

POTTER (R.) An Elementary Treatise on Mechanics. 
For the use of Junior University Students. By Richard 
Potter, A. M., F. C. P. S., late Fellow of Queens' College, 
Cambridge. Professor of Naturai Philosophy and Astroncmy 
in University College, London. Feurth edkioHy reoised. %s. td» 

—— Elementary Hydrostatics Adapted for both Jimior 
University readers and Students of Practical Engineering. Bf 
R. Potter, M. A. yj. 6d, 

BESANT (W. H.) Elementaiy Hydrostatics. By W. 
H. Besant, M. A., late Fellow of St John's College. Fcap. 
8vo. Sixth edition, 4^. 

A T^reatise on Hydromechanics. By W. H. Besant, 

M. A. 8vo. New edition in the press, 

GRIFFIN (W; N.) Solutions of Examples on the Dyna- 
mics of a Rigid Body. By W. N. Griffin, M. A. Svo. 6s. 6d. 

LUNNQ.R.) OfMotion. An Elementaiy Treatise. By 
J. R. Lunn, M. A., late Fellow ofSt John's, Camb. Svo. ^s, 6d, 

BESANT (W. H.) A Treatise on the Dynamics of a 
Particle. Preparing. 

ALDIS (W. S.) Geometrica! Optics. By W. S. Aldis, 
M.A., Trinity College, Cambridge. Fcap. Svo. 3^. td. 

— A Chapter on Fresnel's Theory of Doublé Re- 
ftwction. By W. S. Aldis, M.A. Svo. 2s. 

POTTER (R.) An Elementary Treatise on Optics. 
Part I. Containing ali the requisite Propositions carried to 
first Approximations ; with the consttuction of optical instru- 
ments. For the use of Junior University Students. By 
Richard Potter, A. M., F.C. P. S., late Fellow of Queens» 
College, Cambridge. Third edUùm^ revised. 9J. i)d, 

'— An Elementary Treatise on Optics. Part IL 
Containing the higher Propositions with their application to 
the more perfect forms of Instruments. By Richard Potter, 
A.M., F.C.P.S. I2J. 6<i 

— — Physical Optics \ or, the Nature and Propcrties 
of Lìght. A Descrìptive and Experìmental Treatise. By 
Richard Potter, A. M.« F. C . P. S. 6;. i)d 



Digitized by VjOOQIC 



Educa^onal Books. 9$ 

POTTER (R.) Physkal Optics. Part II. TheCorpus- 
cular Theory of Light disoissed Mathematically. By Richard 
Potter, M. A, ^s, òtL 

HOPKINS (W. B.) Figures. Illustrative of Geometri- 
cai Optics. From Schdbach. By W. B. Hopkins, B.D. 
Folio. Plates. lor. óùf. 

MAIN (P. T.) The First Three Sectìons of Newton's 
Principia, with an Appendix; and the Ninth and Eleventh 
Sections. By John H. £vans, M.A* The Fifth edition^ 
edited by P. T. Main, M. A. ^. 

An Introduction to Piane Astronomy. For the 

use of Colleges and Schools. By P. T. Main, M. A, Fellov 
of St. John's Collie. Fcap. 8vo. doth, 4X. 

MAIN (R.) Practìcal and Spherical Astronomy. For 
the Use chiefiy of Students in the Universities. By R. Main, 
M.A., F.RS., Raddiffe Observer at Oxford. 8vo. 14^. 

Briinnow's Spherical Astronomy. Part I. Includ- 

ing the Chapters on Parallax» Refìraction, Aberration, Preces- 
Sion, and Nutation. Translaled by R. Main, M. A., F. R. S., 
Radcliffe Observer at Oxford, 8vo. 8j. 6d» 

GOODWIN (Bp.) Elementary Chapters on Astro- 
nomy, from the "Astronomie Physique" of Biot ByHarvey 
Goodwin, D. D., Bishop of Carlisle. 8vo. y, 6d, 

Elementary Course of Mathematics. Designed 

prìncipally for Students of the University of Cambridge. By 
Harvey Goodwin, D.D., Lord Bishop of Carlisle. SixtA 
edttion, revised and enlarged by P. T. Main, M. A, Fellow 
of St John's College, Cambridge. 8va i6f. 

Problems and Examples, adapted to the " Ele- 
mentary Course of Mathematics." By tìarvey Goodwin, 
D.D. Withan Appendix, containing the Questions proposed 
during the first three days of the Senate-House Examination, 
by T. G. Vyvyan, M. A THrd edition, 8vo. 5j. 

Solutions of Goodwin's Collection of Problems 

and Examples. By W. W. Hutt, M. A, late Fellow of Gon- 
ville and Caius Coll^;e. Third edìHon, revised and emlarged» 
By T. G. Vyvyan, M. A. 8va 9*. 

SMALLEY (G. R.) A Compendimn of Facts and For- 
mula in Pure Mathematics and Naturai Philosophy. By G. R. 
Smalley, F.R. A S., of St John's Coli., Cam. Feap. 8vo. y, (yd. 
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TAYLOR (John). A Collection of Elementary 
Eiamples in Pure Matheinatics, arranged in Examination 
Papers ; for the use of Students for the Militairy and Civil Service 
Examixiations. Bv John Taylor, late Militaiy Tutor, Wool- 
wich Common, wo. *js, od, ♦ 

FILIPOWSKI (H. E.) A Table of Anti-Logaridims. 
Containing, to seven places of decimals, naturai numbers 
answering to ali logarithms £rom 'coooi to '99999, and an im- 

Eroved table of Gauss* Logarithms, by which may be found the 
ogarithm of the sum or d^erence of two quantities. With Ap- 
pendix, containing a Tahle of Annuities for 3 joint lives at 3 
per cent. By H. £. FilipowskL Thirdediiion. 8vo. 15^. 

BYRNE (O.) A system of Arithmetical and Mathe- 
matica! Csilculations, in which a new basis of notatiou is 
employed, and many processes, such as involution and evolu- 
tion, become much simplified. Invented by Oliver Byme. 

— :- Dual Arithmetic ; or, the Calculus of Concrete Quan- 
tities, Known and Unknown, Exponential and Transcendental, 
including AngularMagnitudes. With Analysis. Part I. 8vo. 14J. 
In it will be found a metliod of obtaining the logarithm of 
any niunber in a few minutes by direct calculation ; a method 
of solvine equations, which involve exponential, logarithmic 
and circuir functions, &c. &c. 

Dual Arithmetic Part II. The Descending Branch, 

completing the Science, and containing the Theory of the Appli- 
cation of both Branches. 8vo. icxr. td. 

— — Dual Tables (Ascending and Descending Branches). 
Comprìsing Dual Niunbers, Dual Logarithms, and Common 
Numbers ; Tables of Trigonometrical Values, Angular Magni- 
tudes, and Functions, with their Dual Logarithms. 4to. 2\s. 

ELLIS (Leslie). The Mathematica! and other 
Writings of Robert Leslie Ellis, M. A., late Fellow of 
Trinity College, Cambridge. Edited by William Walton, 
M. A., Trinity College, with a Biographical Memoir by Har- 
vey Goodwin, D. D., Bìshop of CarUsle. 8vo. i6j. 

CHALLIS (Prof.) Notes on the Principles of Pure 
and Applied Calculation, and Applications to the Theories of 
PhysicalForces. By Rev. J. Challis, M. A., F.R.S., &c., Plumian 
Professor of Astronomy, Cambridge. Demy 8vo. 15J. 

The Mathematìcal Prificiple of Physìcs. An 

Essay. By the Rev. James Challis, M.A., F.R.S. Demy 
8vo. 5^. 
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MISCELLANEOUS EDUCATIONAL WORKS. 

I^tótotp, Copograpt)?, 9C. 

URN (R.) Rome and the Campagna. An Historical 
and Topographlcal Descrìptìon of the Site,Buildings, and 
Neighbourhood of Ancient Rome. 3y Robert Bum, 
M. A, lateFellow and Tutor of Trinity College, Cambridge. 
With Eighty-five fine Engravìngs by Jewitt, and Twenty-nve 
Maps and Plans. Handsomely bound in clotìi. 4to. 3/. 31. 

DYER (T. H.) The History of the Kings of Rome. 
By Dr. T. H. Dyer, Author of the " Histoiy of the City of 
Rome;" "Pompeii: its History, Antiquities," &c., with a 
Prefatory Dissertation on the Sources and Evidence of Early 
Roman History. 8vo. idr. 

'' It wìll mark, or help to mark, an era in the history of the 
subject to which it is deroted. It is one of the most decided as 
weU as one of the ablest results of the reaction which is now in 
progress agaìnst the influence of Niebuhr." — Pali Mail Gazette, 

A Plea for Livy, throwing a new light on some 

passages of the first Book, and rectifying the German doctrine 
of the imperative mood. Svo. \s, 

Roma Regalis, or the Newest Phase of an Old 

Story. Svo. 2x. td, 

An examination of the views and argaments respecting Regal 
Rome, put forth by Professor Seeley in a recent edition of 
" Livy,'^ Book I. 

The History of Pompei!; its Buildings and An- 
tiquities. An account of the city, with a fiiU descrìptìon of the 
remains and the recent excavations, and also an Itinerary for 
visitors. Edited by T. H. Dver, LL.D. Illustrated with 
nearly Three Hundred Wood Engravings, a large Map, and a 
Pian of the Forum. Third edition^ brought down to 1874. 
post Svo. 7j. 6^. 

Ancient Athens : Its History, Topography, and 

Remains. By Thomas Henry Dyer, LL, D., Author of " The 
History of the Kings of Rome." Super-royal Svo. cloth, i/. Jj. 
This work gives the result of the excavations to the present 
time, and of a recent careful examination of the loodities by the 
Author. It is illustrated with plans, and wood engravings taken 
from photographs. 



Digitized by VjOOQIC 



88 George Bell and Svft/ 

LONG(G.) The Dècime of the Roman Republic. 8\ro. 

Vd. I. Fram the DostmctioQ of Càrthage to tkt £ad of the 
Jugurthine War. 14;. 

VoL II. To the DokOl of SertQiins.. 14?. 

VoL III. Including the third Mithridatic War, the Catiliae 
Conspinicy, and the Consùlship of C. Julius Caesar. 141. 

VoL IV. History ot Caesar's Gallic Campaigns and of the 
contemporaneous events in Rome. i^r. 

V0I.V. Conduding the Work. 14;. 

''If any one can guide us through the almost inextrìcable 
mazes of thìs labyrinui, it is he. As a chronider, he possesses 
ali the requisite knowledge, and what is nearly, if not quite as 
important, the necessary caution. He never attempts to explain 
that which is hopelessfy comipt or obscure : he does not con- 
found twilight with daylight ; he wams the reader repeatedly 
that he is standing on shaking ground ; he has no frameurork of 
theoiy into which he presses his fiicts.** — Saturday Review, 

PEARSON (C. H.) A History of England during the 
Earlyand Middle Ages. 'By C. H. Pearson, M. A., Fellow 
of Oriel College, O^Sòrd»' and- Lecturer in History at Tjinity 
College» Cambridge. Second ediUon^ revised and enlarged, 
8vo. Voi. I. to the Death of Coeur de Lion. i6j. VoL IL 
to the Death of Edward I. I4r. 

■^— Historical Maps of England. Bjr C. H. Penrson. 
Folio.' Secendediiion^ tetnsed. 31J. 6d. 

An Atlas containing Five Maps of England at ditferent 
periods during the Early and Middle Ages. 

BOWES (A.) A Practical Synopsis of Englìsh Histoiy ; 
or, A General Summary of Dates and Events for the use of 
Schools, Families, and Candidates for Public Examinations. 
By Arthur Bowes. Fourth editìon, 8vo. 2j. 

BEALE (D.) Student's Text-Book of English - and 
General History, from B. e. 100 to the Present Time, with 
Genealogical and Literary Tables, and Sketch of the English 
Constitution. By D. Beale. Crown 8vo. zs. 6d, 

STRICKLAND <AGNES). The Lives of the Queens of 
England ; from the Norman Conquest to the Reign d( Queen 
Anne. By Agnes Strìckland. Abrìdged by the Author for 
the use of Schools and Families. Post Ivo. Cloth. 6x. (uL 
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HUGHES (A. W.) Outlines of Indian History: com- 
prìsing the Hindu, Mahomedan, and Christian Periods (down to 
the Resignation of Sir J. Lawrence). With Maps, Statistical 
Appendices, and numerous Examìnation Questidbs. Adapted 
specially for Schools and Students. By A. W. Hughes, Bom. 
Uncòv. Civil Service, and Gra/s Inn. Small post 8vo. 3j. 6d, 

HELPS (SIR A.) The Life of Hemando Cortez, and 
the Conquest of Mexico. Dedicated to Thomas Carlyle. 2 
vols. crown 8vo. 15J. 

The Life of Christopher Columbus, the Discoverer 

of America. Fourth edìHon, Crown 8vo. 6s. 

The Life of Pizarro. With Some Account of his 

Associates in the Conquest of Perù. Second ecUiion* Cr.Svo. df. 

The Life of Las Casas, the Apostle of the Indies. 

TTnrd editìon, Crown 8vo. df . 
TYTLER (PROF.) The Elements of General History. 

New editìon, Revised^and brought down to the present time. 

Small post 8vo. 35. 6d. 

ATLASES. An Atlas of Classica! Geography ; Twenty- 
four Maps by W. Hughes and George Long, M.A. Ntw 
ediiion^ with coloured outlines. Imperiai 8vo. I2j. 6^. 

This Atlas has been constructed from the best authorìties by 
Mr. W. Hughes, under the careful supervision of Mr. Long. 
The publishers believe that by this combination they have 
securedthe niostcorrect Atlas of Ancient Geography that has 
yet been produced. 

A Grammar School Atlas of Classical Geography. 

Containing Ten Maps selected :&om the above. Imperiai 
8vo. New edition, 5J. 

CoNTENTS : — The Provinces of the Roman Empire. Gallia. 
Italia. Graecia (induding Epirus and Thessalia, with part of 
Macedonia). The Coasts and Islands of the Aegaean Sea. 
Asia Minor, and the Northern part of Sjrria, Palaestina, with 
part of Syria, Assyria, and the Adjacent Countries. Sicilia ; 
and a Pian of Rome. 

First Classical Maps. By the Rev. J. Tate, M.A. 

Third edition. Imperiai 8vo. 7j. 6^. 

Standard Library Atlas of Classical Geography. 

Twenty-two large Coloured Maps according to the latest authorì- 
ties, With a complete Index (accentuated), giving the latitude 
and longitude of every place named in the Maps. Imperiai 8vo. 
7j. dd. 
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RICHARDSON (Dr.) New Dictìonary of the Eng- 
liflb Langnage: CombìnÌDg ExpUmatìon with Etymo- 
logy, and copioiisly illnstrated by Quotations from the bcst 
Andiorities. Ne» edUion^ with a Supplement contaidiag addì- 
tìonal woids and fìirther lUastratioxis. The Words, with 
those of the same family, are tiaced to their orìgm. The Ex- 
planatìons aie dednoed firom the prìmitÌTe mcaxmig through 
the varìoiis nsages. The Quotations are arranged dirono- 
logically, from the earliest perìod to the present time. la 
2 vols. 4to. £^ 14J. od, ; half-bound in rassia, £^ 151. ()d, ; 
in rnssia, ^6 izr. The Supplement sepaiatelj, 4to. lax. 

An 8vo. Edition, without the Quotations, 15X. ; half-russia, 
20S, ; russia, 24^. 

ADAMS (Dr.) The Elements of the EngHsh Language. 
By Ernest Adams,PKD. ThirteetUh edUion. PostSva 41. 6</. 

KEY (Prof.) Philological Essays. By T. Hewitt 
Key, Professor of Comparatiirc Giaininar in University Coliche, 
London. 8vo. iQr. 6^. 

— Language, its Origin and Development. By T. 
llewitt Key, Professor of ComparatiTe Grammar in University 
Collie. 8vo. 14J. 

This work is founded on the Course of Lectures on Compa- 
rative Grammar delivered durìng the last twenty years in Uni- 
versity College. The evidenoe beìng drawn chiefiyfrom two of 
the most familiar members of the Indo-European family. 
Latin and Greek, especially the former, as that to which the 
writer's hours of study, for half a century, bave been almost 
wholly devoted. 

DONALDSON (J. W.) Varronianus. A Criticai and 
Historical Introduction to the Ethnography of Ancient Italy and 
to the Philological Study of the Latin Language. Third edUion^ 
rcvised and considerably enlarged, By J. W. Donaldson, D. D. 
8vo. i6j. 

SMITH (Archdn.) Synonyms and Antonyms of the 
English Language. CoUected and Contrasted by the Ven. 

C. J. Smith, M. A. Second ediHon, t»ost8vo. 5^. 

Synonyms Discriminated. Showing the accurate 

signification of words of similar meaning. By the Ven. C. J. 
Smith. Demy 8vo. i6j. 

PHILLIPS (Dr.) A Syriac Grammar. By G. Phillips, 

D. D., President of Queen's Collie. Third ediHon^ rmnsed 
and enlarged. 8vo. 7^. 6^. 
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BEAMONT (W. J.) A Concise Grammar of the Arabie 
Language. By the Rev. W. J. Beamont, M. A. Revised by 
Sheikh Ali Nady el Barrany, one of the Sheikhs of the . El 
Azhar Mosque in Cairo. i2mo. 7^. 

WEBSTER. A Dictionary of the English Language. 
By Dr. Webster. Re-edited by N. Porter and C. A. Gkwdriph. 
llie Etymological portion being by Dr. C. F. Mahn, of Berlin. 
With Appendix and Illustrations complete in one volume. 
£l US. ed. 

Besìdes the meaning and derivation of ali words in ordinary 
use, this volume will be fotmd to contain in greater fulness than 
, any other Dictionary of the English Language hitherto published, 
scientifìc and technical terms, accompanied in many instances by 
explanatory woodcuts and an appendix giving supplementary 
lists, explanations, and 70 pages of elaborate diagrams and illus- 
trations. In its unabridged form as above, it supplies at a 
moderate price as complete a literary and scientifìc reference 
hook as could be obtained in the compass of a single v(dume. 

** For the student of English etymologically Wedgwood, Ed. 
Muller, and Mahn's Webster are the best dictionaries. While 
to the general student Mahn's Webster and Craig^s * Universal 
Dictionary ' are most useful." — Athenaum» 

"The BEST PRACTicAL English Dictionary extant." 
— Quarterly Review, 

DitJinitp^ adorai IPbilosopf)?, $c* 

SCRIVENER (Dr.) Novum Testamentum Graecum, 
Textus Stephanici, 1550. Accedunt variae lectiones edi- 
tionum Bezae, Elzeviri, Lachmannì, Tischendorfii, et Tre- 
gellesii. Curante F. H. Scrivener, A. M., LL. D. i6mo. 
4r. od. 

An Editìon Tuith wide Marginfor Notes. *is. 6d, 

This Edition embodies ali the readings of Tregelles and of 
Tischendorf's Eighth or Latest Edition. 

Codex Bezse Cantabrigiensis. Edited, with Pro- 

legomena,. Notes, and Facsimiles, by F. H. Scrivener, M.A 
4to. 26s, 

— A Full CoUation of the Codex Sinaiticus, with 
the Received Text of the New Testament ; to which is prefixed 
a Criticai Introduction. By F. H. Scrivener, M. A. Second 
edition^ reuised, Fcap. 8vo. 55. 

" Mr. Scrivener has now placed the results of Tischendorf's 
discovery withìn reach of ali in a charming little volimie, 
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wliìch oup;ht to fonn a companion to the Greek Testament in the 
library of every Biblical student" — Reader, 

SCRIVENER (Dr.) An Exact Transcript of the 
Codex Augiensis, Gracco-Latina Manuscript in Uncìal Letters 
of St Paul's Epistles, preserved in the Library of Trinity Col- 
lie, Cambridge. To which is added a Full Collation of Fifty 
Manuscripts containing various portions of the Greek New Tes- 
tament deposited in English Libraries : with a full Criticai In- 
troduction. By F. H. Scriyener, M. A. Royal 8vo. 26j. 

The CiaxiCAL Introduction is issued separatdy^prke^. 

A Plam Introduction to the Criticism of the New 

Testament With Forty Facsìmiles from Ancient Manu- 
scripts. Containing also an account of the £g3rptian versions, 
contributed by Canon Lightfoot, D.D. Forthe use of Biblical 
Students. By F. H. Scriyener, M. A, LL. D. Prebendary of 
Exeter. 8vo. New edition. idr. 

Six Lectures on the Text of the New Testament, 

and the MSS. which contain it, chiefly addressed to those who 
do not read Greek. By Rev. F. H. Scrivener. With fac- 
sìmiles from MSS. Crown 8vo. dr. 

ALFORD (Dean). Greek Testament. See p. 9. 

BARRETT (A. C.) Companion to the Greek Testament. 
For th« use of Theological Students and the Upper Forms in 
Schools. By A. C. Barrett, M. A., Caius College; Author 
of ' 'A Treatise on Mechanics and Hydrostatics. " TMrd edUion^ 
erUarged and improved. Fcap. Svo. 5^. 

This volume will be found usefiil for ali classes of Students 
who require a clear epitome of Biblical knowledge. It gives in 
a condensed fonn a large amount of Information on the Text, 
Language, Geography, and Archseology ; it discusses the alleged 
contradictions of the New Testament and the dbputed quotations 
from the Old, and contains introductions to the separate books. 
It may be used by ali intelligent students of the sacred volume ; 
and hias been found of great value to the students of Training 
CoUeges in preparing for their examinations. 

SCHOLEFIELD (J.) Hints for Improvement in the 
Authorìzed Version of the New Testament By the late J. 
Scholefield, M. A Faurth ediiion, Fcap. Svo. 4J. . 
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TERTULLIAN. Liber Apologeticus. The Apology of 
Tertullian. With English Notes and a Preface, intended as an 
introductìon to the Study of Patristìcal and Ecdesiastìcal 
Latinit^. By H. A. Woodham, LL. D. Second edUion. 
8vo. &r. dd, 

PEROWNE (Canon). The Book of Psalms ; a New 
Translation, with Introductions and Notes, Criticai and Expla- 
natoijr. By the Rev. J. J. Stewart Perowne, B. D., Fellow 
ofTrmity College, Cambridge; Canon Residentiaiy ofLlandaff. 
8vo. Voi. I. Third ediiiofu l&r. VoL IL Third editìon, 

The Book of Psahns. Abridged EditionforSchools. 

Crown 8vo. lor. 6d, 

WELCHMAN (Archdn.) IThe Thirty-Nine Articles 
of the Church of England. Hlustrated with Notes, and con- 
fìrmed by Texts of the Holy Scripture, and Testùnonies of 
the Primitive Fathers, together with Refjerences to the Passages 
in several Authors, whidi more lai^ely explain the Doctrme 
contained in the said Articles. dj the Yen. Archdeacon 
Welchman. New edition, Fcap. ovo. 2j. Interleaved for 
Students. 3J. 

PEARSON (BiSHOP). On the Creed. Careftilly printed 
from an Early Edition. With Analysis and Index. Edited by 
E. Walford, M. A Post 8vo. $5. 

HUMPHRY (W. G.) An Historical and Explanatory 
Treatise on the Book of Common Prayer. By W. G. 
' Humphry, B. D., lat« Fellow of Trinity College, Cambridge, 
Prebendary of St. Paul's, and Vicar of St Martin's-in-the- 
Fields, Westminster. Fifth edition^ revised and enlarged. Snudi 
post 8ya 4J. 6d. 

The New Table of Lessons Explained, with the 

Table of Lessons and a Tabular Comparison of the Old and 
New Proper Lessons for Simdays and Holy-days. By W. G. 
Hmnphiy, B.D., Fcap. u. 6d, 

DENTON (W.) A Commentary on the Gospels for the 
Sundays and other Holy Days of the Christian Year. By the 
Rev. W. Denton, A M., Worcester Coll^^e, Oxford, and 
Incmnbent of St BartholomeVs, Ciipplegate. New edUion, 
3 vols. 8vo. 54r. 

VoL L— Advent to Easter. i8f. 

VoL IL— Easter to the Sixteenth Sunday after Trinity. i8j. 

Voi. IH. — Seventeenth Sunday after Trinity to Advent; and 
Holy Days. i8x. 
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DENTON (W.) Commentajy on the Epistles for tìic 
Sundays and other Holy Days of the Christian Year. By the Rev. 
W. Denton, Author of "A Commentaiy on the Gospels," &c. 

Voi. L— Advent to Trinity. 8vo. iSr. 

VoL II.— Trinity and Holy Days. i&r. 

Commentary on the Acts. By the Rev. W. Denton. 

VoL I. 8vo. i&r. Voi. II. in preparation. 

JEWEL (Bp.) Apology for the Church of England, 
with his famous Epistle on the Council of Trent, and a Meiboir. 
32mo. 2J. 

BARRY (Dil) Notes on the Catechism. For tiie use 
of Schools. By the Rev. A. Barry, D. D., Principal of King's 
College, London. Second edUion^ rezdsed. Fcap. 2j. 

BOYCE (E- J.) Catechetica! Hints aod Helps.. A 
Manual for Parents and Teachers on giving instruction to Young 
Children in the Catechism of the Church of £ngkind» By Rer. 
£. J. Boyce, M. A. Second edUitm. Fcap. 2s, 

Examination Papers on Religious Instnxctìon. 

Sewed. ij. 6d, 

MONSELL (Dr.) The Winton. Church Catechkt, 

Questions and Answers on the Teaching of the Church Cate- 
chism. By Rev. J. S. B. Monsell, LL.D., Author of «Our 
New Vicar." Tkird Ediiion. Cloth, 3*.; or in Four Parts, 
sewed, prìce <)d, each. 

SADLER (M. F.) The Church Teacher's Manual of 
Christian Instruction. Being the Church Catechism Expanded 
and Explained in Question and Answer, for the use of the 
Clergyman, Parent, and Teacher. By the Rev. M. F. Sadler, 
Rector of Honiton. Tkird edition, 2s. 6d. 

KEMPTHORNE (J.) Brief Words on School Life. 
A Selection from short addresses based on a course of Scrìpture 
reading in schooL By the Rev. J. Kempthome, late Fellow 
of Trinity Collie, Cambridge, and Head Master of Blackheath 
Proprietary School. Fcap. y. 6d, 

SHORT EXPLANATION of the Epistles and Gospels 
of the Christian Year, with Questions for Schools. Royal 32mo. 
2x. 6d, ; calf, 4J. 6d, 

BUTLER (Bp.) Analogy of Religion; with Analy- 
tical Introduction and copious Index, by the Rev. Dr. Steere, 
Bis^op in Centeid Africa. Fci^. A^ edUùmi, y, 6d. 
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BUTLER (Bp;) Three Sennons on Human Nature, and 
Dissertation on Vìrtue. Edited by W. Whewell, D. D. With 
a Predace and a. Syllabus. of the Work. Fourth cmd ckeaper 
edUion, Fcap. Sva 2s^ 6dL 

WHEWELL (Dr.) Lectures on the Histoiy of MoraJ: 
Philosophy in England. By W. Whewell, D.D. • New and 
impraved edition^ with Additional Lectures. Crown 8vo. 8j. 

*«* The Additional Lectures sold separately. Crown 8vo. 
Price 3J. 6^. 

Elements of Morality, including Polity. By W. 

Whewell, D. D. New edUùm^ in 8vo. iSx. 

Astronomy and General Physics considered with 

reference to Naturai Theology (Bridgewater Treatise). Nruj 
edUion, with new preface, uniform with the Aldine Editions. Sj. 

DONALDSON (Dr.) Classica! Scholarship and Clas- 

sical Leaming considered with especial reference to Com>- 

^ petitive Tests and University Teaching. A Practical Essa^ 

on Liberal Education. By J. W. Donaldson, D. D. Crowm 

8vo. 5j. 

The Theatre of the Greeks. New and cheaper 

edUion. Post 8yo. 5j. 

STUDENT'S GUIDE TO THE UNIVERSITY OF 

CAMBRIDGE. Revised and corrected in accordance with the 
latest r^gulations-, Third edition, • Fcap. 8vo. dr. 6d» 

This volume is intended to give useful infonnation to parents 
desirous of sending their sons to the University, and to indicate 
the points on which to seek fiirther infonnation from the tutor. 

Suggestions are also given to the younger members of the 
University on expenses and course of reading; 

** Partly with the view of assisting parents, guardians, school- 
masters, and students intending to enter their names at the 
University — ^partly also for the benefit of undergraduates them- 
selves — a veiy complete, though concise, volume has just been 
issued, which leaves little or nothing to be desired. For lucid 
arrangement, and a rigid adherence to what is positively useful, 
we know of few maniuils that could compete with this Student's 
Guide. It reflects no little credit on the University to whichi 
supplies an unpretending, but complete, introduction," — Satur- 
day Review, 

KENT'S Conunentary on International Law, revised 
with Notes and Cases brought down to the present time. 
Edited by J. T. Abdy, LL. D., Barrister-at-Law, Regius Pro- 
fessor of Laws in the University of Cambridge. 8vo. i6s. 
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LEAPINGWELL (G.) A Manual of the Roman Civil 
Law, arrangeil according to the Syllabus of Dr. Hallifax, 
Designed for the use of Students in the Universities and Innsof 
Court. By G. Leapingwell, LL.D. 8vo. I2j. 

MAYOR (Rev. J. B.) A Guide to the Choice of Clas- 
sical Books. By J. B. Mayor, M.A., Professor of Classical 
Literature at King's Collie, late FeUow and Tutor of St 
John's College, Ounbrìdge. Crown 8vo. 2s, 



FRENCH, GERMAN, AND ENGLISH CLASS 
BOOKS. 

jToreign Claggic»* 

A carefuUy edited series for use in schools, with English notes, 
grammatica! and expUnatory, and renderings of dif&cult idiomatic 
ezpressions. Fcap. 8vo. 

CHARLES XII. par Voltaire. Edited by L. Direy. 
Third editiofty revised, 3^. dd. 

GERMAN BALLADS from Uhland, Goethe, and 
Schiller ; with Introductions, copious and biographical notìces. 
Edited by C. L. Bielefdd. 3J. dd. 

AVENTURES DE TELEMAQUE, par Fenelon. Edited 
by C. J. Delìlle. Second editìony revised, 4J. 6^. 

SELECT FABLES of La Fontaine. Edited by F. Gasc, 
New editìon, revised, 3J. 

PICCIOLA, by X. B. Saintinc. Edited by Dr. Dubuc. 
Fourtk ediHofty revised, 3J. 6^. 

SCHILLER'S Wallenstein. Complete Text, comprising 
the Weimar Prologue, Lager, Piccolomini, and Wallenstein's 
Tod. Edited by Dr. A. Buchheim, Professor of Gennan 
in King's College, London. Revised edition, ds, 6d, Or the 
Lager and Piccolomini, y, 6d, Wallenstein's Tod, 3X. 6d, 

Maid of Orleans ; with English Notes, by Dr. 

Wilhelm Wagner, Editor of Plato, Plautus, &c., and Translator 
of Teuffers " History of Roman Uteiature." y, 6d. 

GOETHE'S HERMANN AND DOROTHEA. With 
Introduction, Notes, and Argumenfes. By £. Bell, B.A., 
Trinity College, Cambridge, and E. WòlfeL 2s. 6d, 
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jTrcncb Clasg IBooIts* 

BREBNER (W.) Twenty Lessons in French. With 
doublé vocabulary giving the pronunciationof French wordSy 
notes, and appendices. By W. Brebner. Post 8vo. 4J. 

CLAPIN (A. C.) French Grammar for Public Schools. 
By the Rev. A. C. Clapin, M. A., St John's College^ 
Cambridge, and Bacbelier-ès-lettres of the University o£ 
France. Fcap. 8vo. Second ediiion greatly enlarged, 2s. 6d* 
Or in two parts separately. * Part I. Accidence, 2s. Part IL 
Syntax, is, 6d, 

GASC (F. E. A.) First French Book; being a New, 
Practical, and Easy Method of Leaming the Elements of the 
French Language. Fcap. Svo. New ediiion, is, 6d, 

Second French Book ; being a Grammar and 

Exercise Book, on a new and practical pian, and intended as a 
sequel tothe "First French Book." Ntw ediiion, Fcap. Svo. 
2J. dd. 

Key to First and Second French Books. Fcap. 

8vo. y. od, 

French Fables, for Beginners, in Prose, with an 

Index of ali the Words at the end of the work. New ediiion, 
i2mo. 2s. 

Select Fables of La Fontaine. New editiony revised, 

Fcap. 8vo. 3^. 

■ Histoires Amusantes et Instructives ; or, Selec- 
tions of Complete Stories from the best French modem 
authors, who bave written for the young. With English 
notes. New ediiion, Fcap. Svo. 2f . 6^. 

Practical Guide to Modem French Conversa- 

tion : containing : — I. The most current and, useful Phrases in 
Every-day Talk; II. Everybody's Neccssary Questions and 
Answers in Travel-Talk, Fcap. Svo. 2s, od, 

' French Poetry for the Young. With English 

Notes, and preceded by a few plain Rules of French Prosody. 
Fcap. Svo. 2J. 

Materials for French Prose Composition ; or, 

Selections from the best English Prose Writers. With copious 
foot notes, and hints for idiomatic renderings. New ettiHon, 
Fcap. Svo. 4s. od. Key, df. 

■ Prosateurs Contemporains ; or, Selections in 
Prose chiefly from contemporary French literature. With 
English notes. i2mo. 5x. 
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GASC (F. E. A.) Le Petit Compagnoti ; a French Talk- 
Book for Little Children. i6mo. 2s. 6d. 

An Improved Modem Pocket Dictionary of tlie 

Frencli and English Languages; for the every-day purposes 
of Travellers and Students. Containing more than Five Thou- 
sand modem and current words, senses, and idiomatic phrases 
and renderingsj not found in any other dictionary of the two 
languages. A new edition with additions and correctwns, 
i6mo. Cloth, 4J. 

■ Modem French and English Dictionary, with 

upwards of Fifteen Thousand new words, senses, &c., hitherto 
unpublished. Demy 8vo. In two volumes. Voi. I. (French- 
English), 15J. ; Voi. II. (English-French), los. 

GOMBERT (A.) The French Drama ; being a Selection 
of the best Tragedies and Comedies of Molière, Racine, P. 
Corneille, T. Comeille, and Voltaire. With Arguments in 
English at the head of each scene, and notes, criticai and 
Explanatory, by A. Gombert. 

contents. 
Molière : 



*Le Misanthrope. 

•L* Avare. 

*Le Bourgeois Gentilhomme. 

♦Le Tartuffe. 

Le Malade Imaginaire. press. ^ 

Les Femmes Savantes. (/« the 

Les Fourberies de Scapin. 

Racine 

La Thébaide, ou les Frères 
Ennemis. 

Alexandre le Grand. 

Andromaque. 

Les Plaideurs. 

Britannicus. 

Berenice. 



Les Précieuses Ridicules. 
L'Ecole des Femmes. 
L'Ecole des Maris. 
*Le Médecin malgré Lui. 
M. de Pourceaugnac. 
Amphitryon. 



Bajazet. 

Mithridate. 

Iphigénie. 

Phédre. 

Esther. 

Athalie. 



Le Cid. Horace. 



Brutus. 
Alzire. 



*Zaire. 
Orestes. 



Le Fanatisme. 



P. Corneille : 

Cinna. | Polyeucte. Pompéc. 

T. Corneille : 
Ariane. 
Voltaire : 

Mérope. 

La Mort de Cesar. 

Semiramis. 



* New Editions of those marked with an astcrisk bave lately beea issued» 
carefuUy revised by F. E. A. Gasc. Fcap. 8vo. Neatly bound in cloth. i*. 
each. Sewed, 6</. Others will foUow. 
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LE NOUVEAU TRÉSOR : or, French Studenfs Com- 
panion ; designed to facilitate the Translation of English into 
French at Sight. By M. E. S. Sixteenth.edition, Fcap. 8vo. 
3J. 6d, 

Contente : — Granimatical Introduction, 100 Lessons, Voca- 
bulary. Conversational Sentences, Alphabetical Arrangement 
of the Vybs. General Table of Reference. 

6'Aralso " Foreign Classics," p. 96. 



©erman Class TBoofes* 

BUCHHEIM (Dr. a.) Materials for German Prose 
Composition ; consisting of Selections from Modem 
English writers, with grammatical notes, idiomatic ren- 
derings of difficult passages, and a general introduction. By 
Dr. Èichheim, Professor of German Language and Literature 
in King's College, and Examiner in German to the London 
University. Tkird editiony revised, Fcap. 4r. (yd. 

In this edition the notes in Part I. bave been entirely revised 
and increased in accordance with the suggestions of experienced 
teachers. 

CLAPIN (A. C.) A German Grammar fo. Public 
Schools. By the Rev. A. C. Clapin, Compiler of a French 
Grammar for Public Schools, assisted by F. HoU-Miiller, Assis- 
tant Master at the Bruton Grammar School. Fcap. 2j. dd, 

KOTZEBUE. Der Gefangene (the Prisoner). Edited, 

with English Notes Explanatory and Grammatical, by Dr. W. 
Stromberg. The first of a selection of German Plays, suitable 
for reading or acting. u. 

^S"^*? also "Foreign Classics," p. 96. 
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ADAMS (Dr. e.) The Elements of the English 
Language. By Ernest Adams, Ph. D. Thirteenth ecSiion, 
Post 8vo. 4J. ed. 

The Rudiments of English Grammar and Analysis. 

By Ernest Adams, Ph. D. NewediHon. Fcap. 8vo. 2j. 

MASON (C. P.) First Notions of Grammar for Young 
.Leamers. By C. P, Mason, B. A., Fellow of University 
College, London. Fcap. 8vo. Cloth, &/. 

First Steps in English Grammar, for Junior Classes. 

Demy i8mo. New edition. is, 

Outlines of English Granmiar for the use of Junior 

Classes. Cloth, is. 6d. 

English Grammar : including the Principles of Gram- 
matica! Analysis. Twentieth ediiion. Post 8vo. 3^. édf. 

, The section on Composition and Derivation is re-written im 
this edition, wìth the introduction of much new màtter and 
Yarious important improvements. 

The Analysis of Sentences applied to Latin. Post 

8vo. 2J. 6^. 

Analytical Latin Exercises : Accidence and Simple 

Sentences, Composition and Derivation of Words, and Com- 
pound Sentences. Post 8vo. 3J. 6^. 

-: The First Two Books of Euclid explained to Begin- 

ners. Second edition. Fcap 8v«. 2s. 6d. 

Edited for Middle-class Examinaiions, 

"V^ith notes on the Analysis and Parsing, and explanatory 
remarks. 

Milton's Paradise Lost, Book I. With a Life of 

MUton. Third edition. Post 8vo. 2J. 

— '— Milton's Paradise Lost Book IL With a Life of 
the Poet. Second edition. Post 8vo. 2.S. 

Milton's Paradise Lost Book III. With a Life 

of Milton. Post 8vo. 2j. 

Goldsmith's Deserted Village. With a S^ort Life 

of the Poet Post 8vo. u. 6^. . . 
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MASON (C. P.) Cowper's Task. Book II. With an 
Outline of the Poct's Life. Post 8vo. 2j. 

Thomson's " Spring." With a short Life: Post 8vo. 

Thomson's "Winter." With short Life. Post 8vo. 2S. 

MENET (J.) Practical Hints on Teaching. Containing 
Advice as to Organization, Discipline, Instruction, and Prac- 
tical Management. By the Rev. John Menet, M. A. Perpetuai 
Curate of Hockerill, and late Chapiaìn of the Hockerill Train- 
ing Institution. Fourth edition, Containing in addition Plans 
of Schoois which have been thoroughly tested, and are now being 
adopted in various localities. Crown 8vo. Cloth, 2J. 6d, ; 
paper cover, 2j. 

TEST LESSONS IN DICTATION, for the First 

Class of Elementary Schoois. This work consists of a series 
of extracts, carefully selected with reference to the wants of the 
more advanced pupils ; they have been used successfully in 
many Elementary Schoois. The book is supplementary to the 
exercises given in the "Practical Hints on Teaching." Paper 
cover, IJ. 6</. 

SKEAT (W. W.) Questions for Examinations in English 
Literature ; with a Preface containing brief hints on the 
study of English. Arranged by the Rev. W. W. Skeat, late 
Fellow of Christ's College. 2j. 6^. 

This volume will be found usefiil in preparìng for the various 
public examinations, in the universities, or for govemment 
appointments. 

DELAMOTTE (P. H.) Drawing Copies. By P. H. 
Delamotte, Professor of Dia^^ng in King's College and School, 
London. Containing 48 outline and 48 shaded plates. Oblong 
8vo. I2J. ; sold also in parts at is, each. 

This volume contains forty-eight outline and forty-eight 
shaded plates of architecture, trees, figures, fragments, land- 
scapes, boats, and sea-pieces. Drawn on stone by Professor 
• Delamotte. 

POETRY for the School Room. New editùm. Fcap. 
8vo. II. 6^. 

GATTY (MRS.) Select Parables from Nature, for Use 
in Schoois. £y Mrs. Alfred Gatty. Fcap. 8vo. Cloth, i^. 
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SCHOOL RECORD for Young Ladies' Schools; a 
useful forni of Register of Studies and Conduct 6d, 

GEOGRAPHICAL TEXT-BOOK; a Practical Geo^ 
graphy, calculated to facilitate the study of that useful science, by 

a Constant reference to the Blank Maps. By M. E . . . S 

l2mo. 2s, 

II. The Blank Maps done up separately. 4to. 2j. 
coloured. 

JOHNS (C. A.) A First Book of Geography. By the 
Rev. C. A. Johns, B.A., F.L.S., Author of "Botanical Ram- 
bles,'' ** Flowers of the Field," &c lUustrated. i2mo. 2s, ed, 

LOUDON (Mrs.) Illustrateci Naturai History. New 
edUion, Revised by W. S. Dallas, F. L. S. With nearly 500 
■ Engravings, 5j. 

Handbook of Botany. Newly Edited and greatly 

enlarged by David Wooster. Fcap. 2j, 6</. . 

HAYWARD. The Botanisfs Pocket-Book, containing 
in a tabulated form, the Ghief Characteristics of Brìti&h Plants, 
with the botanical names, soil or situ^tion, colour, growth, 
and time of flowering of every plant, arranged under its own 
order ; with a Copious Index. By W. R. Hayward. Crown 
Svo. Cloth limp, 4r. ^d, ^ 

STÒCKHARDT. Experimental Chemistiy, founded on 
the Work of Dr. Julius Adolph Stockhardt. A hand-book 
for the study of the science by simple experiraents. By C. W. 
Heaton, Professor of Chemistry in the Medicai School of 
Charing Cross Hospital. Post Svo. 5^. 

BONNEY (T. G.) Cambridgeshire Geology. A Sketch 
for the use of Students. By T. G. Bonney, F.G.S., &c., Tutor 
and Lecturer in Naturai Science, St. John's ColL Cambridge 
8yo. 3j. 

FOSTER (B. W.) Doublé Entry Elucidated. By B. 
W. Foster. Seventh edìHon, 4to. 8j. 6d, 

CRELLIN (P.) A New Manual of Book-keeping, com- 
bining the Theory and Practice, with Specimens of a set 
of Books. By Phillip Crellin, Accountant. Crown Svo. 31. 6d, 

This volume will be found suitable for merchants and ali 
classes of traders : besides giving the method of doUble entry, 
it exhibits a system which combines the results of doublé entry 
witbout the labour which it involves. 



Digitized by VjOOQIC 



Educational Books, 103 



PICTURE SGHOOL BOOKS. Written in simple language, and 
with numerous illustrations. Royal i6mo. 
SCHOOL PRIMER. 6^. 

SCHOOL READER. By J. Tilleard, Hon. Member of and 
Examiner to the College of Preceptors. Numerous lUustrations. i*. 

POETRY BOOK FOR SCHOOLS. \s, 
THE LIFE OF JOSEPH. \s. 

THE SCRIPTURE PARABLES. By the Rev. J. E. 

Clarke. i*. 

THE SCRIPTURE MIRACLES. By the Rev. J. E. 

Clarice, is, 
THE NEW TESTAMENT HISTORY. By the Rev. 
♦ J. G. Wood, M.A. I*. 

THE OLD TESTAMENT HISTORY. By the Rev. J. 

G. Wood, M.A. ij. 

THE STORY OF BUNYAN'S PILGRIM'S PRO- 
GRESS, xs. 

THE LIFE OF CHRISTOPHER COLUMBUS. By 

Sarah Crompton. xs. 
THE LIFE OF MARTIN LUTHER. By Sarah Cromp- 



GRANT. Course of Instruction for the Young, by the late Horace 
Grant. 

Arithmetic for Young Children. A Series of Exercises ex- 

empUfying the manner in which Arithmetic should be taught to Young 
Children. xs. 6d. 

Arithmetic. Second Stage. For Schools and Families, 
exemplifying the mode in which Children may be led to discover the main 
principles of Figurative and Mental Arithmetic. i8mo. 3^. 

Exercises for the Improvement of the Senses, and providing 
instruction and amusement for Children who are too young to leam to read 
and write. i8mo. xs. 

Geography for Young Children. With Illustrations for 
Elementary Pian Drawing. i8mo. zs. 

These are not class-books, but are especially adapted for use by teachers 
who wish to create habits of observation in their pupils and to teach them 
to think. 

BOOKS FOR YOUNG READERS. In Eight Parts. Limp 
Cloth. Sd. each ; or extra binding, ij. each. 

Part I. contaìns simple stories told in monosyllables of not more than four 
etters, which are at the same time sufficiently interesting to preserve the 
attention of a child. Part IL exercises the pupil by a similar method in 
slightly longcr easy words ; and the remaining parts consist of stories 
graduated in difficulty, until the leamer is taught to read with ordinary 
iacility. 
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I04 George Bell and Sons' Educational Books. 

idzWfi laeaningf TBooIts 

For Schools and Parochial Librar ies. 

The popularity which the Series of Read ing- Books, known as 
"Books for Young Readers,'* has attained is a sufficient proof that 
teachers and pupils alike approve of the use of interesting stories " 
with a simple plot in place of the dry combinations of letters and 
syllables, making no impression on the mind, of which elementary 
reading-books generali/ consist. There is also practical testimony 
to the fact that children acquire the power of reading much more 
rapidly when the process involves something more than the mere 
mechanical exercise of the faculties of sight and memory. 

The pnblìshers havo therefore thought it advisable to extend the 
application of this principle to books adapted for more advanced 
readers ; and to ìssue for general use in schools a series of popular 
Works which they venture to think will in practice be found more 
adapted for the end in view than the collections of miscellaneous 
and often uninteresting extracts which are generally made to serve 
the purpose. 

These volumes will be printed in legible type, and strongly bonnd 
in doth, and will be sold at is. or u. 6d, each, post 8vo. 

Now ready, 
MASTERMAN READY. By Captain Marryat. is. 6d. 
PARABLES FROM NATURE (selected). By Mrs. Qatty 

fcap. 8vo., ij. 
FRIENDS IN FUR AND FEATHERS. By Gwynfryn. m. 

The following are in preparation : — 
ROBINSON CRUSOE. 

CUR VILLAGE. By Miss Mitford (selections). 
GRIMM'S GERMAN TALES. „ 

ANDERSEN'S DANISH TALES. 



CHISWICK PRESS :— PRINTED BY WHITTINGHAM AND WILKINS, 
TOOKS COURT, CHANCERY LANE. 
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